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Abstract

This paper is devoted to the study of the asymptotic behaviour of the weighted
trace of the Schrodinger operator with operator coefficient.
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§1. Introduction

Let H be a separable Hilbert space with the inner product (-,-). In the Hilbert
space Hy = Lo ([RI;H ) we consider the differential operator L generated by the
expression
(1.1) —Au+Q(x)u, z¢€ [R:

and the boundary condition

(1.2) u(.l?l,l‘g,...,l‘n) O,

=0 "

where we denote by H; the Hilbert space of H valued square integrable functions
with the scalar product

(1.3) (f.9) = / (f (@), (@) de, f(x).g(x) € Hy.
R

Denote by [R:lr the set of points © = (z1,29,...,2,) € Ry, x, > 0. Here Q(z) is a
self-adjoint operator acting on H. We shall assume that Q(z) satisfies the following
conditions:

_ (1°) The domain of definition D(Q(z)) = D of Q(z) is independent of x and
D = Hand Q* (x) = Q(x) > I, where I is the identity operator on H. It is also
assumed that Q! (z)is completely continuous operator on H for each x € [RZ .

(2°) Q7! (2) € 1, Vz € R, and f[R+ |Q7F ()|, dz < oo for any k > 0, where

o1 is the space of trace class operators and || . ||; is the norm in oy [5].
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(39 HQ’Y (s) e—ctQ(s)H1 <C HQ’Y (z) e—f(c)tQ(r)Hp
Q7 (2) QP ()] < C,Jz—s| <1,
where v =0,5 f(¢) >0 and f is a real number.
(4 Q" (=) [Q(s) = Q)] Q" (s)]| < Cla — ],
e —s] <1 , 0<b<3/2
[ Tr[Q (z)e @] dz =0 (1) [ Tr[Q"(z)e *?®]dx, t— 0, where
R. R,
qisa posifive constant. '

(6%) Let a1 (z) < as (z) < ... < ay, (x) < ... be eigenvalues of the operator Q(z).

Denote

srEey Y | @R @
J aj(z)<A

ps (N) =

and assume that Alim pg (A) = co and for large A, the condition )\pé (A) < apsg (N)is

satisfied for any positive number a. In this paper we used one and the same symbol
C in order to denote any constant which may differ from each other.

Let ¢k (x)’s be functions that have compact support, continuous second order
derivative and satisfying ¢y (2)[,, _o = 0, fi € D. Let us denote by D’ the summation

> ¢k () fx. In the Hilbert space H; we consider the operator L’ generated by
k=1

—Au 4+ Q (z) uwith the domain of definition D’. This operator is symmetric and
positive definite. The closure L of the operator L’ is self adjoint.

The spectrum of the operator L generated by the expression (1.1) and by the
boundary condition (1.2) consists of eigenvalues. Let A\; < Ao < ... < A, < ... be
the eigenvalues of this operator, and ¥ (z), %2 (2),...,%¥, (x),... the corresponding
complete vector-valued orthonormal eigenfunctions.

The aim of this paper is to find asymptotic behaviour of Ng () as A — oco. We
define Ng () as follows

(1.4) Na) =30 / (Q° (2) ¥ (2) , e () d

A <A +
[Rn

and it is called weighted-trace of the operator L, where 3 is a real constant.

§2. Asymptotic behaviour of Green function

Let us consider the following boundary value problem:

au—Au—Q(a:)u, T € [R:, t >0,

(2.1) =

(2.2) uw(z,0)=V(z), zeR}, () eH



80 Fatih Tas¢i and Mehmet Bayramoglu

(2.3) u(t,r)], _o=0.

Let G(t,x, s) be the Green function of this problem.The Green function for the prob-
lem (2.1)-(2.3) corresponding Q(z) =0 is

o2

(2.4) Go(t,x,s):(m/ﬁ)_” [e'ﬁfe w1,

where s = (s1, 82, 53) and s’ = (s1, 82, —$3), (s3 > 0). We shall seek, using the method
of E.E.Levi [4], the Green function of (1.1)-(1.3) in the form

(2.5) G (t,z,5) = e RPEG (t,z,5) +

¢
+ / dr / GO (t - 7,7, 5) e_(t_T)Q(é)@ (7—7 ga S) dEa
0 R:
where ¢ (¢, z, s) is a operator valued function to be determined. In order that G(t,x,s)

shall be a solution of (2.1) it is necassery that ¢ (¢, x,s) shall be a solution of the
integral equation

(2.6) o(t,x,8) =K (t,z,s)+ [ dr K(t—r1,2,8)p(1,&s)dE,
where
(2.7) K (t,x,5) =[Q(s) — Q(2)] e "Gy (t,2,5)

If we solve the equations by the method of successive approximation with the
initial approximation K (¢,z,s) = K (t,x, s), the we obtain the iteration formula:

t
(28) Kn+1 (t7x,$):/d7 / K(t*T,,CL’,é-)Kn (T,f,S)dg, n:]-an"'
0 [R+

If the conditions (1°)-(4°) are satisfied then it can be shown that the series

> 1Ky (t, 2, s)||; is uniformly convergent, t > 0, z,s € R,". Therefore ¢ (t,z,s) =

k=1

> K, (t,z,s) is a solution of the integral equation (2.6). Finding an estimate for

n=1

K, (t,z,s) and Q7 (x) ¢ (¢, z, s) we conclude our results with the following theorem.
Theorem 1. If Q(z) satisfies the conditions (1°)-(4°), then the following asymp-

totic formula holds

QY (z)G (t,z,s) = QY (x) e PGy (L, x, 5) +

|z—s|2

+O ()t F 0= [[[Q7F ()], + @7 (5) 10

J
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where § is a positive number.

§3. Asymptotic behaviour of Ng(\)
Since the Green function of (2.1)-(2.2) is G(¢, x, s), then

(3.1 u(t,x) = / G(t,x,s) VU (s)ds.
R

On the other hand, since u (t,x) = e"'L4) (x), then we may write

(3.2) e W (z) = / G (t,z,s)V(s)ds.
R+

Therefore e~ is an integral operator with the kernel G(¢, x, s). Using the conditions

(5Y) and from the Theorem 1 we have

(3.3) / Tr Q"G (t,z,x)] dx ~ (2\/%) o / Tr [Q”e‘tQ(m)} dx.
R, R

Considering (3.3) we obtain

o

/TrG(t,x,z)d:c < 0.
0
Since e~*F is a positive operator we may write [1]
(3.4) Tre 't = / TrG (t,z, ) dx.

R+

This implies that e *” is the trace operator in Hy = Lo ([R:; H) and therefore the
spectrum of the operator L is discrete: A\ < Xy < ... < A, < ..., lim Ay, = 00. It

n—oo

can be shown that Qﬂe’tL is a trace operator in H; and that

(3.5) Tr [Qﬁefw] = Tr [QﬁG (t, z, x)] dr = eiMNg (N
/ !

From (3.3) and (3.5) we have

(3.6) 7e—”Nﬁ () ~ (NE)_" / Tr [Qﬁe_tQ(w)}dx.
0 R*

n
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As in [2] we write

—n
(37) (2\/7‘(7) / Oz? (iL’) e*tocj(w)dx _ /ef/\tdpj ()\)’
R+ 0
here p; (A) = —t—— B (2) A= ()] da.
where p; () P S ey %:aj(wf)g of (2) [\ = oy ()] dx
Using the inequality above we get
(3.8) (2\/75) - / Tr [Qﬂe—tmx)} do — /e—xtd% ).
R* 0
Using (3.6) and (3.8) we obtain
(3.9 /e*MNg (M) :/e*)‘tdpg (A) ast — 0.
0 0

Using the condition (6°) and application of a Tauberian theorem of Korenblum, B.I.,
(see [3]) to (3.9) we obtain that

(3.10) Ng(\) ~ WI(”H) > / off () [\ — o ()] da
2 T aj(@)<x

as A — oo.

Theorem2. If Q(x) satisfies the conditions (1°)-(6°), then the asymptotic for-
mula (3.10) holds for the weighted trace Ng (\) of the operator L.
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