
Harmonic maps relative to

α-connections on statistical manifolds

Keiko Uohashi

Abstract. In this paper we study harmonic maps relative to α-connections,
and not always relative to Levi-Civita connections, on statistical mani-
folds. In particular, harmonic maps on α-conformally equivalent statisti-
cal manifolds are discussed, and conditions for harmonicity are given by
parameters α and dimensions n. As the application we also describe har-
monic maps between level surfaces of a Hessian domain with α-conformally
flat connections.
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1 Introduction

Harmonic maps are important to research for geometry, physics, and so on. On
the other hand statistical manifolds have been studied in terms of affine geometry,
information geometry, statistical mechanics, and so on [1]. In relation to them Shima
gave conditions for harmonicity of gradient mappings of level surfaces on a Hessian
domain, which is a typical example for a dually flat statistical manifold [7] [8].

Level surfaces on a Hessian domain are known as 1- and (−1)-conformally flat sta-
tistical manifolds for the primal connection and for the dual connection, respectively
[10]. Then the gradient mappings are considered harmonic maps relative to the dual
connection, i.e., the (−1)-connection. However Shima investigated harmonic maps on
n-dimensional level surfaces into an (n + 1)-dimensional dual affine space, and not
into the other level surfaces. In addition Nomizu and Sasaki calculated the Lapla-
cian of centro-affine immersions into an affine space, which generate projectively flat
statistical manifolds, i.e., (−1)-conformally flat statistical manifolds. However they
show no harmonic maps between two centro-affine hypersurfaces in [6].

Then we treat harmonic maps relative to α-connections between α-conformally
equivalent statistical manifolds including the case of α = −1, 0 (The 0-connection
means the Levi-Civita connection.). In this paper, existence of non trivial harmonic
maps for α-connections is shown with conditions of α-parameters and dimensions n.
Finally, we describe harmonic maps between level surfaces of a Hessian domain for
α-conformally flat connections.
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2 Statistical manifolds and α-conformal equivalence

We recall definitions of terms on statistical manifolds.
For a torsion-free affine connection ∇ and a pseudo-Riemannian metric h on a

manifold N , the triple (N,∇, h) is called a statistical manifold if ∇h is symmetric. If
the curvature tensor R of ∇ vanishes, (N,∇, h) is said to be flat.

For a statistical manifold (N,∇, h), let ∇′ be an affine connection on N such that

Xh(Y, Z) = h(∇XY, Z) + h(Y,∇′XZ) for X,Y and Z ∈ Γ(TN),

where Γ(TN) is the set of smooth tangent vector fields on N . The affine connection
∇′ is torsion free, and ∇′h symmetric. Then ∇′ is called the dual connection of ∇, the
triple (N,∇′, h) the dual statistical manifold of (N,∇, h), and (∇,∇′, h) the dualistic
structure on N . The curvature tensor of ∇′ vanishes if and only if that of ∇ does,
and then (∇,∇′, h) is called the dually flat structure [1].

For a real number α, statistical manifolds (N,∇, h) and (N, ∇̄, h̄) are said to be
α-conformally equivalent if there exists a function φ on N such that

(2.1) h̄(X, Y ) = eφh(X,Y ),

(2.2) h(∇̄XY, Z) = h(∇XY, Z)− 1 + α

2
dφ(Z)h(X, Y )

+
1− α

2
{dφ(X)h(Y, Z) + dφ(Y )h(X, Z)}

for X, Y and Z ∈ Γ(TN). Two statistical manifolds (N,∇, h) and (N, ∇̄, h̄) are
α-conformally equivalent if and only if the dual statistical manifolds (N,∇′, h) and
(N, ∇̄′, h̄) are (−α)-conformally equivalent. A statistical manifold (N,∇, h) is called
α-conformally flat if (N,∇, h) is locally α-conformally equivalent to a flat statistical
manifold [4].

3 Harmonic maps for α-conformal equivalence

Let (N,∇, h) and (N, ∇̄, h̄) be α-conformally equivalent statistical manifolds of dim n ≥
2, and {x1, · · ·xn} a local coordinate system on N . Suppose that h and h̄ are Rieman-
nian metrices. We set hij = h(∂/∂xi, ∂/∂xj) and [hij ] = [hij ]−1. Let πid : N → N
be the identity map, i.e., πid(x) = x for x ∈ N , and πid∗ the differential of πid. If
cautioning about metrics and connections, we denote by πid : (N,∇, h) → (N, ∇̄, h̄).

We define a harmonic map relative to (h,∇, ∇̄) as follows.

Definition 3.1. If a tension field τ(h,∇,∇̄)(πid) vanishes, i.e., τ(h,∇,∇̄)(πid) ≡ 0 on N ,
the map πid : (N,∇, h) → (N, ∇̄, h̄) is said to be a harmonic map relative to (h,∇, ∇̄),
where the tension field is defined by

(3.1) τ(h,∇,∇̄)(πid) :=
n∑

i,j=1

hij{∇̄ ∂

∂xi
(πid∗(

∂

∂xj
))− πid∗(∇ ∂

∂xi

∂

∂xj
)} ∈ Γ(π−1

id TN)
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(3.2) =
n∑

i,j=1

hij(∇̄ ∂

∂xi

∂

∂xj
−∇ ∂

∂xi

∂

∂xj
) ∈ Γ(TN).

Then the next theorem holds.

Theorem 3.1. For α-conformally equivalent statistical manifolds (N,∇, h) and (N, ∇̄, h̄)
of dim n ≥ 2 satisfying (2.1) and (2.2), if α = −(n−2)/(n+2) or φ is a constant func-
tion on N , the identity map πid : (N,∇, h) → (N, ∇̄, h̄) is a harmonic map relative
to (h,∇, ∇̄).

Proof. By (2.2) and (3.2), for k ∈ {1, · · · , n} we have

h(τ(h,∇,∇̄)(πid),
∂

∂xk
) = h(

n∑

i,j=1

hij(∇̄ ∂

∂xi

∂

∂xj
−∇ ∂

∂xi

∂

∂xj
),

∂

∂xk
)

=
n∑

i,j=1

hij{−1 + α

2
dφ(

∂

∂xk
)h(

∂

∂xi
,

∂

∂xj
) +

1− α

2
{dφ(

∂

∂xi
)h(

∂

∂xj
,

∂

∂xk
)

+dφ(
∂

∂xj
)h(

∂

∂xi
,

∂

∂xk
)}}

=
n∑

i,j=1

hij{−1 + α

2
∂φ

∂xk
hij +

1− α

2
(
∂φ

∂xi
hjk +

∂φ

∂xj
hik)}

= {−1 + α

2
· n · ∂φ

∂xk
+

1− α

2
(

n∑

i=1

∂φ

∂xi
δik +

n∑

j=1

∂φ

∂xj
δjk)}

= (−1 + α

2
· n +

1− α

2
· 2)

∂φ

∂xk
= −1

2
{(n + 2)α + (n− 2)} ∂φ

∂xk
,

where δij is the Kronecker’s delta. Therefore, if τ(h,∇,∇̄)(πid) ≡ 0, it holds that
(n + 2)α + (n− 2) = 0 or ∂φ/∂xk = 0 for all k ∈ {1, · · · , n} at each point in N . Thus
we obtain Theorem 3.1. ¤

4 α-connections on level surfaces of
a Hessian domain

In this section we show relations with α-connections and Hessian domains.
Let N be a manifold with a dualistic structure (∇,∇′, h). For α ∈ R, an affine

connection defined by

(4.1) ∇(α) :=
1 + α

2
∇+

1− α

2
∇′

is called an α-connection of (N,∇, h). The triple (N,∇(α), h) is also a statistical man-
ifold, and ∇(−α) the dual connection of ∇(α). The 1-connection, the (−1)-connection
and the 0-connection coincide with ∇, ∇′ and the Levi-Civita connection of (N, h),
respectively. An α-connection is not always flat [1].
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Let D and {x1, . . . , xn+1} be the canonical flat affine connection and the canon-
ical affine coordinate system on An+1, i.e., Ddxi = 0. If the Hessian Ddϕ =∑n+1

i,j=1(∂
2ϕ/∂xi∂xj)dxidxj is non-degenerate for a function ϕ on a domain Ω in

An+1, we call (Ω, D, g = Ddϕ) a Hessian domain. A Hessian domain is a flat statis-
tical manifold. Conversely, a flat statistical manifold is locally a Hessian domain [1]
[8].

Let A∗
n+1 and {x∗1, . . . , x∗n+1} be the dual affine space of An+1 and the dual affine

coordinate system of {x1, . . . , xn+1}, respectively. We define the gradient mapping ι
from Ω to A∗

n+1 by

x∗i ◦ ι = − ∂ϕ

∂xi
,

and a flat affine connection D′ on Ω by

ι∗(D′
XY ) = D∗

Xι∗(Y ) for X,Y ∈ Γ(TΩ),

where D∗
Xι∗(Y ) is covariant derivative along ι induced by the canonical flat affine

connection D∗ on A∗
n+1. Then (Ω, D′, g) is the dual statistical manifold of (Ω, D, g)

[7] [8].
For a simply connected level surface M of ϕ with dim n ≥ 2, we denote by DM

and gM the connection and the Riemannian metric on M induced by D and g, respec-
tively. Then (M, DM , gM ) is a 1-conformally flat statistical submanifold of (Ω, D, g)
by Theorem 2.1 in [10].

We consider two simply connected level surfaces of dim n ≥ 2 (M, D, g), (M̂, D̂, ĝ)
1-conformally flat statistical submanifolds of (Ω, D, g). For p ∈ M , let λ be a function
on M such that eλ(p)ι(p) ∈ ι̂(M̂), where ι̂ is the restriction of the gradient mapping ι
to M̂ , and set (eλ)(p) = eλ(p). Note that the function eλ means the projection of M
to M̂ with respect to the dual affine coordinate system of Ω.

We define a map π : M → M̂ by

ι̂ ◦ π = eλι,

denoting also by ι the restriction of the gradient mapping ι to M . We denote by D̄′

an affine connection on M defined by

π∗(D̄′
XY ) = D̂′

π∗(X)π∗(Y ) for X, Y ∈ Γ(TM),

and by ḡ a Riemannian metric on M such that

ḡ(X, Y ) = eλg(X, Y ) = ĝ(π∗(X), π∗(Y )).

Then the next theorem is known (cf. [4] [5]).

Theorem 4.1. ([11]) For affine connections D′, D̄′ on M , we have
(i) D′ and D̄′ are projectively equivalent.
(ii) (M, D′, g) and (M, D̄′, ḡ) are (−1)-conformally equivalent.

We denote by D̄ an affine connection on M defined by

π∗(D̄XY ) = D̂π∗(X)π∗(Y ) for X, Y ∈ Γ(TM).

From duality of D̂ and D̂′, D̄ is the dual connection of D̄′ on M . Then the next
theorem holds (cf. [3] [4]).
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Theorem 4.2. ([11]) For affine connections D, D̄ on M , we have
(i) D and D̄ are dual-projectively equivalent.
(ii) (M, D, g) and (M, D̄, ḡ) are 1-conformally equivalent.

For α-connections D(α), D̄(α) = D(−α) defined similarly to (4.1), we obtain the
next corollary by Theorem 4.1, Theorem 4.2 and by (2.2) with φ = λ [9].

Corollary 4.3. For affine connections D(α), D̄(α) on M , (M,D(α), g) and (M, D̄(α), ḡ)
are α-conformally equivalent.

5 Harmonic maps relative to α-connections on
level surfaces

We denote D̂
(α)
π∗(X)π∗(Y ) by D̂

(α)
X π∗(Y ), considering it in the induced section Γ(π−1TM̂).

Let {x1, . . . , xn} be a local coordinate system on M . A harmonic map between level
surfaces (M, D(α), g) and (M̂, D̂(α), ĝ) is defined as follows.

Definition 5.1. If a tension field τ(g,D(α),D̂(α))(π) vanishes, i.e., τ(g,D(α),D̂(α))(π) ≡ 0

on M , the map π : (M, D(α), g) → (M̂, D̂(α), ĝ) is said to be a harmonic map relative
to (g, D(α), D̂(α)), where the tension field defined by

(5.1) τ(g,D(α),D̂(α))(π) :=
n∑

i,j=1

gij{D̂(α)
∂

∂xi

(π∗(
∂

∂xj
))− π∗(D

(α)
∂

∂xi

∂

∂xj
)} ∈ Γ(π−1TM̂).

Now we give conditions for harmonicity of a map π : M → M̂ relative to
(g,D(α), D̂(α)).

Theorem 5.1. Let (M, D(α), g) and (M̂, D̂(α), ĝ) be simply connected n-dimensional
level surfaces of an (n + 1)-dimensional Hessian domain (Ω, D, g) with n ≥ 2. If
α = −(n − 2)/(n + 2) or λ is a constant function on M , a map π : (M,D(α), g) →
(M̂, D̂(α), ĝ) is a harmonic map relative to (g, D(α), D̂(α)), where

ι̂ ◦ π = eλι, (eλ)(p) = eλ(p), eλ(p)ι(p) ∈ ι̂(M̂), p ∈ M,

and ι, ι̂ are the restrictions of the gradient mapping on Ω to M , M̂ , respectively.

Proof. The tension field of the map π relative to (g,D(α), D̂(α)) is described with
(M, D̄(α), ḡ), which is the pull-back of (M̂, D̂(α), ĝ), as follows.

τ(g,D(α),D̂(α))(π) =
n∑

i,j=1

gij{D̂(α)
∂

∂xi

(π∗(
∂

∂xj
))− π∗(D

(α)
∂

∂xi

∂

∂xj
)}

=
n∑

i,j=1

gij{π∗(D̄(α)
∂

∂xi

∂

∂xj
)− π∗(D

(α)
∂

∂xi

∂

∂xj
)} = π∗(

n∑

i,j=1

gij(D̄(α)
∂

∂xi

∂

∂xj
−D

(α)
∂

∂xi

∂

∂xj
))

Identifying Tπ(x)M with TxM , and considering the definition of π, we have

τ(g,D(α),D̂(α))(π) = eλ
n∑

i,j=1

gij(D̄(α)
∂

∂xi

∂

∂xj
−D

(α)
∂

∂xi

∂

∂xj
).
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By Corollary 4.3, (M, D(α), g) and (M, D̄(α), ḡ) are α-conformally equivalent, so that
we have the equation (2.2) with φ = λ, h = g, ∇ = D(α) and ∇̄ = D̄(α) for X, Y
and Z ∈ Γ(TM). Then it holds similarly to the proof of Theorem 3.1 that for
k ∈ {1, · · · , n}

g(τ(g,D(α),D̂(α))(π),
∂

∂xk
) = g(eλ

n∑

i,j=1

gij(D̄(α)
∂

∂xi

∂

∂xj
−D

(α)
∂

∂xi

∂

∂xj
),

∂

∂xk
)

= eλ
n∑

i,j=1

gij{−1 + α

2
dλ(

∂

∂xk
)g(

∂

∂xi
,

∂

∂xj
) +

1− α

2
{dλ(

∂

∂xi
)g(

∂

∂xj
,

∂

∂xk
)

+dλ(
∂

∂xj
)g(

∂

∂xi
,

∂

∂xk
)}}

= (−1 + α

2
· n +

1− α

2
· 2) eλ ∂λ

∂xk
= −1

2
{(n + 2)α + (n− 2)} eλ ∂λ

∂xk
.

Therefore, if τ(g,D(α),D̂(α))(π) ≡ 0, it holds that (n + 2)α + (n− 2) = 0 or ∂λ/∂xk = 0
for all k ∈ {1, · · · , n} at each point in N . Thus we obtain Theorem 5.1. ¤

Comparing proofs of Theorem 3.1 and Theorem 5.1, we have the following about
two tension fields.

Corollary 5.2. Let π : (M,D(α), g) → (M̂, D̂(α), ĝ) be the map defined at Theorem
5.1, and πid : (M, D(α), g) → (M, D̄(α), ḡ) the identity map, where (M, D̄(α), ḡ) is the
pull-back of (M̂, D̂(α), ĝ) by π. Then it holds that

τ(g,D(α),D̂(α))(π) = eλτ(g,D(α),D̄(α))(πid).

Remark 5.2. For n = 2, if and only if α = 0, there exist harmonic maps πid and π
with non constant functions φ and λ, respectively.

Remark 5.3. For n ≥ 3, it holds that −1 < α < 0 if a map πid or π is a harmonic
map with a non constant function φ or λ, respectively.

Remark 5.4. For α ≤ −1 and α > 0, there exist no harmonic maps πid and π with
non constant functions φ and λ, respectively.
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Math. J. 46 (1994), 427-433.

[5] K. Nomizu and U. Pinkall, On the geometry and affine immersions, Math. Z.
195 (1987), 165-178.

[6] K. Nomizu and T. Sasaki, Affine Differential Geometry: Geometry of Affine
Immersions, Cambridge Univ. Press, Cambridge 1994.

[7] H. Shima, Harmonicity of gradient mapping of level surfaces in a real affine
space, Geometriae Dedicata 56 (1995), 177-184.

[8] H. Shima, The geometry of Hessian Structures, World Sci. 2007.
[9] K. Uohashi, On α-conformal equivalence of statistical submanifolds, J. of Geom.

75 (2002), 179-184.
[10] K. Uohashi, A. Ohara and T. Fujii, 1-conformally flat statistical submanifolds,

Osaka J. math. 37 (2000), 501-507.
[11] K. Uohashi, A. Ohara and T. Fujii, Foliations and divergences of flat statistical

manifolds, Hiroshima Math. J. 30 (2000), 403-414.

Author’s address:

Keiko Uohashi
Department of Mechanical Engineering & Intelligent Systems,
Faculty of Engineering, Tohoku Gakuin University
Tagajo, Miyagi 985-8537, Japan.
E-mail: uohashi@tjcc.tohoku-gakuin.ac.jp


