Statistically lacunary convergence of generalized
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Abstract. In this paper, we introduce the notions of p-statistically lacu-
nary convergence of generalized difference sequence in probabilistic normed
spaces and investigate some characterizations. Furthermore, the notion
of p-statistically lacunary Cauchy for generalized difference sequences has
been developed in the settings of probabilistic norm and investigated some
of its properties.
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1 Introduction

In numerous branches of mathematics, it has been found much convenient to have a
idea of distance that is applicable for the members of abstract sets. In context to this,
Fréchet [11] introduced the metric space theory in 1906. In this theory, by associating
a non-negative real number, he described the concept of distance between two elements
of a set satisfying some conditions. But it is not always possible for associating such
a unique number to each pair of members of the set. In such type of conditions, it is
better to view the distance concept as a statistical instead of a determinate one. In
this context, summing up the idea of metric space, Menger [19] presented the notion
of statistical metric space, now called probabilistic metric space. Utilizing the idea
of statistical metric, and summing up the concept of ordinary normed linear space,
Serstnev [33] presented the idea of probabilistic normed space (in short PN-space)
in 1962, in which norm of a vector is expressed by distribution function instead of
a positive number. Situations in which the usual norm is not been able to compute
the length of a vector precisely, the idea of probabilistic norm [1, 16] happens to be
valuable. The concept of statistical convergence was first introduced by Steinhaus [34]
as well as by Fast [10] in 1951 and then studied by many authors [13, 27]. In 2007,
Karakus [17] has given an analogous extension for the idea of statistical convergence
into the probabilistic normed spaces. As an important generalization of statistical
convergence [5, 22, 37], Fridy and Orhan [14, 15] presented the idea of lacunary
statistical convergence in 1993, which was extended to the idea of probabilistic normed

ArpriEp Sciences, Vol. 21, 2019, pp. 107-118.
© Balkan Society of Geometers, Geometry Balkan Press 2019.



108 R. Haloi, M. Sen and B. C. Tripathy

spaces by Rafi [26] in 2009. Further, this theory was studied by numerous authors [8,
20, 23, 24, 25, 31, 38] from different aspects. The idea of lacunary strong convergence
was introduced by Freedman et al. [12] and investigated by other authors [2, 25, 35].
The concept of difference sequence was first proposed by Kizmaz [18] in 1981 and then
in 1995, it was generalized by Et and Colak [9] to termed as generalized difference
sequence. Then Tripathy and Mahanta [36] have studied the concept of generalized
difference sequence from lacunary sequence point of view and then the statistical
analog of this notions has been examined by numerous authors [2, 21, 32] in different
aspects.

An intriguing generalization to the theory of statistical convergence is to think
about the idea of statistical convergence employing a complete two valued measure
4 which is defined on a field of subsets of natural numbers as introduced by Connor
[3, 4]. Some recent works in this field can be found in [6, 7, 28, 29]. As motivated by
the literature, we feel that the study of lacunary statistical convergence of generalized
difference sequence in PN-spaces using the two valued measure p will provide a more
general framework for the area. In context to that, we present the concept of u-
statistically lacunary convergence of generalized difference sequence in PN-spaces and
investigate some results. Further, we introduce (A™, u)-statistically lacunary Cauchy
sequences in PN-spaces and study some properties.

A brief sketch of the article is described as follows : Section 2 gives some pre-
liminary definitions and examples which are going to be used during this investiga-
tion. We have defined p-statistically lacunary convergence of generalized difference
sequences in PN-spaces and discussed some of their properties in section 3. In section
4, we introduce the notion of (A™, u)-statistically lacunary Cauchy sequences in the
framework of PN-spaces and investigate some characterizations.

2 Preliminaries

Throughout the article, R*, R, N and Z* denote the sets of non-negative real, real,
natural numbers and non-negative integers, respectively.

Definition 2.1. [30] “A function f : R™ — [0,1] is called a distribution function if
it is non-decreasing, left-continuous with inf;cg+ f(¢t) = 0 and sup,cp+ f(t) = 1. Let
D denotes the set of all distribution functions.”

Definition 2.2. [30] “A binary operation * : [0,1] x [0,1] — [0,1] is said to be a
continuous t-norm if it satisfies the following conditions, for all a, b, c,d € [0, 1]:

(i) ax1=a,

(ii) axb="b=xa,

(iil) axb < cxd, whenever a < ¢ and b < d,
(iv) (axb)xc=ax(bxc).”

Definition 2.3. [1] “A triplet (Y, M, «) is called a probabilistic normed space (in
short a PN-space) if Y is a real vector space, M a mapping from Y into D (for y € Y,
the distribution function M(y) is denoted by M, and M, (t) is the value of M, at
t € RT) and * a t-norm satisfying the following conditions:
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(i) M,(0) =0,
(ii) My(t) =1, for all t > 0 if and only if y = 0,

(i) Moy (t) = M, (é) for all a € R\, {0},

(iv) Myty(s+1t) > My(s)* M,y(t), for all z,y € Y and s,t € RT.”

Example 2.4. [17] “Let (Y, ||.||) be a normed linear space. Let a *b = min{a, b}, for

all a,b € [0,1] and My (t) = Tl y €Y and t > 0. Then (Y, M, x) is a PN-space.”
Y

Definition 2.5. [9] “For an integer m € Z™, the generalized difference operator A™z;

is defined as A"x; = A" lz; — A" 1lx,,, where A%2; = z; and Az; = x; — 24,1, for

alli e N

With the help of above definition, we introduce the following three definitions.

Definition 2.6. We say that a sequence y = (y;) in a PN-space (Y, M, x) is A™-
convergent to yo € Y in terms of the probabilistic norm M, if for every A € (0,1)
and € > 0, there is an iy € N such that Man,, _y,(¢) > 1 — X, whenever i > 44. It is
denoted by M — lim A™y = yq.

Definition 2.7. We say that a sequence y = (y;) in a PN-space (Y, M, *) is A"-
Cauchy sequence in terms of the probabilistic norm M, if for every A € (0,1) and
e > 0, there is an ig € N such that Many, —any, (e) >1— A, for all i,5 > ig.

Definition 2.8. We say that a sequence y = (y;) in a PN-space (Y, M, *) is A"-
bounded in terms of the probabilistic norm N, if there exists A € (0,1) and € > 0
such that Many, () > 1 — A, for all i. We denote the collection of all A™-bounded
sequence in (Y, M, *) by (M (A™).

Throughout the article, p will mean a complete {0,1}-valued finitely additive
measure defined on T, a field of all finite subsets of N and suppose that p(P) = 0, if
|P| < o0;if PC @ and u(Q) =0, then u(P) = 0; and u(N) = 1.

Using the above notion of u, we introduce the next two definitions in the theory of
probabilistic normed space keeping in mind that these notions are going to be useful
in the next section.

Definition 2.9. We say that a sequence y = (y;) in a PN-space (Y, M, x*) is pu-
statistically convergent to yy in terms of the probabilistic norm M, if for every A\ €
(0,1) and € > 0,

p{i € N: My, _y,(e) <1—2A}) =0.

It is denoted by p — statp; — limy = yp.

Definition 2.10. We say that a sequence y = (y;) in a PN-space (Y, M,x*) is pu-
statistically Cauchy in terms of the probabilistic norm M, provided that for every
A € (0,1) and e > 0, there is a integer j € N satisfying

p({i € N: My, _,. () <1-A})=0.
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Definition 2.11. [14] “An increasing sequence 6 = {k,.}, r =0,1,2,... with kg =0
of non-negative integers is said to be a lacunary sequence such that h, = k. —k,_1 —
oo whenever r — co. The intervals governed by ¢ will be denoted by I, = (ky—1, ky]

and the ratio kfil will be denoted by ¢,.”

In view of the above idea, we define the following notions in a PN-space.

Definition 2.12. We say that a sequence y = (y;) in a PN-space (Y, M, %) is lacunary
convergent to yo in terms of the probabilistic norm M, if for every A € (0,1) and & > 0,
there is 79 € N such that

1

7 Z My, _yo(e) > 1= A,
" el

for all r > ro. It is written as M? —limy = yj.

Definition 2.13. We say that a sequence y = (y;) in a PN-space (Y, M, %) is A"-
lacunary convergent to yo in terms of the probabilistic norm M, if for every A € (0,1)
and € > 0, there is 7y € N such that

1

. Z Many,—yo(€) > 1= A,
" el

for all r > ro. It is written as M? — lim A"y = y,.

Definition 2.14. Suppose that 6 is a lacunary sequence. Then we say that y = {y; }
in a PN-space (Y, M, *) is p-statistically lacunary convergent to yo in terms of the
probabilistic norm M, if for every A € (0,1) and ¢ > 0, we have

1

M({TGN: h—rZMyi_yo(g) < 1—,\}> =0.
i€l

It is denoted by pg — statyr — limy = yo.

Definition 2.15. Suppose that 6 is a lacunary sequence. Then we say that y = {y;}
in a PN-space (Y, M, *) is p-statistically lacunary Cauchy in terms of the probabilistic
norm M, if for every A € (0,1) and € > 0, there is a j € N such that

M({TEN:;ZM,i_yj(E)Sl—/\}> =0.

"l
3 u-statistically lacunary convergence of generalized
difference sequences in PN-spaces

In the current section, the idea of p-statistically lacunary convergence of generalized
difference sequences in PN-spaces has been introduced and studied some properties.
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Definition 3.1. Suppose that 6 is a lacunary sequence. Then we say that y = {y;}
in a PN-space (Y, M, *) is (A", u)-statistically lacunary convergent to yo in terms of
the probabilistic norm M, if for every A € (0,1) and € > 0, we have

u({rGN =) Many, —y,(e <1)\}>—0.
7“zEI

It is denoted by pug — statp, — lim A™y; = yo.

In view of the Definition 3.1 and other properties of measure, we state the next
result without proof.

Lemma 3.1. Suppose that 0 is a lacunary sequence and let (Y, M, *) be a PN-space.
Then the following are equivalent for every A € (0,1) and & > 0:

(i) we — statpy; — lim A™y; = yo,

(i) p ({r EN: ZMN% ey <1 - A}) =0,

iel,

(i4i) ({r eN: ZMA"yl —y(e) >1— A}) =1,

" el
() pe — stat — lim Many,_y,(e) = 1.
Using Lemma 3.1, the next results can easily be proved. So we omit the proof.

Theorem 3.2. Suppose that 0 is a lacunary sequence and let (Y, M, %) be a PN-space.
If (y;) in'Y is (A™, u)-statistically lacunary convergent in terms of the probabilistic
norm M, then pg — stat yy—limit is unique.

Theorem 3.3. Suppose that 0 is a lacunary sequence and let (Y, M, x) be a PN-space.
If M? —lim A™y; = yo, then g — statyr — lim A™y; = yq.

The other way round of the Theorem 3.3 is not valid in general, which can be
shown with the help of succeeding example.

Example 3.2. Suppose that (R, || - ||) be the space of all real numbers with standard

norm. Let p x ¢ = pq, for p,q € [0,1] and M, (s) = where y € R and s > 0.

s+ || I
Then we observe that (R, M, *) is a probabilistic normed space. Let 0 = {k,} be a

lacunary sequence and A = {i € N: k. — [v/h,] +1 <4 < k., € N} C N be such that
w(A) = 0. We now define y = (y;) whose elements are given as follows:

any [ i ik~ [VA]+1<i<k, rEN
¥ = 0, otherwise.

Now, for every A € (0,1) and € > 0, let

Ar(\e) = {r EN: Z Mpny, () <1— )\}

€1,
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Then

1 €
ANe)=dreN: =S —° <12
e) b 2 S A }

" iel,

e+ | Ay | 1 }
rEN:hrE >
eyt € 11—\

T ~hfr>0

I
A e A AN — N

reN: Y || Aty ||>

iel,
reN: A"y, =i}

i €Nk — [Vhi]+1<i <k, reN}.

1-R2(1-\) e }

Thus p (A,(\ €)) = 0 and consequently py — statyr — lim A™y; = 0. On the other
hand, the sequence {A™y;} is not lacunary convergent to 0 in terms of the probabilistic
norm M since

€
M M. -
2 =
B €+€Hi|\’ for k., — [Vh]+1<i<k., reN
1, otherwise,

1
and so o Z Many,(e) <1, which completes the rest of the proof.
" el

Lemma 3.4. Suppose that 0 is a lacunary sequence and let (Y, M, *) be a PN-space.
Then

(a) If po — statyy — Um A"x; = xg and pg — statpyr — im A™y; = yo, then pg —
statM — lim An(.ﬁi + yz) =g+ Yo-
b) If pog — statyr —lim A™x; = g and a € R, then pug — staty —lim A™(ax;) = axg.
B M
(c) If g — statyr — lim A"z, = x9 and pg — statyr — lim A™y; = yo, then g —

StCLtM — lim A"(mz — yz) =20 —Yo-

Theorem 3.5. Suppose that 0 is a lacunary sequence and let (Y, M, x) be a PN-space.
Then pg — statyy — lim A™y; = yo iff there is an increasing index sequence of natural
numbers P = {i},} such that u(P) =1 and M% —lim A"y;, = yo.

Proof. First we prove the necessary part. Let ug — statp; — lim A™y; = yo. For any
e>0and y=1,2,..., we consider the succeeding two sets:

1 1
AM(’Y,(?) = {T’ENI FZMAnyi_yO(&\) >1-— },

" iel, v

1 1
B (v,e) = {r eN: e ZMA"yi—yo(E) <1- }

" iel, v
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Then u(Bas(7,€)) = 0, by hypothesis. Also for e > 0 and v € N, we observe that

(3.1) Ap(y+1,e) C Ap(y,e),
and
(3.2) n(An(y,¢€)) = 1.

Now we need to show that MY — lim A™y;, = v, for any r € Aps(v,€). Suppose
that M? — lim A™y; # yo, for some r € Apr(v,€). Then for all 7y € N, there exists
A € (0,1) and € > 0 such that

1
I Z MAany,—y(e) <1 =X, forr>r.
"iel,
Suppose
1
W > Many,—y(e) > 1=\, forr <rq.
" el
Then
1
"iel,

Since A > 1/, so u(Ap(7,€)) = 0, which is a contradiction to (3.2). Thus we must
have MY — lim A"y;, = yo.

Conversely, suppose that there is an increasing index sequence P = {i} of natural
numbers with p(P) = 1 and M? —1lim A™y;, = yo. Then for every A € (0,1) and € > 0,
there is 79 € N so that

1
™ > Many,—y,() > 1= ), for all 7 > rg.

r i€l

Now, we define the following set as

1
BM()\,E) = {’/’ eN: hf ZMA"%—ZJO(€) <1l- /\}

"iel,
g N - {Z’k+1’ ik+2, “ee }

Then u(Bpr(A,e)) <1—1=0. Hence pug — statpr — lim A"y; = yo. a

Theorem 3.6. Suppose that 0 is a lacunary sequence and let (Y, M,*) be a PN-
space. Then pg — statp — Uim A™y; = yo iff there is a sequence x = {x;} such that
MY —lim A"x; = yo and p({i € N: A"z, = Ay, }) = 1.

Proof. Suppose pg — statpy; — lim A™y; = yo. Then, by Theorem 3.5, we obtain
an increasing index sequence P = {iy} of natural numbers so that u(P) = 1 and
M? —lim A™y;, = yo. Now we define  whose terms are given as

Ay, ifieP
Y0, otherwise

(3.3) Arg; = {
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serves our purpose.

Conversely, suppose that = = (x;) and y = (y;) are two sequences so that M% —
lim A"z, = yo and p({i € N : A"z; = A™y;}) = 1. Then, for every ¢ > 0 and
A € (0,1), we have

{reN = Many,—y,l <1—)\}_{reN =3 Marg, -y, <1—)\}
TzGI TZGI

Thus,

u({reN ZMA“% —yo <1—)\}>§u<{r€N ZMA"L —o( <1—)\}>
r icl,. "iel,

+r({ie Nz #yi}).
Since MY — lim A™z; = v, so the set
{reN 3 Mang, oy, <1/\}
T i€l

contains at most finite numbers of terms. Thus we have

u({reN — > Mang, —y( <1—)\}>:0.
" iel,

Also by hypothesis, p({i € N: A"x; # A™y;}) = 0. Thus, we have

u({rEN = Many,—y,( <1—)\}>—0
LEI

and consequently, pg — statp, — lim A™y; = yo. O

Theorem 3.7. Suppose that 0 is a lacunary sequence and let (Y, M,x) be a PN-
space. Then pg — statyr — lim A™x; = L iff there exist sequences {y;} and {z;} in
Y such that A"x; = A"y; + A"z for all i € N, where M? — lim A"y, = L and
o — statpr —lim A"z, = 0.

Proof. Let pg — statp; — lim A"x; = L. Then by Theorem 3.5, there is an in-
creasing index sequence P = {i)x} of natural numbers such that u(P) = 1 and
M? —lim A"z;, = L. We define {y;} and {z;} whose terms are given as follows:

Ay [ Ata, ifieP
Yi = L, otherwise,

and
K ifieP
si= A"z; — L, otherwise.
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Then {y;} and {z;} serve our purpose.

Conversely, suppose that {y;} and {z;} are two sequences so that A™x; = A"y, +
A"z; for all i € N, where MY — lim A™y; = L and pug — statp; — lim A"z; = 0. Then
by Theorem 3.3, we have ug — statpy; — lim Ay; = L. Also from Lemma 3.4(a), we
have

wo — statpyr — lim A™x; = pg — staty — Him A™ (y; + 2;)
=L+0=1L.

Hence the result. O

4 (A" p)-statistically lacunary Cauchy sequences in
PN-spaces

In this section, we develop the concepts of (A", u)-statistically lacunary Cauchy se-
quences in PN-spaces and study some properties.

Definition 4.1. Suppose that (Y, M, *) is a PN-space. Then a sequence y = (y,,) in
Y is (A", p)-statistically lacunary Cauchy in terms of the probabilistic norm M, if
there is a subsequence {y;(,y} with i(r) € I,., for each 7 such that M —lim A™y; .,y = yo

and for every A € (0,1) and € > 0, we have

1
I ({r EN:— > Many,—any,,, () <1- A}) = 0.

"iel,

Theorem 4.1. Suppose that 0 is a lacunary sequence and let (Y, M,x) be a PN-
space. Then y = {y;} € Y is (A", p)-statistically lacunary convergent in terms of
the probabilistic norm M iff it is (A, p)-statistically lacunary Cauchy in terms of the
probabilistic norm M.

Proof. Suppose that ug — statp; — lim A™y; = yo. For each j, let

1 1
Kj = {TEN:hZMA”w—yo("’:) > 1-}'

" iel, J

Then for each j, K11 C K; and u(K; N1I.) = 1. So there exists ¢; such that ¢; <r
implies K1 NI # ¢. Again we choose g > g1 such that go < r gives Ko N I, # ¢.
Then for each r with ¢1 < r < ¢o, we select i(r) € I so that i(r) € K1NI,.. In general,
we select kj11 > p; so that pjy1 < r with i(r) € K; N I,.. Therefore, i(r) € I, for each
r and

1 1
hf Z MA"yi(r)—yo(E) > 1 - .
" el J

Consequently, MY — lim A™yi(ry = yo. Then by Theorem 3.3 and Lemma 3.4(c) we

obtain
1
M({TENZ hf E MA”yi—A"yi@-)(E) Sl—A}) =0.

"iel,
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Conversely, we assume that y = {y;} be (A™, u)-statistically lacunary Cauchy in
Y. For A > 0, we select v € (0,1) so that (1 —~v)* (1 —+) > 1— A Then for any
e > 0, we define the following two sets:

1
KN,I = {’I’ eN: h,i Z MAnyi,Anyi(T)(E/2) < 1 —’Y},

" iel,
1
K2 = {r €N: h, ; Many, ) —yo(/2) <1 - ’7} .

Let Ky = KN,I ﬁKN’Q. Then /J,(KN) = 1. Now for k € Ky,

1 1 1
i D Manyo(€) 2 3= D Many—any,y (6/2) %37 3 Many, ) -any(€/2)

T T

i€l i€l, i€l
>1=7)x(1=7)
>1—-A
Hence,
1
M ({T S N : hf Z MA7Ly1—y0(€) S ]. - )\}) - O
" iel,
Consequently, y = {y;} is a (A", u)-statistically lacunary convergent in Y. ([l

Corollary 4.2. Any (A™, u)-statistically lacunary convergent sequence in a PN-space
(Y, M, ) has a A™-convergent subsequence in it.
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