Folding on the wedge sum of graphs and
their fundamental group

M. Abu-Saleem

Abstract. In this article, we introduce the definition of a new type of the
wedge sum of two graphs. Also, we will deduce the fundamental group
of the folding on some types of the Dual graph. The relation between
the wedge sum of two dual graphs is obtained. The effect of folding on
the wedge sum of finite numbers of graphs and their fundamental group
will be achieved. Theorems and corollaries governing these studies will be
achieved.
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1 Introduction

The graph theory is being applied in many different fields such as engineering system
science, social science and human relations, business administrations and scientific
management, political science, physical and organization systems, the electrical cir-
cuits and networks, route maps, architectural floor plans, chemistry, ecology, trans-
portation theory, system diagnosis, music, etc.

The folding of a manifold introduced in [15], also some studies of the folding
are obtained in [6]-[9],[11]. The fundamental groups of some types of a manifold
are discussed in [1]-[5], [12]-[14]. The study of graphs are discussed and defined in
[10, 16, 17].

2 Definitions and background

In this section, we give the definitions which are needed especially in this paper.

Definition 2.1. The set of homotopy classes of loops based at the point xy with
the product operation [f][g] = [f - g] is called the fundamental group and denoted by
m1(X, zo) [14].

Definition 2.2. Let M and N be two Riemannian manifolds of dimension m and n
respectively. A map f: M — N is said to be an isometric folding of M into N if for
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every piecewise geodesic path v : I — M the induced path fo~y: I — N is piecewise
geodesic and of the same length as « [15]. If f does not preserve length it is called
topological folding [11].

Definition 2.3. An abstract graph G is a diagram consisting of a finite non-empty
set of elements called vertices together with a set of unordered pairs of these elements
called edges [17].

Definition 2.4. A connected graph is a graph in one piece, whereas one which splits
into several pieces is disconnected [17].

Definition 2.5. A planar graph is a graph which can be embedded in the plane, i.e.,
it can be drawn on the plane in such a way that its edges intersect only at their end
points [16].

Definition 2.6. A dual graph of a given planar graph G is a graph which has a vertex
for each plane region of G, and an edge for each edge in G joining two neighboring
regions, for a certain embedding of G and denoted by dual(G) [17].

Definition 2.7. An infinite graph is graph such that the edge and vertex sets each
have infinite cardinality [17].

3 The main results

Aiming to our study, we will introduce the following:

Definition 3.1. Given graphs G; and G3 with chosen vertices v; € G; and vy € Ga,
then the wedge sum G7 V Gs is the quotient of the disjoint union G7 U G5 obtained
by identifying vy and vy to a single point.

Theorem 3.2. If G, is connected planar graph with n- vertices, without loops then
71 (dual(G)) is a free group of rank n — 1.

Proof. Let be G,, connected planar graph with n vertices, then dual(G,,) has n
faces, but n faces form n — 1 loops and these loops are homotopy equivalent to

(n—1)-leaved rose, so m; (dual(G,,)) =~ 71'1( % Sl) = *17r1(51) thus m (dual(G,)) =~
m1( Z *Z % ...00). Hence m (dual(G,,)) is a free group of rank n — 1. O

Theorem 3.3. Let G be a connected path gmph which can be represented it as the
closed interval [0, 1] where length (e ,) = for, n=1,2,3,.... Then

i) w1 (dual(@)) is uncountable.

ii) There is a folding F : G — G’ which induces folding F : m1(G) — m1(G’)
such that F (m1(G)) is uncountable.

iii) nlin;(Fn(wl(dual(G)))) = nlLIIolo(Fn(ﬂ'l(G))) =0.

n(n+1

Proof. i) Let G be a connected path graph which can be represented it as the closed
interval [0, 1], where length(e,) = n(n+1) for, n = 1,2,3,.... Then dual(G) C R?
is the union of the circles C,, of radii + - and centered at (ﬁ, 0), n=1,2,..., as
in Fig. (1.a). Now we want to show that 7 (dual(G)) is uncountable. Consider the
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retraction r, : dual(G) — C,, which collapsing all C; except C,, to origin. Each r,
induces a surjection T, : m(dual(G))) — 71 (C,) =~ Z, where the origin is a base
point. Then the product of the 7, is a homomorphism r : m (dual(G)) — IIZ to

the direct product of infinite number of copies of Z. Since r is onto and IIZ un-
countable it follows that m1(dual(G)) is uncountable. ii) Let F' : G — G’ be a
folding such that each edges can be folded to loop as in Fig. (1.a) thus we get the in-
duced folding F : m1(G) — 71 (G”) such that F(m1(G)) = 71 (F(G)), it follows from
T (F(G)) = m(dual(G)) that F(m1(G)) is uncountable. iii) lim (F,(dual(G))) is
a line as in Fig. (1.b) so m1( lim (F,(dual(@)))) = 0, thus lim (F,,(m(dual(Q@)))) =
m1( lim (F,(dual(G)))) = 0. Also, it follows from lim (F,(G)) 1is a line that
71 ( lim (F,(G))) = 0. Hence lim (F,(m1(G))) = m1( lim (F,(G))) = 0. Therefore,

Jim (F (my (dual(G)))) = lim (Fp(m(G))) = H

e . 3 : Folding (F)
Ch
Graph EG:I Dual(Graph (G) i
) —=|
— ==

Theorem 3.4. Let G be an infinite connected graph that is the union of edges e,
where length(e,) = * length(e1)) for, n =2,3,... with common one vertez. Then
i) m1 (dual(Q)) is a free group on a countable set of generators.

ii) There is a folding F : G — G’ such that F(G) = dual(G) which induces folding
F:7m(G) — m(G") such that F(r(G)) = 71 (dual(G)).

Proof. i) It follows from dual(G) = Vv S! that 7 (dual(G) ~ 71 (VS') and so 7 (dual(G)

m1( Z *Z * ...00) thus, m (dual(G)) is a free group on a countable set of generators.
ii) Consider the folding F' : G — G’ which can be folded all edges to loops as in Fig.
2 thus F(G) = dual(G), so we get the induced folding F : m(G) — m1(G’) such

that  F(m1(G)) = m1(dual(Q)). O

~
~
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Theorem 3.5. Let G be a connected planar graph with n- vertices, then there is a
folding F : dual(G) — dual(G) which induce folding F': m(dual(G)) — m1(dual(G))
such that F(mi(dual(Q@))) = Z.

Proof. Let G be a connected planar graph with n vertices; then dual(G) has n faces,
but n faces form n — 1 loops. Now, consider the folding from dual(G) into itself
which folded all loops to only one loop, so F(dual(G)) ~ S', thus F(r(dual(G))) =
71 (F(dual(G))) ~ m1(St). Hence there is a folding F' : dual(G) — dual(G) which
induces foldings F : 71 (dual(G)) — m1(dual(G)) such that F(mi(dual(G))) ~ Z. O

Lemma 3.6. Let G1 and G2 be two graphs, then dual (G1V G2) = dual(Gy) V
dual(Gs).

Proof. The proof of this lemma follows immediately from the definition of the dual
graph. (Il

Theorem 3.7. Let P ,, be a path graph with n vertices. Then m(dual ( i/oan)) 5 a
n=

free group on a countable set of generators.

o0

Proof. Tt follows from dual ( o\zan = V dual (P,) = o\flsn that 7 (dual ( O\zan)) =

\Y

n=1
o0 o0

m1( V. Sp), thusm( V. S,) = ¥ Sp~ ¥
n=1 n=1 n=1 n=

1Z. Hence, 71 (dual ( 0\7an)) is a free group
= n=
on a countable set of generators. O

Theorem 3.8. Let G1,G2 be two disjoint connected graphs, then there is a folding
F:G1UGy — G UGy, which induces folding F :m1(G1UG2) — m (G UGY)
such that F(m1(G1 UG2)) = m(F(Gh1)) *m1(F(G2)).

Proof. let F' : G1UGy — G} UG, be a folding such that F(G1UG2) = F(G1)VF(G2)
as in Fig. 3, then we get the induced folding F : m (G U G2) — 71 (G} U GY)
such that F(ﬂ'l(Gl U GQ)) = F(Tﬁ(Gl V Gg)), SO F(ﬂ'l(Gl @] GQ)) = F(ﬂ'l(Gl)) *
F(m1(G2)). Since, F(m1(G;)) = m(F(Gy)) for, i = 1,2, it follows that F(m(G1 U
G2)) = m(F(G1)) * T (F(G2)). O

S Ly o

]

S Gy o

Theorem 3.9. If G1,Ga,...,G, are connected graphs and F : ‘\ZGi — ‘\ZGZ- 18

a folding mapping from '\2Gi into itself, then there is an induced folding
1=

=

:x m(F(G) — * T (F(Gi)),

i=1 i=1

which reduces the rank of glm(F(Gi)).
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Proof. Let F : _§1Gi — '§1Gi be a folding such that F( \7; Gi )=G1VGy V...

VE(GQ) V-V G, for s = 1,2,....n. Then F( % m(Gy)) = m(F (§ ) ~
m1(G1) * m1(Ga) * - -+ x 1 (F(Gs)) % -+ * w1 (Gy). Slnce rank ( 7 (F(G )))7< rank
( m1(Gy)), it follows that F reduce the rank of *17r1((G ).Also, if F( 1G ) =
GiVGyV---VFGs)V---VF(GE)V--VG, for k =1,2,. ns<k then
F(E mi(G) = m(F(Y o)) = (o (Ga)or--oms (F(Go o (PG

H<3

71(G,) and so F reduce the rank of gl?rl((Gi) .Moreover, by continuing this process
it F(V @) = VF(G).Then, F(* m(Gi)) = m(F(V.G.)) = m(V F(G)) ~
glm(F(Gi)). Hence F' reduce the rank of glm(F(Gi)). O

Theorem 3.10. If G1,Gs,...,G, are connected graphs and G; is homeomorphic
to S} for i = 1,2,...,n, then for every k, there is a folding Fy : _\ZGZ- —

4\7}1Gi into itself which induces a folding F} of * ! (Gi) into itself such that
1=
Fy( _;17r1(Gi) ) is a free group of rankn—k fork =1, 2, cooy,n—1 and F,( glm(Gi) )

s a free group of rank 1.

Proof. Let F : \/ G, — \/ G; Dbe a folding such that Fl( \/ G;)) =G VGyV

LV F(Gy) V \/ G for t =1,2,...,n and Fi(Gy) = G;i 75 t folded loop to
another loop, then consider the induced folding Fq: glﬂ'l(Gi) — ‘flﬂl(Gi) such

that Fl( >|< 7r1(G ) = 7T1(F1(v\7} G;)) and so F1(§

(2

m1(Gi)) = m(G1) * 11 (Ga) * -
T (FL(G)) # -+ m1(G), thus Fu( ¥ m(Gi)) ~ '

5»—-

*17r1(G) Since m1(S}) &~ Z, it

follows that Fl( z 7T1(S )) is a free group of rank n—1. Also, let F5 : ‘\_/1Gi — '\—/1Gi

be folding such that FQ( \/ Gi)=G1VGaV...VE(G)V...VE(G)V...VG, for

s, t=1,2,...,n, s <t ,anng(G )=G; F2(Gy) =Gy, i # s, i;ét then we can get

the induced foldmg Fsy: ,*17T1(Gi) — 4:1771(6’1) such that FQ( >x< 71'1(G')) is a free
1= 1=

group of rank n — 2. By continuing this process we obtain the folding F, : -YlGi —
4@101- such that Fn(,@lei) = Cl F,(G:) and F,(G;) = Gi,i=1,2,...,n which
1= 1= 1=

induces a folding F, : glm(Gi) — glm(Gi) such that F, ( * 7r1(G )) is a free
group of rank 1. O
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