Study of ring structure from multiset context
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Abstract. The concept of multiset is a generalization of the Cantor set.
In this paper we have introduced the notion of multirings (in short mrings)
and study some of their important properties. It is shown that the inter-
section of two mrings is again a mring but their union may not be a mring
and a mring over a non-commutative ring may be commutative.
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1 Introduction

A multiset (mset) is an unordered collection of objects, unlike a standard Cantorian
set, elements are allowed to repeat. It is observed from the survey of available lit-
erature on multiset and its application that the idea of multiset was hinted by R.
Dedekind in 1988. The multiset theory which contains set theory as a special case
was introduced by Cerf et al [5]. The term multiset, as Knuth [8] notes was first
suggested by N.G. de Bruijn in a private communication to him. Further study was
carried out by Peterson [10], Yager [13]. Blizard [3, 4]gave a new dimension to the
multiset theory. From a practical point of view multiset are very useful structures
arising in many areas of mathematics and computer science. The prime factorization
of an integer n > 0 is an example of a multiset. The terminal string of a non-circular
context-free grammer form a multiset which is a set if and only if the grammar is
unambiguous.

Research on the multiset theory has not yet gained much ground and it is still
in its infant stage. The research carried out so far shows a strong analogy in the
behavior of multisets. It is possible to extend some of the main notion and results of
sets to the setting of multisets. In 2009, Girish et al. [6] introduced the concepts of
relation, function, composition and equivalence in multiset context.

Tella and Daniel [11] have considered set of mappings between multisets and stud-
ied about symmetric groups from multiset perspective. Nazmul et. al. [9] have
considered the initial universe set to be a group. Then they have defined a group
on the multiset derived from the initial universal set. Recently, these concepts have
been extended by many authors [1, 2, 7, 12]. Therefore the study of ring structure
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in multisets context is very natural. In this paper we have introduced the notion of
multirings (in short mrings) and study some of their important properties. We have
shown that the intersection of two multirings is again a multiring but their union may
not be a mring. Also shown that a multiring over a non-commutative ring may be
commutative.

2 Definitions and Preliminaries

We procure the following definitions available in the existing literatures, those will be
used in this article.

Definition 2.1. [6]: A collection of elements which are allowed to repeat is called a
multiset. Formally if X is a set of elements, a multiset A drawn from the set X is
represented by a function C4 defined by C'4 : X — N, where IV represents the set of
non-negative integers.

For each © € X, Cy4 () is the characteristic value of z in A and indicates the
number of occurrences of the element z in A. A multiset A is a set if Cy (z) =0 or
1 forall z € X.

The word ”"multiset”, often written as ”mset”.

Definition 2.2. : Let A be a mset. Then A* is called the root set of A if for each
x € A such that Cy4 (z) > 0 implies z € A*, and for every x such that Cy (z) = 0
implies = ¢ A*.

1, if Ca(x)>

i.e, the characteristic function of A*, Ca~ () = _
0, if Ca(x)=

0
o

i.e, A* is an ordinary set.

Definition 2.3. [6]: Let A; and A be two msets drawn from a set X. A; is a
sub-mset of Ag (A1 C Ay) if Cy, (z) < Ca, () Yo € X. A; is a proper sub-mset of
As (Ay C Ag) if Cy, () < Ca, (z) Vo € X and there exists at least one x € X such
that Cya, (z) < Cy, (z).

Definition 2.4. [6]: The cardinality of an mset A drawn from a set X is defined by
card A =3 .y Ca(z). It is also denoted by [A|.

Definition 2.5. [6]: The addition of two msets A; and Ay drawn from a set X is a
mset A denoted by A = Ay @ As such that Vo € X, C4 (x) = Ca, (x) + Cy, (z).

Definition 2.6. [6]: The subtraction of two msets A; and Ay drawn from a set X is a
mset A denoted by A = A16 A, such that Vo € X, Cy () = Max {Cx, (x) — Ca, (x),0}.
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Definition 2.7. [6]: The union of two msets A; and Az drawn from a set X is a mset
A denoted by A = A; U Ay such that Vo € X, Cy4 () = max {Cy, (z),Ca, (z)}.

Definition 2.8. [6]: The intersection of two msets A; and Ay drawn from a set X is a
mset A denoted by A = A; N As such that Vo € X, Cy (z) = min{Ca, (z),Ca, (x)}.

Remark 2.9. Let A be a mset from X with z appearing n times in A. It is denoted
by x €™ A.

Definition 2.10. [6]: Let A; and A; be two msets drawn from a set X. Then the
Cartesian product of A; and As is defined by A1 x Ay = {mn/ (z,y) : x €™ A1,y € Ay}

Definition 2.11. [9]: Let X be a group. A multiset G over X is said to be a multi-
group over X if the count function of G i.e Cg satisfies the following two conditions:

(i) Co(zy) > min{Cq(x),Csc(y)}, Vz,y € X
(ii) Co(z™1) > Cg(z),Vz € X.

Example 2.12. [9]:Let X = {e, a, b, c}be Klein’s 4-group and G = {e, e, e, a,a,b,b,b, c, c}
be a multiset over X. Then it can be easily shown that G is a multigroup over X.

3 Main Results

Throughout the section, let X be a ring and 0 be the additive identity of X.
Also the rest of the paper we assume that msets are taken from [X]* =set of all msets
whose elements are in X such that no element in the mset occurs more than w times.

Definition 3.1. : Let X be a ring. A multiset A over X is said to be a multiring
over X, if the count function of A i.e C4 satisfies the following conditions:

(i) Ca(z +y) = min{Ca(z),Ca(y)} and Ca(z.y) = min{Ca(x),Ca(y)}, Yo,y €
X.

(ii) Ca(—z) > Cy(x), Vz € X.

The set of all multirings over X is denoted by M R(X).

Example 3.2. : Let X = Z; = {0,1,2,3} be a ring with respect to addition and
multiplication under congruence modulo 4. Also consider A = {0,0,0;1,1;2,2,2;3,3}
and A; ={0,0,0;1,1;2,2,2,2;3, 3,3} be two multiset over X. Then it can be shown
that A is a multiring over X but A; is not a multiring over X.

Definition 3.3. : Let A be a multiring over X. Then A is said to be commutative
multirings iff Cy(z.y) = Ca(y.x), Yo,y € X.
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From the definition, it is obvious that a multiring over a commutative ring is always
commutative.

Remark 3.4. : A multiring over a non-commutative ring may be commutative.

Example 3.5. : Let X = M5(Z5) be a non-commutative ring. Then the multiset A =
{00 0 0 00y (10 1 0\ /01 0 1 0 1Y,
0 0/’\ 0 0)/)’\0 0/’\0 0/’ 0 0)/)’\0 O0/°’\0 0/’ 0 0)"
1 1 11 . . ..
0 0/)'\o o } is a commutative multiring over X.
Proposition 3.1. : Let A € MR(X), then
(i) Ca(0) > Cy(z), Yz € X.

(ii) Ca(nx) > Ca(z), Vo € X.
(i1i) Ca(—x) = Ca(z), Vo € X.

Proof. Let z,y € X.
(i) C4(0) = Ca(—z 4+ x) > min{Ca(—z),Ca(z)} = Ca(x), Since A € MR(X).

(ii) Ca(nz) = Ca(x + (n — )x) > min{Ca(x),Ca((n — 1)z)}
> min{Ca(z),Ca(x + (n — 2)x)}

VIV IV

(iti) Ca(z) = Ca(0+2) = Ca(0+ (—(—2)))

> min{Ca(0),Ca(—(—2))}

> Ca(—(—2)) = Ca(—2)

ie Ca(z) > Ca(—x)

Therefore, Ca(z) = Ca(—2) -

Proposition 3.2. : Let A € MR(X). If Ca(x) < Ca(y) for some x,y € X, then
Ca(z+y) =Calx).

Proof. Let Ca(x) < Ca(y) for some z,y € X. Since A € MR(X) then Cyu(z
y) = min{Ca(z),Ca(y)} = Ca(x). Again Ca(z) = Calx +y —y) = min{Ca(z +
Y),Ca(y)} = Ca(x +y). Therefore Cs(z +y) = Ca(z) O

Proposition 3.3. : Let A € MR(X). Then Cy(x —y) = Ca(0) implies Ca(z) =
Ca(y)-

Proof. Let A€ MR(X) and Ca(x—y) = C4a(0 )forx y € X. Then Cxa(z) = Ca((z

y)+y) = min{Ca(z—y), Caly)} = min{Ca(0),Ca(y)} = Caly), IGCA( ) = Cal(y).
Again Ca(y) = Ca(—y) = Ca(-2z + (x —y)) = min{Ca(-2),Calz — y)}

min{Ca(z),Ca(0)} = Ca(z) i.e Ca(y) > Ca(x). Hence Cy(x) = Ca(y).

—

Ol
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Proposition 3.4. : Let A be an m-set. Then A € MR(X), if and only if
Ca(x —y) = min{Ca(x),Ca(y)} and Ca(z.y) > min{Ca(z),Ca(y)}, Yo,y € X.

Proof. Let A € MR(X), then Ca(z+(—y)) > min{Ca(z),Ca(—y)} = min{Ca(x),Ca(y)}
and Ca(z.y) > min{Ca(x),Ca(y)}, Va,y € X. Therefore the given condition is sat-
isfied.

min{Ca(z),Ca(x)} = Ca(z), Vo € Xooociiiiiinin (1)
( So, (C,;)(—:v) =C4(0—x)) > min{Ca(0),Ca(z)} = Ca(x),VZ € Xoretvrirreein (2)
using (1

Also Ca(z+y) = Ca(z+(—(—y))) = min{Ca(z),Ca(—y)} > min{Ca(x),Ca(y)},
Vo, y € X, (3)(using (2))

Therefore from (2) and (3) and last given condition we have A € M R(X). O

Proposition 3.5. : Let A € MR(X), then A,,n € N are subrings of X, where
Ap={x € X :Cs(z)>n}, ne N.

Proof. Let xz,y € A,,. Then Cy(z) > n and C4(y) > n. Since A € MR(X), it follows
that Ca(x —y) > min{Ca(z),Ca(y)} > n and Ca(z.y) > min{Ca(x),Ca(y)} > n.
Thus x —y € A, and z.y € A,,. Hence A,,,n € N are subrings of X. a

Proposition 3.6. : If A,,n € N are subrings of X, then the m-set A, defined in
Theorem 2.9 ([9], page-645), is a mring over X.

Proof. Let xz,y € X and Ca(z) = p, Ca(y) = ¢. Then z € Ay, p = 1,2,......,p,
¢ Apin,n€ Nandy € 4, ¢=1,2,.....,q, y & Agin,n € N. Let min{p,q} = p.
Since A,,n € N are subrings of X, we have v —y € A, and 2.y € A, for p =
1,2,.....;p. Hence Ca(x —y) > p = min{p, ¢} = min{Ca(z),Ca(y)}and Ca(z.y) >
p = min{p, ¢} = min{Ca(z),Ca(y)}. Therefore A € MR(X). O

Proposition 3.7. : Let A € MR(X). Then A* = {z € X : Ca(z) = C4(0)} and
A, ={zr e X :Ca(z) > 0} are subrings of X.

Proof. Let z,y € A*. Then Cy(x) = Ca(y) = C4(0).
Now Cy(x—y) > min{Ca(x),Ca(y)} = min{C4(0),C4(0)} = C4(0) > Ca(z—y)
and Cy(z.y) = min{Cyx(x),Ca(y)} = min{C4(0),C4(0)} = C4(0) > Cs(z.y).
Therefore Cy(z —y) = Ca(0) = Ca(z.y).
Thus z,y € A*implies z — y € A*and x.y € A*. Therefore A* is a subring of X.

Again let z,y € A,. Then Ca(z) > 0 and Cx(y) > 0.

Now Ca(z —y) > min{Ca(z),Ca(y)} = 0 and Cy(z.y) > min{Ca(z),Ca(y)} >
0. Thus z,y € A, implies x —y € A, and z.y € A,.

Therefore A, is a subring of X. ]

Proposition 3.8. : Let A,B € MR(X), then ANB € MR(X).
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Proof. Let A,B € MR(X)
then Cy(x —y) > min{Cyx(x),Ca(y)} and Cy(z.y) > min{Ca(z),Ca(y)},
also Cp(z —y) > min{Cp(x),Cp(y)} and Cp(z.y) > min{Cp(z),Cr(y)}

Now, Canp(z—y) = min{Ca(z—y), Cp(z—y)} = min{min{Ca(z),Caly)}, min{Cp(z), Cp(y)}}
= mm{CA(w), CVB (:L‘), CA(y)a CVB (y)}

= min{min{Ca(z), Cp(z)}, min{Ca(y),Cr(y)}}

=min{Canp(z),Cans(y)}

and Canp(z.y) = min{Ca(x.y), Cp(x.y)} = min{min{Ca(z), Ca(y)}, min{Cp(x),Cp(y)}}
= mm{CA(x), C'B (CL’), CA(y)a C'B (y)}

= min{min{Ca(z), Cp(x)}, min{Ca(y), Cs(y)}}

= min{Canp(z), Canp(y)} U

Remark 3.6. : If {A; : i € I} be a family of multirings over a ring X, then their
intersection NA; is a multiring over X.

iel
Remark 3.7. : If A, B € MR(X), then the following example shows that their union
AU B is not a multiring over X.

Example 3.8. : Let X = Z; = {0,1,2,3}be a ring with respect to addition and
multiplication modulo 4. Also consider A = {0,0,0;1,1} and B = {0,0;2} be two
multirings over X. Clearly AU B = {0,0,0;1,1;2} and Cayup(3) = Caup(l +42) =
0 #min{Caup(1),Caun(2)} = 1. Therefore AUB is not a multiring over X in general.

Proposition 3.9. : Let A,B € MR(X) such that AC B or BC A then AUB €
MR(X).

Proof. The proof is straightforward. O

Definition 3.9. : Let A and B be two mrings over a ring X. Then A is said to be
a sub mring of B if A C B.

Example 3.10. : Let X = Z, = {0, 1,2, 3}be a ring with respect to addition and mul-
tiplication modulo 4. Also consider A = {0,0,0;1,1} and B = {0,0,0;1,1;2,2,2; 3,3}
be two multirings over X. Then clearly A, B € MR(X) and A C B. Therefore A is
a sub mring of B.

4 Conclusion

In this paper we have introduced the notion of mring for the first time and studied
its important properties. The theory of mring may be very useful in many areas like
coding theory, cryptography etc. In future we will study the deeper properties of
mring such as ideal, isomorphism theorem etc.
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