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Abstract. New conditions for the univalence of two complex integral oper-
ators in the open unit disk are obtained. These original conditions derived
by means of specializing certain parameters involved in the definitions of
the integral operators involved.
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1 Two families of integral operators

Let C be the set of complex numbers. Let A be the class of functions

f (z) = z +
∞∑

k=2

akzk,

which are analytic in the open unit disk

U = {z : z ∈ C, |z| < 1}

and satisfy the following usual normalization condition

f(0) = f ′(0)− 1 = 0.

We denote by P the class of the functions p(z) which are analytic in U and satisfy
the conditions

p(0) = 1, Re{p(z)} > 0, z ∈ U.

Let S denote the subclass of A consisting of functions f(z) which are univalent in U.
In this paper, we define two families of integral operators. The first family of integral
operators is defined by

(1.1) Kn(z) =

(
n∑

i=1

αi

γi

∫ z

0

t−1
n∏

i=1

(fi(t))
αi
γi gi(t)dt

) 1∑n
i=1

αi
γi
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αi, γi ∈ C, γi 6= 0, fi ∈ A and gi ∈ P for all i ∈ {1, 2, ..., n}.
Remark 1.1. For α1 = α2 = ... = αn = 1 and g1 = g2 = ... = gn = 1, we obtain the
integral operator

Jγ1 ,γ2 , ...,γn
(z) =

(
n∑

i=1

1
γi

∫ z

0

t−1
n∏

i=1

(fi(t))
1

γi dt

) 1∑n
i=1

1
γi

studied in [6].

Remark 1.2. For n = 1, α1 = 1 and g1 = 1, from (1.1) we obtain the integral
operator

Jγ(z) =
(

1
γ

∫ z

0

t−1 (f(t))
1
γ dt

)γ

studied in [6].

The second family of integral operators is defined by

(1.2) Ln(z) =
∫ z

0

n∏

i=1

(
fi(t)

t

)αi
γi

gi(t)dt

αi, γi ∈ C, γi 6= 0, fi ∈ A and gi ∈ P for all i ∈ {1, 2, ..., n}.
Remark 1.3. From (1.2), for n = 1, g1 = 1, α1 = 1 and 1

γ1
= α, we obtain the

integral operator Kim-Merkes

Hα(z) =
∫ z

0

(
f(t)

t

)α

dt

studied in [3].

In the present paper, we obtain some sufficient conditions for the integral operators
Kn(z) and Ln(z) to be in the class S.

2 Preliminary results

In the proof of our main results (Theorem 3.1 and Theorem 3.3 below), we need the

Definition 2.1. (see [2]) A function f(z) ∈ A is said to be a member of the class
B(µ) if and only if

(2.1)
∣∣∣∣
z2f ′(z)
[f (z)]2

− 1
∣∣∣∣ ≤ 1− µ, z ∈ U; 0 ≤ µ < 1.

Theorem 2.1. (see [1]) If the function f(z) = z + a2z
2 + ... is regular in unit disk U

and (
1− |z|2

) ∣∣∣∣
zf ′′(z)
f ′(z)

∣∣∣∣ ≤ 1, z ∈ U

then the function f is univalent in U.
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Theorem 2.2. (see [5]) Let the parameters β, c ∈ C be constrained by

Reβ > 0 and |c| ≤ 1, c 6= −1.

If f ∈ A satisfies the inequality
∣∣∣∣c |z|

2β +
(
1− |z|2β

) zf ′′ (z)
βf ′(z)

∣∣∣∣ ≤ 1, z ∈ U

then the function Fβ(z) given by

Fβ(z) =
(

β

∫ z

0

tβ−1f ′(t)dt

) 1
β

= z + ...

is analytic and univalent in U.

Finally, in our present investigation, we shall also need the familiar Schwarz
Lemma (see, for details, [4]).

Lemma 2.3. (General Schwarz Lemma) [4] Let the function f(z) be regular in
the disk

UR = {z : z ∈ C and |z| < R (R > 0)},
with |f(z)| < M , for a fixed number M > 0. If the function f(z) has one zero with
multiplicity order bigger than a positive integer m for z = 0, then

(2.2) |f(z)| ≤ M

Rm
|z|m , z ∈ UR.

The equality (2.2) can hold true only if

f(z) = eiθ M

Rm
zm,

where θ is a real constant.

3 Univalence conditions

Our main univalence conditions for the integral operators Kn(z), Ln(z) defined by
(1.1), (1.2) are asserted by Theorem 3.1 and Theorem 3.3 below.

Theorem 3.1. Let the functions fi(z) ∈ A be in the class B(µi), 0 ≤ µi < 1 satisfy
the hypothesis (2.1) of Definition 2.1 and αi, γi ∈ C, γi 6= 0 with β =

∑n
i=1 Reαi

γi
for

all i ∈ {1, 2, ..., n}. Suppose that for all i ∈ {1, 2, ..., n}

Mi ≥ 1, Ni ≥ 1, gi(z) ∈ P, z ∈ U

and

Reβ ≥
n∑

i=1

( |αi|
|γi| ((2− µi)Mi + 1) + Ni

)
.
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If

(3.1) |fi(z)| ≤ Mi z ∈ U,

∣∣∣∣
zg′i(z)
gi(z)

∣∣∣∣ ≤ Ni z ∈ U

and

(3.2) |c| ≤ 1− 1
Reβ

n∑

i=1

( |αi|
|γi| ((2− µi)Mi + 1) + Ni

)
(c ∈ C; c 6= −1) ,

for all i ∈ {1, 2, ..., n}, then the integral operator Kn(z) defined by (1.1) is in the class
S.

Proof. We begin by observing that the integral operator Kn(z) in (1.1) can be rewrit-
ten in the form

Kn(z) =

(
n∑

i=1

αi

γi

∫ z

0

t
∑n

i=1
αi
γi
−1

n∏

i=1

(
fi(t)

t

)αi
γi

gi(t)dt

) 1∑n
i=1

αi
γi

.

Let us define the function h(z) by

h(z) =
∫ z

0

n∏

i=1

(
fi(t)

t

)αi
γi

g(t)dt (fi ∈ A; gi ∈ P) .

The functions fi(z) are indeed regular in U and satisfy the following usual normal-
ization condition

f(0) = f ′(0)− 1 = 0.

Now, calculating the derivatives of h(z) of the first and second orders, we readily
obtain

(3.3) h′(z) =
n∏

i=1

(
fi(z)

z

)αi
γi

gi(z)

and

h′′(z) =
n∑

i=1

(
αi

γi

(
fi(z)

z

)αi
γi
−1 (

zf ′i(z)− fi(z)
z2

)
gi(z) +

(
fi(z)

z

)αi
γi

g′i(z)

)
×

×
n∏

k=1
k 6=i

(
fk(z)

z

)αk
γk

gk(z).(3.4)

We easily find, from (3.3) and (3.4), that

(3.5)
zh′′(z)
h′(z)

=
n∑

i=1

(
αi

γi

(
zf ′i(z)
fi(z)

− 1
)

+
zg′i(z)
gi(z)

)
,
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which readily shows that
∣∣∣∣c |z|

2β +
(
1− |z|2β

) zh′′(z)
βh′(z)

∣∣∣∣

=

∣∣∣∣∣c |z|
2β +

(
1− |z|2β

) 1
β

n∑

i=1

(
αi

γi

(
zf ′i(z)
fi(z)

− 1
)

+
zg′i(z)
gi(z)

)∣∣∣∣∣

≤ |c|+ 1
|β|

n∑

i=1

( |αi|
|γi|

(∣∣∣∣
z2f ′i(z)
[fi(z)]2

∣∣∣∣
∣∣∣∣
fi(z)

z

∣∣∣∣ + 1
)

+
∣∣∣∣
zg′i(z)
gi(z)

∣∣∣∣
)

.(3.6)

Furthermore, from the hypothesis (3.1) of Theorem 3.1, we have

|fi(z)| ≤ Mi, z ∈ U and
∣∣∣∣
zg′i(z)
gi(z)

∣∣∣∣ ≤ Ni, z ∈ U.

By applying the General Schwarz Lemma, we thus obtain

|fi(z)| ≤ Mi |z| , z ∈ U.

Next, by making use of (3.6), we find
∣∣∣∣c |z|

2β +
(
1− |z|2β

) zh′′(z)
βh′(z)

∣∣∣∣

≤ |c|+ 1
|β|

n∑

i=1

( |αi|
|γi|

((∣∣∣∣
z2f ′i(z)
[fi(z)]2

− 1
∣∣∣∣ + 1

)
Mi + 1

)
+ Ni

)

≤ |c|+ 1
|β|

n∑

i=1

( |αi|
|γi| ((2− µi) Mi + 1) + Ni

)

≤ |c|+ 1
Reβ

n∑

i=1

( |αi|
|γi| ((2− µi)Mi + 1) + Ni

)

≤ 1

where we have also used the hypothesis (3.2) of Theorem 3.1.
Finally, by applying Theorem 2.2, we conclude that the integral operator Kn(z) de-
fined by (1.1) is in the class S. This evidently completes the proof of Theorem 3.1.
¤

Setting n = 1 in Theorem 3.1, we immediately arrive at the following application of
Theorem 3.1.

Corollary 3.2. Let the function f(z) ∈ A be in the class B(µ), 0 ≤ µ < 1 and satisfy
the hypothesis (2.1) of Definition 2.1 and α, γ ∈ C, γ 6= 0 with β = Reα

γ . Suppose
that

M ≥ 1, N ≥ 1, g(z) ∈ P, z ∈ U
and

Reβ ≥ |α|
|γ| [(2− µ) M + 1] + N.
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If

|f(z)| ≤ M z ∈ U,

∣∣∣∣
zg′(z)
g(z)

∣∣∣∣ ≤ N z ∈ U

and

|c| ≤ 1− 1
Reβ

|α|
|γ| [(2− µ)M + 1]− N

Reβ
(c ∈ C; c 6= −1) ,

then the integral operator

K(z) =
(

α

γ

∫ z

0

t−1 (f(t))
α
γ g(t)dt

) γ
α

is in the class S.

Theorem 3.3. Let αi, γi be complex numbers, γi 6= 0 and fi(z) ∈ A for all i ∈
{1, 2, ..., n}. Suppose that for all i ∈ {1, 2, ..., n}

Mi ≥ 1, Ni ≥ 1, gi(z) ∈ P, z ∈ U.

If for all i ∈ {1, 2, ..., n}

(3.7)
∣∣∣∣
zf ′i(z)
fi(z)

− 1
∣∣∣∣ ≤ Mi z ∈ U,

∣∣∣∣
g′i(z)
gi(z)

∣∣∣∣ ≤ Ni z ∈ U

and

(3.8)
n∑

i=1

|αi| ≤
(

9
2
√

3
−

n∑

i=1

Ni

)
n∑

i=1

|γi|
Mi

then the integral operator Ln(z) defined by (1.2) is in the class S.

Proof. Defining the function

h(z) =
∫ z

0

n∏

i=1

(
fi(t)

t

)αi
γi

gi(t)dt

we take the same steps as in the proof of Theorem 3.1. Then, from (3.5), we obtain

(3.9)
∣∣∣∣
zh′′(z)
h′(z)

∣∣∣∣ ≤
n∑

i=1

( |αi|
|γi|

∣∣∣∣
zf ′i(z)
fi(z)

− 1
∣∣∣∣ +

∣∣∣∣
zg′i(z)
gi(z)

∣∣∣∣
)

.

From (3.7) and (3.9), we have
∣∣∣∣
zh′′(z)
h′(z)

∣∣∣∣ ≤
n∑

i=1

( |αi|
|γi|Mi + Ni |z|

)
.

Applying General Schwarz Lemma, we find
∣∣∣∣
zh′′(z)
h′(z)

∣∣∣∣ ≤
n∑

i=1

( |αi|
|γi|Mi |z|+ Ni |z|

)
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and hence, we get

(3.10)
(
1− |z|2

) ∣∣∣∣
zh′′(z)
h′(z)

∣∣∣∣ ≤
(
1− |z|2

)
|z|

n∑

i=1

( |αi|
|γi|Mi + Ni

)
.

Since

max
|z|≤1

{(1− |z|2) |z|} =
2
√

3
9

,

from (3.8) and (3.10), we deduce

(3.11)
(
1− |z|2

) ∣∣∣∣
zh′′(z)
h′(z)

∣∣∣∣ ≤ 1.

From (3.11) and by Theorem 2.1, we obtain that the integral operator Ln(z) defined
by (1.2) is in the class S. ¤

Setting n = 1 in Theorem 3.3, we obtain the following consequence of Theorem 3.3.

Corollary 3.4. Let α, γ be complex numbers, γ 6= 0 and f(z) ∈ A. Suppose that

M ≥ 1, N ≥ 1, g(z) ∈ P, z ∈ U.

If ∣∣∣∣
zf ′(z)
f(z)

− 1
∣∣∣∣ ≤ M z ∈ U,

∣∣∣∣
g′(z)
g(z)

∣∣∣∣ ≤ N z ∈ U

and

|α| ≤ |γ|
M

(
9

2
√

3
−N

)

then the integral operator

Ln(z) =
∫ z

0

(
f(t)

t

)α
γ

g(t)dt

is in the class S.

Acknowledgements. This work was partially supported by the strategic project
POSDRU 107/1.5/S/77265, inside POSDRU Romania 2007-2013 co-financed by the
European Social Fund-Investing in People.

References
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