Existence of positive solutions for a new class of
nonlocal p(x)-Kirchhoff elliptic systems via sub-super
solutions concept
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Abstract. Motivated by the idea which has been introduced in [3] com-
bined with the properties of Kirchhoff type operators, we prove the ex-
istence of positive solutions for a class of nonlocal p(z)-Kirchhoff elliptic
systems by using the sub and super solutions concept, which is a new
research idea for the presented problems.
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1 Introduction

The study of differential equations and variational problems with nonstandard p(z)—growth
conditions is a new and interesting topic. It arises from nonlinear elasticity theory,
electrorheological fluids, etc. (see [1], [5], [7], [23] and [27]). Many existence results
have been obtained on this kind of problems, see for example [14], [18], [25] and
[26]. In [8], [10], [13], [15]-[17], X.L. Fan et al. studied the regularity of solutions for
differential equations with nonstandard p(z)-growth conditions.

In this article, we are interested in the p(z)-Kirchhoff systems of the form

=M (Io (u) Dpayu = I [Ma(z) f(v) + pre(z) b (w)] in Q
(1.1) —M (Iy (v)) Dpzyv = Ap@® [Agb (x) g (u) + p2d (x) T (v)]in Q,

u=wv =0 on 09,

where Q C RY is a bounded smooth domain with C? boundary 9,1 < p(z) €
C' (Q) is a functions with 1 < p~ := infop(z) < pT = supgp (z) < 00, Apyu =
div <|Vu|p(m)72 Vu) is called p(z)—Laplacian, A, A1, Aa, 11,and s are positive param-

1
eters, Iy (u) = / v @ (V[P dz and M(t) is a continuous function.
p(x
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Problem (1.1) is a generalization of a model introduced by Kirchhoff [21]. More
precisely, Kirchhoff proposed a model given by the equation

L
62U PO E
(12) T ]
0

U
8220

ot?

where p, Py, h, E, L are constants, which extends the classical D’Alembert’s wave
equation, by consideringthe effects of the changes in the length of the strings during
the vibrations. In recent years, problems involving Kirchhoff type operators have
been studied in many papers, we refer to [2, 4, 8, 9, 20, 21, 22, 24], in which the
authors have used variational method and topological method to get the existence of
solutions.

In this paper,motivated by the ideas introduced in ([18]) and the properties of
Kirchhoff type operators in [18], we study the existence of positive solutions for
system(1.2) by using the sub- and super solutions techniques. To our best knowl-
edge, this is a new research topic for nonlocal problems. The remainder of this paper
is organized as follows. In Section 2, we present some preleminary results on the vari-
able exponent Sobolev space VVO1 P(®) (©2) and the method of sub- and super solutions.
In Section 3 is devoted to state and prove the main result.

2 Preliminary results

In order to discuss problem (1.1), we need some theories on W Lp(e) (©) which we
call variable exponent Sobolev space. Firstly we state some basic properties of spaces

Wy (Q) which will be used later (for details, see [14]). Let us define

LP@ (Q) = {u : u is a measurable real-valued function such that / lu ()P do < oo} .

Q

We introduce the norm on LP(*) () by

p(w)
de <1

u(@)

[u ()], =inf ¢ A>0: 3

)

and
Wir@ () = {u € LP@) (Q);|Vu| € LP@ (Q)} ,

with the norm

[ull = lul, ) + [Vul,q) , Yu € WP ().

p(z (z) 7

We denote by Wol’p(m) (Q) the closure of C§° () in WP (Q).

Proposition 2.1. (See [13] ). The spaces LP®) (Q), WP@) (Q) and Wol’p(x) (Q) are
separable and reflexiveBanach spaces.
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Throughout the paper, we will assume that:
(H1) M : [0,400) — [mg,meo] is a continuous and increasing function with
mo > 0
)p € 1( ) and 1 <p~ <p*;
T:

( ) f,9,h,7:[0,+00] — R are C'*, monotone functions such that
Jim f(u) =400, lim g (u)=+oo, lim h(u)=+oo, lim 7(u)=-+oo;

f(ptan 7T
(H4) limy— 4 0o ——=——< = 0,for all L > 0;
(H5) limy o 22 = 0, and lim, o 0 = 0.

(H6) a,b,c,d : Q — (0, + oo) are continuous functions, such that

upr” —1

a; = mina(z),by =minb(z), ¢; = minc(z),d; = mind (z)
€N €N €N €N

a; = maxa(zx),by =maxb(z), co = maxc(z),ds = maxd(x)
€N e €N e

Definition 2.1. If u,v € Wol’p(x) (Q), we say that

—M (Io (u)) Dp@yu < =M (Io (v)) A&

p(z) p(a)V

if for all p € Wol’p(m) (Q) with ¢ > 0, we have

(2.1) M (I (u))/|vu|”<ﬂ”)*2 Vu.Veds < M (I (u))/|W|”<w)*2 Vu.Vdr,

where

1
Io (u) = / @ da.
) p(z)

Definition 2.2. 1. If u,v € Wol’p(x) (), (u,v) is called a weak solution of (1.1) if it
satisfies

M (In (u)) / V[P 2 Vu.Vode = / M@ [\a(z) f () + pre (@) h (u)] ed,
Q Q

M (Iy (v)) / IVoP™ 2 Vo Vds = / Ar@ [Aob (2) g (1) + pad () T (v)] pda,
Q

for all ¢ € Wol’p(x) (Q), with ¢ > 0.
2. We say that (u,v) is called a sub solution (respectively a super solution) of

(1.1) if
M (1o (w)) / |VulP™) 2 Vu.Vpdz < (respectively >) [ M@ [Aa () f (v) + pic (z) h (u)] edz,

AP [Aab (z) g (u) + ped (z) T (v)] da.

Q
M (1o (v)) / \Vv|p(x)72 Vu.Veodz < (respectively >)
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Lemma 2.2. (See [20] Comparison principle) Let u,v € WL (Q) and (H1)
holds.If
-M (Io (u)) Ap(m)u <-M (Io (U)) Ap(x)v

and (u —v)* € Wol’p(w) (Q) then u < wv in Q.

Lemma 2.3. (See [20]).Let (H1) hold.n > 0 and let u be the unique solution of the
problem

—/M(Io (u)) div (|Vu|p($)_2 Vu) = in L,
o)

Set h = —™02__ Then, when
2107 Co

1
> hful, < CHp T,

and when .
p < h,lu|, < Coprt-1,

where C* and Cyare positive constants depending p*,p~, N,|Q|,Co and my.

Here and hereafter, we will use the notation d (z,9) to denote the distance of
x € ) to denote the distance of Q.Denote d (z) = d (z,0Q) and

e ={reQ:d(z,00) <e}.

Since 0N is C? regularly, there exists a constant 6 € (0,1) such that d(z) €
C? (0€35) and |Vd ()] = 1.

Denote
vd (), d(z) <9
d(x) 2 )
25 —t\p -1 -1
76 + / Y 5 (May + picr) dt,d < d(z) < 29,
U1 (x) = 5
26 5 R
25 —t\p -1 P —1
76 + /’Y 5 (A1b1 + pady) dt,20 < d(z).
5
d(x) 2 5
26 —t\r 1 e
Y0+ / ¥ <5> (A2az + pigcs) dt, 6 < d(x) < 29,
ve (z) = 5
26 ) ,
20 —t\p -1 ==1
vo + /'Y 5 ()\2b2 + Mgdz) dt,26 < d(l‘) .

Obviously,0 < vy (z),v2 (z) € C* (Q) .Considering
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(2.2)

1
-M /p(z) (V"™ da Apyw () =nin Q
9]

w = on 09,
we have the following result

Lemma 2.4. (See [12]). If the positive parameter n is large enough and w is the
unique solution of (2.2), then we have
(7) For any 0 € (0,1) there exists a positive constant Cy such that

1
CrnFT < maxw (2);
€N
(i4) There exists a positive constant Cy such that

1
maxw (z) < Conr=-1.
€N

3 The main result

In the following, when there is no misunderstanding, we always use C; to denote
positive constants.

Theorem 3.1. Assume that the conditions (H1) — (H6) are satisfied. Then problem
(1.1) has a positive solution when X is large enough.

Proof. We shall establish Theorem 3.1 by constructing a positive subsolution (¢1, ¢2)
and supersolution (z1,22) of (1.1). such that ¢1 < z; and ¢o < zo.that is, (¢1, ¢2)
and (z1, z9) satisfies

M (Io (¢1)) / V1 [P 2 V1. Vada < / X [Aga (z) f (¢2) + e (z) h(é1)] qdz,
Q

Q
M (Io (¢2)) / IV, ") 2 V. Vada < / X [Aob (2) g (¢1) + pad () 7 (¢2)] qdz,
Q Q

and

M (Iy (21)) / V21 [P 2 V2 Vda > /)\PW) [Ma () f (z2) + pac(z) b (71)] ¢dz,
Q Q

M (I (22)) / V2P 72 V20 Vada > / Ae@ Ao () g (21) + pad (2) T (22)] qdz,
Q Q

for all ¢ € Wol’p(x) () with ¢ > 0.According to the sub-super solution method for
p (x)-Kirchhoff type equations (see [20]), then (1.1) has a positive solution.
Step 1. We will construct a subsolution of (1.1). Let o € (0, ) is small enough.
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Denote

k:d(w -1,

) <

e <M> T var 4 e’ dtyo < d(x) < 26,

(z
)
k
20 — o

2

g
o) ek 1+g/
/

2
o1 kk0<26—a)p(/\1a1+ulcl) dt,20 < d(z).

ekd(@) 1, d(z) <o
“w 2% —t\ 2
_ =1 =
ek — 1 + / ke}w ! (/\le + ,U,le)p ' dt, o< d(x) < 25,
_ 20 — o
¢ (2) = p
20

ek0_1+/kekg<25_t)p (>\2b1+ﬂ2d1) dt26<d()

20 — o

o

It is easy to see that ¢1, ¢ € C' (€2) ,Denote

a = min{ infp(z) — 1 1}
4(sup|Vp(z)|+1)" ]’
¢ = min{A1f(0)+ p1h(0), 29 (0) + po7 (0), —1}.

By some simple computations we can obtain

& (ekd@))p“)’l [(p () — 1) + (d () + 22) Vpvd + 24] , d(z) < &

2
2(p(z)—1) 5— ko 5— - —
N {25170 i——l - (gé—i) [(ln ke ) (gafg) P VpVd + Ad]}

2pG@)-1)

X (Ke’“’)p(m)_1 (gg:i) P -1 (Ma1 + picr), o <d(z) < 26,

0, 26 <d(x).

_k (ekdw)”‘”’l [(p(x) — 1) + (d(2) + "5) VpVd + 24] | d(z) < o

2
(s - () [tmeet) (320) 7 wowa s o}

2(p(a)=1)

x (Feko) @7 (B=4) 0 Oaby 4 padh) 0 < d(a) < 25,
0, 26 <d().
from (H4) there exists a positive constant L > 1 such that

—Dp(a)P2 =

f(L-1)>1,9g(L-1)>1,h(L-1)>1,7(L—-1)>1.
Let 0 = %lnL,then

(3.1) ck=InL
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If k is sufficiently large, from (3.1), we have

(3.2) Dyt < kPP, d(z) <o
Let % = ka,then
@)y > _yp@) S
> e

From (3.2), we have

—M (Io ($1)) Dp(ayd < M (I (61)) A1) =
< Ap(@)¢

< )\p(nc) ()\1a1f (0) + Mlclh (0))
<N (Ma (@) f(g2) + e (@) h(¢r),  d(x) <o

Since d (z) € C? (8935), there exists a positive constant C's such that

2Ap(x)=1) 4
x)—1 _ p— —1
—M (Io (61)) Dyayd1 < oo (Keko)" 7 (23=2) (A1 + 1) ¥

_2
{251_0 2(2(71:1) - (32;?) [(lnkek") (gg—:g) " vpVd + Ad] H

< C3Moo (Kek")p(z)_l (May + piey) Ink, o <d(z) < 26,

If k is sufficiently large, let )‘—i = ka, then we have

m

Cymoe (KeP)" 7 (Aay + e Ink = Cymoo (KLP@ ™ (Ayay + ) Ink
)\p(az) ()\1(11 + ,ulcl)

IN

then
(33) -M (IO (¢1)) Ap(a:)djl < AP() ()\1&1 + ,u101), o<d (1‘) < 26,

Since ¢1 (), ¢2 () and f, h are monotone, when \ is large enough we have

- </ % |Vl dx) Dpybr < N (Ma (@) f (¢2) + e (@) h (1)), o < d(x) <25,
Jop x)

g\?(Io (61)) Dpydr = 0 < N (Ayay + prer) < X (\a(z) f(¢2) + pac (@) h(d1)), 26 < d(z).
Combining (3.3) and (3.4), we can conclude that

(35) =M (Io(¢1)) Dpaydr < W (Ma(2) f(¢2) + pac () h(d1)), aeon

Similarly

(3.6) =M (Io (¢2)) Dpayda < AW (Aab (2) g (61) + pad (2) 7 (62)) , a.e.on Q
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From (3.5 and (3.6), we can see that (41, ¢2) is a subsolution of problem (1.1).
Step 2. We will construct a supersolution of problem (1.1).
We consider

M (Io (21)) Lpayz1 = 22 (Araz + pico) o in 2
( z2)) O p(x)?2 = po (Aabg + pads) g (B (Art (Aas + pics) 1)) in Q
= 29 = 0 on 01,

where 8 = (A" (Aag + pico) p) = max, g 21 (x) .We shall prove that (z1,22) is a
supersolution of problem (1.1).

For ¢ € Wol’p(x) () with ¢ > 0, it is easy to see that

M (Iy (22)) / V2P 72 V25 Vda

(3.7) = m%,M(IO (22))/)\p+ (A2bo + pads) g (B (AT (Mag + pice) 1)) qgdx
Q

> [ 3 dab@)g e ade+ [N i (2) (5 00 O+ ) 1) s

Q Q

By (H6), for u large enough, using Lemma 2.6, we have

g (ﬂ ()‘p+ (/\16l2 + ulcQ) y,)) >

(3.8) P
(€2 [V Ot b ) 9 (300" s + e )] ) 27 o
Hence
(3.9)
M (Io (22)) / V2P 72 V20 Vada > /AP* Aab (x) g (21) qd:er/ et pod (2) 7 (22) qdx
Q O O
Also
T)— 1 P
M (Io (21)) / V[P 72 V2 Vadn = oM (I (21)) / N (Araz + pc2) pgda
o)

Y

//\p+ (Mag + pico) pgdx

By (H4), (H5) and Lemma 2.6, when p is sufficiently large, we have

1 [1 Pt
(a2 +me)p 2 {025 (M (Araz + pica) #)]
> pih (B (A* (Aag + pica) p))

+01S (G2 ot (oo + piada) g (B (A (Maa + pea) )77 )
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Then

(3.10)

M (I (z1)) / |V,21|p(w)_2 Vz1.Vgdx > //\,,Jr Ara (z) f (22) qu—i—/ At e (x) h(z1) gdx.
Q Q Q

According to (3.9) and (3.10), we can conclude that (z1,22) is a supersolution of
problem (1.1).It only remains to prove that ¢; < z; and ¢o < 25.
In the definition of vy (), let

T=3 (mgxqﬁl (z) + max V| (sc)) .
We claim that
(3.11) o1 (z) <wvp(z),Vo e .
From the definition of vy, it is easy to see that

o1 (x) < Zmﬁax ¢1 () < vy (z),when d(x) =46

and
qbl (I) S 2m

53

x¢1 (z) <wy (x),when d(z) > 4.

2l

o1 (x
Since v; — ¢ € C* (8(25) ,there exists a point zg € 9€2s such that

~

< (z),when d(z) < 4.

v1 (To) — ¢1 (zo) = min_(vy (z9) — ¢1 (z0)) -

x0€895
If vy (o) — @1 (xo) < 0,it is easy to see that 0 < d(x) < ¢ and then
V’Ul ((E()) - V¢1 (iCo) =0.

From the definition of v1, we have

Vo ()] =7 = % (a1 (o) + max (V1] a0) ) > V6] ().

It is a contradiction to
Vvl (l‘o) — V(bl (mo) =0.

Thus (3.11) is valid.
Obviously, there exists a positive constant C3 such that

Y < 03)\

Since d (z) € C? (8935), according to the proof of Lemma 2.6, there exists a positive
constant C4 such that

M (In (v1)) = Dpyv1 (2) < Coyp@ =140 < CyAr@ =149 g e in Q, where § € (0,1).
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When n > P AT large enough, we have
=D pyv1 () <.

According to the comparison principle, we have
(3.12) vy (z) Sw (z),Vx € Q.
From (3.11) and (3.12), when 1 > A? and A > 1 is sufficiently large, we have
(3.13) ¢1(z) < vy (z) Sw (z),Vr €.
According to the comparison principle, when p is large enough, we have

v () Sw (z) <z (x),Vr € Q.
Combining the definition of v; (x) and (3.13), it is easy to see that

1 (x) <oy (z) <w(z) <2 (x),V2 € Q.

When g > 1 and A is large enough, from Lemma 2.6, we can see that 8 (A\r* (A1ag + pice) @)
is large enough, then

At
= (Azba2 + padz) g (B (W™ (Araz + pacz) p))
0
is large enough. Similarly, we have ¢o < z5 . This completes the proof. (]
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