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Abstract. Many authors have considered the superlinearity conditions
to study the oscillatory behavior of certain second order difference equa-
tions [10] as well as dynamic equations [3, 5, 6]. In this paper, superlinear-
ity conditions are used to study the sufficient condition for the oscillatory
solutions of certain third order difference equation. An example is inserted
to illustrate the result.
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1 Introduction

We consider the third order difference equation of the form

(1.1) ∆(an∆(bn∆(xn))) + cnf
ν(xn+1−τ ) = 0, n ∈ N(a),

where N (a) = {a, a+ 1, a+ 2, ...}, a = max(1, τ), {an}, {bn}, {cn} are positive real
sequences, τ is a nonnegative integer for n ∈ N (a), ν is the ratio of odd positive
integers such that 0 < ν < 1, ∆ is the forward difference operator defined by ∆xn =
xn+1 − xn and the continuous function f : R → R is nondecreasing in u such that
uf (u) > 0 for u ̸= 0.

By a solution of the equation (1.1), we mean a real sequence {xn} which is defined
for all n ∈ N(a) and satisfies the equation (1.1) for sufficiently large n ∈ N(a). A
nontrivial solution {xn} of the equation (1.1) is said to be an eventually positive
or eventually negative if for every positive integer M there exists a positive integer
n ≥ M such that xnxn+1 > 0. A nontrivial solution {xn} of the equation (1.1) is
said to be oscillatory if it is neither eventually positive nor eventually negative. An
equation is said to be oscillatory if all its solutions are oscillatory.

Some sufficient conditions were established for oscillation and nonoscillation of
second order nonlinear neutral delay difference equation using superlinearity and sub-
linearity conditions, see [10]. Superlinearity and sublinearity conditions were used to
study the oscillation criteria for some second order dynamic equations in time scale,
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see [3, 5, 6]. In [8], some sufficient conditions were studied for third order non-neutral
difference equation of the form

(1.2) ∆

(
1

an
∆2 (yn)

)
+ pnf

(
yσ(n)

)
= 0, n ∈ N,

where N = {0, 1, 2, ...}, an > 0, pn > 0, 0 < σ(n) ≤ n for n ∈ N, lim
n→∞

σ(n) = ∞,

Rn =
n−1∑
s=n1

as → ∞ as n → ∞, ∆ is the forward difference operator defined by

∆xn = xn+1 − xn, f : R → R is a continuous function such that xf(x) > 0, and
f(x)

x
≥ L > 0 for all x ̸= 0.

In [9], sublinearity conditions were used to discuss the oscillatory behavior of
second order neutral delay difference equation of the form:

(1.3) ∆2(xn + pnxn−τ − qnxn−σ) + rnf
ν(xn−l) = 0, n ∈ N,

where N = {0, 1, 2, ...}, pn > 0, qn > 0, rn > 0 for n ∈ N, τ ≥ 0, σ ≥ 0, l ≤ 0, τ < σ,
l ∈ {−s, ..., 0}, s ≥ σ, ν is the ratio of odd positive integers such that ν < 1, ∆ is the
forward difference operator defined by ∆xn = xn+1 −xn and the continuous function
f : R → R is nondecreasing in u such that uf (u) > 0 for u ̸= 0.

In [4], it was shown that the following difference equations were considered:

(1.4) ∆(an∆(xn − pnxn−1)) + qnf(xn−τ ) = 0, n ∈ N(a) and

(1.5) ∆(an∆(bn∆(yn))) + q∗ng(yn+1−τ ) = 0, n ∈ N(a),

where N (a) = {a, a+ 1, a+ 2, ...}, a = max(1, τ), an > 0, pn > 0, qn > 0 for
n ∈ N (a), τ is a nonnegative integer, ∆ is the forward difference operator defined
by ∆xn = xn+1 − xn and the function f : R → R is continuous in u such that

uf (u) > 0 for u ̸= 0, bn =
n∏

i=1

pi, q
∗
n = qnb

∗
n, f (bn−τz) = b∗ng (z), and g : R → R

is a continuous function in z such that zg (z) > 0 for z ̸= 0, they have studied
trichotomy of nonoscillatory solutions of the second order neutral difference equation
(1.4) by using the same category of the third order difference equation (1.5) under

the transformation yn+1 = xn

n∏
i=1

1

pi
.

We observed that many authors have considered superlinearity and sublinear-
ity conditions only for discussing the oscillatory behavior of second order difference
equations. Motivated by the above observations, in this paper, we have extended the
equation (1.5) to the equation (1.1) and considered superlinearity conditions to study
the sufficient condition for oscillatory solutions of the third order difference equation
(1.1).

The aim of this paper is to study the sufficient condition for oscillatory solutions
of the equation (1.1) under the following conditions:

(C1)
∞∑

s=n1

1

as
= ∞ for n1 ∈ N(a),
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(C2)
∞∑

s=n1

1

bs
= ∞ for n1 ∈ N(a),

(C3) Tn =
n−1∑
s=n1

1

as

n−1∑
t=s+1

1

bt
=

n−1∑
t=n1

1

bt

t−1∑
s=n1

1

as
,

The result obtained here is an extension to some of those achieved in [3, 4, 5, 6,
8, 9, 10]. For the general theory of difference equations, one can refer to [1, 2]. Many
references to some applications of the difference equations can be found in [7].

2 Preliminary results

We use the following Definition and Lemma to prove our main result.

Definition 2.1 (Superlinear function). (see [10]) Let the function f : R → R be
continuous and nondecreasing with uf (u) > 0 for u ̸= 0. The function f is said to
be superlinear if

(2.1) 0 <

∫ ∞

ϵ

dx

f (x)
,

∫ −ϵ

−∞

dx

f (x)
< ∞ for all ϵ > 0.

The above conditions (2.1) are called superlinearity conditions of f (x), see [5].

Lemma 2.1 (see [4]). Assume that the conditions (C1) and (C2) hold. Let {xn} be
an eventually positive solution to the equation (1.5). Then exactly one of the following
statements holds:

(i) xn > 0, ∆xn > 0, ∆(bn∆xn) > 0;

(ii) xn > 0, ∆xn < 0, ∆(bn∆xn) > 0,

for sufficiently large n.

The proof of the above Lemma is trivial, and hence omitted.

3 The main result

This section provides the sufficient condition for oscillatory solutions of the equation
(1.1).

Theorem 3.1. In addition to the conditions (C1), (C2), (C3), assume that

(3.1) 0 <

∫ ∞

ϵ

dx

fν (x)
,

∫ −ϵ

−∞

dx

fν (x)
< ∞ for all ϵ > 0

holds. If

(3.2)
n−1∑
t=n1

1

bt

t−1∑
s=n1

1

as

s+1−τ∑
r=s

cr = ∞ as n → ∞,

then the equation (1.1) is oscillatory.
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Proof. Let {xn} be an eventually positive solution of the equation (1.1). Then there
exists n1 ∈ N(a) such that xn > 0 and xn+1−τ > 0 for n ∈ N (n1). Therefore from
Lemma 2.1, we assume that xn > 0, ∆xn < 0, ∆(bn∆xn) > 0 for n ∈ N (n1).
From equation (1.1) we see that

(3.3) ∆(an∆(bn∆(xn))) < 0 for n ∈ N(n1).

This implies that {an∆(bn∆(xn))} is nonincreasing for n ∈ N (n1). By our assump-
tion we have ∆(bn∆xn) > 0 for n ∈ N (n1), which implies that {bn∆xn} is increasing
for n ∈ N (n1). Again by our assumption we have ∆xn < 0 for n ∈ N (n1). Thus,
there exists n2 ≥ n1 and k > 0 such that

∆xn ≤ −k for n ∈ N (n2) .

By summing the above inequality from n2 to n− 1, we obtain

xn ≤ xn2 − k(n− n2) for n ∈ N (n2) .

This implies that xn → −∞ as n → ∞, which is a contradiction to the fact that
xn > 0 for all n ∈ N (n1). Thus, the condition (i) of Lemma 2.1 holds.

Suppose that K > 0. Then from equation (1.1), we have

∆(an∆(bn∆(xn))) +
cn
K

fν(xn+1−τ ) ≤ 0 for n ∈ N(n1).

By summing the above inequality from n to ∞, we obtain

−∆(bn∆(xn)) +
1

an

∞∑
r=n

cr
K

fν (xr+1−τ ) ≤ 0 for n ∈ N (n1) ,

and further, by summing the above inequality from n1 to n− 1, we infer that, for all
n ∈ N(n1):

−∆xn +
1

bn

n−1∑
s=n1

1

as

∞∑
r=s

cr
K

fν (xr+1−τ ) ≤ 0,

that is: 
1
bn

∑n−1
s=n1

1
as

∑∞
r=s

cr
K fν (xr+1−τ ) ≤ ∆xn,(

1
bn

∑n−1
s=n1

1
as

∑s+1−τ
r=s

cr
K

)
fν (xn) ≤ ∆xn,

1
bn

∑n−1
s=n1

1
as

∑s+1−τ
r=s

cr
K ≤ ∆xn

fν(xn)
.

By summing the above inequality from n1 to n− 1, we have

1

K

n−1∑
t=n1

1

bt

t−1∑
s=n1

1

as

s+1−τ∑
r=s

cr ≤
n−1∑
t=n1

∆xt

fν (xt)
≤

n−1∑
t=n1

∫ xt

xt−1

du

fν (u)
≤

∫ n−1

n1

du

fν (u)
.

Therefore, we obtain from (3.1) that

1

K

n−1∑
t=n1

1

bt

t−1∑
s=n1

1

as

s+1−τ∑
r=s

cr < ∞ as n → ∞,
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which is a contradiction to the condition (3.2). Thus the equation (1.1) is oscillatory.
Similar arguments can be used for proving the result when {xn} is eventually

negative and so we omit this proof. �

We give the following example to illustrate the result.

Example 3.1. Consider the third order difference equation:

∆3xn + 8x
1
3
n = 0,

where an = 1, bn = 1, cn = 8, τ = 1, ν = 1
3 , f

ν(u) = uν . We note that all the
conditions of Theorem 3.1 are satisfied, and hence all its solutions are oscillatory
(e.g., {xn} = {(−1)n} is one such solution).
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