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Abstract

Monopole equations on 8-manifolds with spin(7) holonomy are given in [1].
In this work we write a local modification of the monopole equations on R®. We
show that these new equations are admit non-trivial solutions including all the
4-dimensional solutions as a special case as in [1].
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1 Introduction

The Seiberg-Witten monopole equations are stated for 4-dimensional manifolds and
these equations have great importance for the topology of smooth four-manifolds (See
[6], [5]). There are various generalizations of these equations to higher dimensions (See
[3], [6], [1]). In this work we propose a modification of the monopole equations on R?
which are stated in [1].

2 Preliminaries

The framework used hereafter is described in detail in [6].

Definition 1. A spin®—structure on a 2n-dimensional oriented real Hilbert space
V is a pair (W,T') where W is a 2™ —dimensional complex Hermitian vector space and
I':V — End(W) is a linear map which satisfies

LW +T@w)=0, T ()=1
for every v € V.

It is pointed out in [6] that such a map can be extended to an algebra isomorphism
Cl(V) — End (W) which satisfies T'(z) = T'(z)", where CI(V) = Cl(V) ® C is
complex Clifford algebra over V, ¥ is conjugate of 2 in CI(V) and I' (z)" denotes
hermitian-conjugate of I' (x).
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Let (W,T") be a spin€ structure on V. There is a natural splitting of W. We fix
an orientation of V' and denote by

€ = egy,...eae1 € CU(V)

the unique element of CI(V') which has degree 2n and is generated by a positively
oriented orthonormal basis ey, ..., e2,, . Then 2 = (=1)™ and hence

W=W+EBW—

where the W+ = {w € W|I' (6) w = +i"w} are the eigen spaces of I' (¢). Note that
F'(w)WT CcW~ and I'(v) W= C W for every v € V. So the restrictions of T (v) to
W for v € V determine a linear map v: V — Hom (W~, W) which satisfies

(o) (v) = [o]* 1

for every v € V' . The linear map I' : V. — End (W) can be recovered from 7 via
W=W+@W- and

~ satisfies v(v)*y(v) = |v|* 1 if and only if I" satisfies
I (v)* +T (v) =0,I(v)"T (v) = v|* 1.

Let (W,T') be a spin€ structure on V. Such a structure gives an action of the space
of 2—forms A2V on W. This action is defined by the following:

Firstly, we identify A2V with the space of second order elements of Clifford algebra
C5(V) via the map

sz — CQ(V) = ijei A ej — Znijeiej.
1<J i<j

We compose this map with I' to obtain a map p : A2V — End (W) given by

p ijei/\ej ZZm’jF(ei)F(ey‘)

i<j 1<j

for any orthonormal basis ey, ..., ez, of V. This map is independent of the choice of
the orthonormal basis ey, ..., ea,,. The spaces W¥ are invariant under p (1) for every
2—form 7 € A2V. So we can define

=

p=(m)=pn)lw=

for n € A2V. In 4-dimension p* (n) = p* (n*) for every 2—form n € A2V , where T
is the self-dual part of n. The map p extends to a map

p: AV @C —End(W)
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on the space of complex valued 2—forms. If 7 is real valued 2—form then p(7n) is
skew-Hermitian and if 7 is imaginary valued then p (1) is Hermitian.

Globalizing I" to 2n-dimensional oriented manifolds X leads to a spin® structure
I' ' TX — End (W), W being a 2"-dimensional complex Hermitian vector bundle on
X. Such a structure exists iff wy(X) has an integral lift (See [4]). T" extends to an iso-
morphism between the complex Clifford algebra bundle Cl (T'X) and End (W) . There
is a natural splitting W = W' @ W~ into the 44" eigenspaces of I (e2n€2,,—1...€1)
where ey, e, ..., €2, is any positively oriented local orthonormal frame of T'X.

A Hermitian connection 57 on W is called a spin® connection (compatible with
the Levi-Civita connection) if

Vo (L(w) ¥) =T (w) 7y ¥ + T (Vyw) ¥

where ¥ is a spinor (section of W), v and w are vector fields on X and v/,w is the
Levi-Civita connection on X. 7 preserves the sub bundles W=.

There is a principal Spin® (2n)-bundle P on X such that the bundle W of spinors,
the tangent bundle T'X, and the line bundle Lt can be recovered as the associated
bundles

W = P Xgpine(an) C*", TX =P x4 R*"
where Ad is being the adjoint action of
Spin® (2n) = {ez: 0 € R, z € Spin(2n)} C Cly,
on R2". Then it can be obtain a complex line bundle Ly = P x5 C where 6 :
Spin® (2n) — S* by § (e'z) = .
There is a one-to-one correspondence between spin® connections on W and

spin® (2n) = Lie (Spin® (2n)) = spin (2n)@iR-valued connection 1-forms A € A (P) C
Q! (P, spin® (2n)) on P. Hence every spin® connection A decomposes as

~ 1 -
A= Ag+ 2—ntrace(A)

where EO is the traceless part of A Let A= z%tmce(g), this is an imaginary valued
1-form in Q! (P,iR) which satisfies

1
(2.1) Apy (v9) = A, (), Ay (p) = 5-trace(s)
for v € T,P, g € Spin® (2n), and & € spin® (2n). Let
AT) = {A€ Q" (P,iR) : A satisfies (2.1)}

There is a one-to-one correspondence between these 1-forms and spin® connections
on W. Let 74 be the spin® connection corresponding to A. A (T") is an affine space
with parallel vector space Q! (X,iR). Let Fa € Q2 (P,iR) be the curvature of the
1-form A and D4 denote the Dirac operator corresponding to A € A ('),

Dp:C™(X,WH) — C™ (X, W")
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defined by
2n
Da(¥) = ZF (ei) Ve, (V)
i=1

where ¥ € O (X, W) and ey, ea, ..., €2, is any local orthonormal frame.

The Seiberg-Witten equations can be expressed as follows:

Let I' : TX — End (W) be a fixed spin® structure on X and consider the pairs
(A, ¥) € A(T) x C (X, WT). The Seiberg-Witten equations read

Da(¥) =0, p*(Fa)=(0T"),

where (VU*), € C*(X,End(WT)) is defined by (¥¥*)(7) = (¥,7)¥ for 7 €
C> (X, W) and (¥¥*), is the traceless part of (P¥*).

3 Seiberg-Witten Equations on R*

We fix the constant spin® structure I' : R* — End(C*) given by

Fw) = < S >

where v : R* — End(C?) is defined on generators ey, es,e3,e4 by the following:

v =( g )ore=(g & )oren=(2 5 )ove=(1 ¢ )

The spin® connection 7 = 74 on R* is given by
0P
O=—+ AP
VJ aSCj + J
where A; : R*—iR and ® : R* — C2. Then the associated connection on the line
bundle Lr = R* x C is the connection 1—form
4
A=Y Aida; € Q' (RY,iR)
i=1
and its curvature 2-form is given by
4
Fy=dA =Y Fydz; Adr; € Q° (R iR)
i=1

DA, . .
where Fj; = oo gﬁ; fori,j=1,...,4.

According to the above data Seiberg-Witten equations on R* can be written in
the following form:
D 4® = 0 can be expressed as

—Vl(I)+’i01V2(D+iJQV3(I)+i03V4(I):O
and p* (Fy) = (PP*), rewrite
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4 Monopole Equations in 8-dimension

The Seiberg-Witten equations make sense on a manifold X of any even dimension.
However, they have interesting consequences only in dimension 4 . For different from
4 dimensions, the second equation p* (Fa) = (®®*), yields an over-determined set
of equations having no non-trivial solutions even locally (see [2]).

In [1] the authors construct a consistent set of monopole equations on eight-
manifolds with Spin(7)— holonomy, using the generalized self-duality notion of 2-
forms.

BDK stated monopole equations for 8-manifolds with Spin(7) holonomy as follows:

Let X be an 8-manifold with Spin(7) holonomy, so that the structure group is
reducible to Spin(7)) and gives rise to the global subbundles Sy, Sy C A%(T*X)
which are 7 and 21 dimensional respectively. They concentrate on the 7 dimensional
subbundle S, which is called bundle of self-dual 2-forms and consider its complex-
ification V*+ = S} ® C . Let F be an imaginary valued 2-form and its projection
onto V* denoted by F* and the projection of the map ¥¥* onto the sub bundle
pT (V*) € End (W) by (#9*)* . Then the monopole equations of BDK are as
follows:

Dy = 0
4.2 X
) p(ED = (et

They exemplify this on R® as follows:

Firstly they choose the following basis fi, fo,..., fr € A’R® for S; by using the
generalized self-duality notions of 2-forms.

f1 = dﬁCl A d.’£5 + diL’Q A dLIIG + dl’g A\ dZIZ7 + dCE4 N dl’g,
fo dxy Ndxo + dxs N dxy — dxs A deg — dxr N dxs,

fs3 = dxy Ndxg —drs ANdrs — drs A dxg + dxg A dzxy,
fi = dxy Ndxs —drs ANdry — drs A dxy + dxg A dxsg,
f5 = dJZl A d$7 + dIQ N dxg - dl‘3 A\ d1‘5 — d$4 A dl‘ﬁ,
f6 = dIl A de4 + dI’Q A dl‘g - dI5 A\ dl’g - dlL'ﬁ N d1'7,
fr = dxy Ndxg — dxo Adry + drs A drg — dag A dxs.

They also associate each 2-form a skew-symmetric matrices in an obvious way, and
obtain a constant spin® structure I' : R® — End(C%) given by

er=( 8 )

(e;, i = 1,2,...,8 being the standard basis for R®), where 7 (e1) = Id, v (e;) = fi_1
for i = 2,...,8. Then, according to the above form of f; and I', we get the explicit
monopole equations on R3.

The explicit form of D4V = 0 is

011 — Oztps — 0392 — Osthg — O5vp3 — OtP7 — Ortpy — OgPg =
— A1 + Axps 4+ Asthy + Agibe + Asps + Agthr + Aripy + Agifs
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0192 — Oaths + O31py + O4t)s + 05904 — Osthg — Ortps + Ogipr =
—Artpy + Agpe — Asthy — Agths — Astps + Agths + Aripz — Agipr

0113 — Oztpr — 0394 + Oatpg + 0511 + 05 + Ortpa — Ogh =
—A1tps + Agpr 4+ Asthy — Agapg — Asipr — Agths — Ariha + Agids

014 — 0ot + 0393 — 047 — 0592 + Ot + Ortp1 + Ogths =
— A1y + Aotpg — Astps + Agpr + Aspa — Asths — Arihr — Agis

0195 + Ootp1 + O31Ps — Oatha + 05107 — Osth3 + Ortpg — Ogtpy =
—Artps — Ay — Azthe + Agtho — Astpr + Agths — Aripg + Agihy

016 + Oatha — O35 + O4tp1 — 0598 — D)4 + OrtP7 + OgtPz =
—A1tps — Agtpg + Asths — Agapy + Astps + Agthy — Aripr — Agihs

017 + Ooths + O3 + O4tps — Os¢s + 01 — Ortpg — Ogtha =
—A1)7 — Aoz — Azipg — Agtps + Asths — Asthr + Arihs + Agiho

0198 + Oothy — O31P7 — Oatp3 + 0516 + Ostha — Ortps + Ogtpy =
—Aripg — Agtpy + Astpr + Agaps — Astps — Agtha + Arihs — Agihy

where 0;9; = %. The explicit form of p* (FX) = (w@b*)Jr is
Fi5 + Fog + F37 + Fug =

3 (1% — U5y — o+ 4y — YTy + Y15 — T + Y¥)

Fio + F34 — F56 — g =
(V15 — Y5ty — ot + Yethy + Ys3thy — Yrihg + Yathg — hstdy)

A~ =

Fi6 — Fas — F3s + Fur =
7 (0iy — iy 5T — Ty — o+ s + VT — YT)

Fig — Foy — Fs7 + Feg =

7 (s — oy 5Ty — Ty + VT — s — Uil + YsT)

Fi7 + Fog — I35 — Fyg =

1 (90— By + 9oy — 5T — YTy + YT + Yoty — ro)

67
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Fig+ Iy — Frg — For =

7 (W60, — x0T + 5Ty — o + sy + YTy — Y1)

Fig — For + F36 — Fy5 =
(Y11hg — sty — oty + Vrthy — P3thg + ets — Yaths + Psthy)

RIS,

In [1] it is pointed out that if the pair (A, ®) with

4
A= ZAi (z1, 22, w3, 04) dw; and © = (¢1 (1, T2, 3, T4) , P2 (%1, T2, T3, T4))

i=1
is a solution of the 4-dimensional Seiberg-Witten equations, then the pair (B, ¥) with

4
B =Y A;(21,72,73,24) da;

i=1

(i. e. the first four components B; of B coincide with A;, thus not depending on
x5, g, T7, s and the last four components of B vanish) and

U= (Oa 07 (bla ¢270a 07 i¢1, —i¢2)

is a solution of the equations D4 (¥) =0, pT (F}) = (T¥*)* on RS,

The aim of this work is to modify the equations above on R®. To do this modi-
fication we also consider the subspace Sy which is the orthogonal complement of Sy
, the spaces of self-dual 2—forms, in A2R8. Sy is 21 —dimensional subspace of A2R® .
Let G = ZGijdmi Adz; be any element of Sy then it is orthogonal to each element

i<j
of S, in pajrticular it is orthogonal to the basis elements f1, fs,..., f7 of S1, that is
(G, fi)=0fori=1,..,7. Then we get following equations which determine Ss:

Gis+ Gog +Ga7 + Gag =
G2 + G34 — Gs6 — Grg
Gi6 — Gos — G3g + Gy =
G13 — Gas — Gs7 + Geg
Gi7+ Gog — G35 — Gug
G4 + Ga3 — Gsg — Ger
Gi1g —Gar + G35 — Gz =

Il
coocococoo
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From these equations we obtain following basis element for S

g1 = dl’l AN dl’g - dlL’g AN dl’4

go = —dxs ANdze+ dry Adxg

gs = dzri Ndxg+drs ANdry + drs A drg + drr Adzg
gy = dx1 Ndxs + dxo N dxy

gs = —dI5 A d:E7 - dSCG A d{ES

gs = dxri ANdxs—drs ANdxy+ drs Adry — dxg A dzg

g7 = dxri Ndxy—drs Adxs

gs = —dxs ANdrg+ dxg Adxr

go = dxi ANdxy+dxo Adrs + dzs A dzrg + dxg N dxy
gio = dJCl A d$5 — dl‘g A dl‘@

g11 = dxzANdxy —dzry Adxg

g12 = dxi ANdxs+ daxo Adxg — dxs A dry — dxg A dag
g13 = dxi Adxg+ dxo Adxs

g1a = —dx3ANdrg—dry Adxy

g15 = dzri ANdxg — daxo Ndxs + dxs A\ deg — dxy A dxy
gie = dl‘l A d.CC7 — dl‘g A\ dl‘g

g7 = —dxsANdrs+dry Adzg

g1s = dxi ANdxy + dxs Adxg + drs A dxs + drg A dxg
g9 = dxi ANdxg+ drs Adxy

goo = dx3 Adxg+ dry A dxs

go1 = dxy Ndrg — dxs Adxy — das Adxg + drg A des

Among the above basis elements g3, gg, 99, 912, 915, 918, g21 are each non-degenerate
and moreover the associated skew-symmetric matrices of these 2—forms constitute a
Radon-Hurwitz family of matrices.

Let V'~ be the complexification of the subspace of Sy which is spanned by {gs, g,
99, 912, 915, g18, 921 and F, be the projection of F)4 on to the subspace V. The
image p™ (V) is a subspace of End(W ™). We know that for any ¥ € C°(R®, W)
associates the endomorphism YW¥* € End (W™). We project $¥* on to the subspace
p™ (V™) and denote by (¥¥*)”. Hence we consider the (new) equation p* (Fj) =
(UW*)”. With the last modification, the monopole equations on R® take the following
form:

Dav = 0
(4.3) pt (Ff) = (vo*)*
ot (Fy) = (ww)

The explicit form of the third equation with respect to above constant spin®-structure
I is:

Fis + IFog — a7 — Fyg =

1 (91 = 5By + 9oy — s — Yty + e + YTy — o)
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Fio+ F34 + Fsg + Frg =
1 _ _ _ _ _ _ _
1 (Vsthy — V105 + ot — Yethy + Y3thy — Yribg + Yathg — hstdy)

Fig — Ios + Fzg — Fyr =

7 (Tr — iy — s + Ty — T+ s — VT + YT)

Fi3 — Foy + P57 — Fgg =

(201 — P19y + Y3ty — Yathy — Ysihg + Yetbs — Yridg + Ystdy)

| =

Fy7 4 Fog + Fs5 + Fyg =
1. _ _ _ _ _ _ _
1 (V1y — Yahy — atg + P3thy — Ysths + Vs — Yet7 + Yridg)

Fig+ Fo3 + Fsg + Fgr =

1 (916 6B + Yo — 5T — YTy + YT + Yty — ri)

Fig — For — F36 + Fy5 =
1, — _ _ _ _ _ _ _
1 (Y11hg — Ysty + hathy — Yrthy + P3thg — Yethg — Yaths + Psthy)

It can be easily checked that the pair (B, ¥) which is solution to (4.2) is also a solution
to(4.3).
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