Null controllability of parabolic coupled system with
control under constraints

C. Louis-Rose

Abstract. We prove the null controllability of a parabolic system. The
single control is common to both PDEs, distributed and subject to con-
straints. The studied model can be applied in dynamics of biological
systems or in physics. First we study the problem associated to a similar
linearized system. Then appropriate Carleman inequalities and a fixed-
point argument are used to prove the null controllability results.
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1 Introduction

Let n € N and Q be a bounded domain of R” with boundary I' = 9Q of class C?.
Consider a non-empty open set w C € and v the outward unit normal to I'. For a time
T > 0, consider ¥ =T x (0,7) the lateral boundary of the cylinder Q =  x (0,7,
and G the small cylinder w x (0,7). We consider the following nonlinear parabolic
coupled system:

8ty1 — A(t)y1 +ayyr + biyz = f1 + kx. in Q,
8ty2 - A(t)yQ + asy1 + b2y2 = f2 + ka in Q,
(1.1)
y1 =y2=0on X,
y1(0) =y, 92(0) = 39 in Q,

where f; € L3(Q), v? € L?(Q), a;,b; € L>=(Q), i = 1,2, k is the control acting on the
system through G and
- 0*w

(1.2) Atyw =Y Bnl(w(.,t)J)axﬁaxl,

Kk,l=1

the functions B, : LY(Q) x [0,T] — R are given Vk,l € {1,...n}. We will make some
hypotheses on the By; in the remainder.
Such models can be applied in the context of dynamics of biological systems to describe
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the migration of population. They can also describe in physics the distribution of heat
in a conductor and the behavior in systems of interacting components in chemistry.
In the case of migration of populations, y;,7 = 1,2, can be the density of two bacterial
species, Oyy;,1 = 1,2, stands for the population variation, the coefficients a;, b;,i =
1, 2, characterize the interactions of the two species and we can have:

Ba(yi(,1),1) = aw (/Q Z/z‘(%ﬂda?)

where a,; is a positive and continuous real function depending on the population itself
and indicating the speed at which the movement is executed (see [2]). In the context
of biochemical reaction processes between two mobile species in €2, y;, ¢ = 1, 2 denotes
the concentration of the species. The operator By; can be written as:

B (yi(.,1),t) = au({lo, yi(t) L2(0),22(0))

where [ is a linear form on L?(2) and a,; is a real positive continuous function.
It is said that (1.1) is null controllable at time 7T if for any given y? € L?(Q),
i = 1,2, there exists a control k € L?(G) such that the associated solution satisfied

y(T)=0inQ, i=1,2,
with an estimate of the form

1kl 2y < CUW 2y + 195l L2 + Lfillzz) + 1 f2llz2@)), € > 0.

In this work, we study another type of controllability problem introduced by Nakoulima
in [11]. In addition to reach the null trajectory at time T, the control must satisfy
an additional condition that we will clarify. Let H be a finite dimensional vector
subspace of L?(G) and H* the orthogonal of H in L?(G). We focus on the following
null controllability problem: for any given f; € L*(Q) and y9 € L*(Q), i = 1,2, find

(1.3) keH*
such that the associated solution (y1,y2) of (1.1) satisfies
(1.4) yi(T)=0in Q, i =1,2.

From this work, we deduce existence results of optimal control satisfying a null con-
trollability problem with constraints on the state.

In the linear case, we showed that the null controllability of two coupled diffusion
equations in the presence of constraints on the control holds (see [8]). We applied in
[9] this result to prove the existence of a control solving the null controllability of a
nonlinear system, the state being submitted to constraints.

The rest of the paper is organized as follows: In Section 2 we state the main result
of the paper. Theorem 2.2 reads the existence of a control under constraints solving
the null controllability problem. In Section 3 we give some intermediate estimates
arising from Carleman estimates. Then we prove an observability inequality which
will be useful to obtain the null controllability of the linearized system. In Section
4 we give the proof of the main result stated in Section 2. Section 5 is devoted to
an application of our work to a null controllability problem with integral constraints.
Finally we end with a conclusion.
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2 Preliminaries and main result

First let us introduce the following notations (see for instance [5, 10]).
e Let P be the orthogonal projection operator from L?(G) into H,
e CY(Q) is the set of continuous functions defined on (2,

e C'(Q) ={u:Q—=R;Va e N, |a| <I,D € C°(N)}, with
§otazt.. +o¢nu

(e —
D= mraagame 1= jg:‘“’

_ H—u@ 8 Julz,t) —ulz, )]
for § € (0,1), u € CO(Q): _ sup 1% 2y ’ ’
® Jor ( ) U (Q) [u]é,g S;%p |a: — 3;‘/|5 S:%p |t _ t/|(5/2
TH#x! tF#£t!

e C/2(Q) = {u € C°Q) : [ulss2 < oo} is a Banach space with the norm
[uls.5 /2.0 = llullL=(q) + [uls.s/2,

5. |u(z, t) — u(z, )| .
81:1 € C*2(Q)Vi, sup 7 _t/‘pﬂ; < oo} is

e O Q) = {ue @)
a Banach space which the norm is denoted by |.|1+57#;§,

o 7 ={z€ LY 0,T;L%(Q)) : 2, € L>=(0,T; L*(Q))},

o X ={(k,(v1,32)) - k € COP@x[0,T]), (y,92) € (CH72 (@)}

We will need the result below which is due to Fursikov and Imanuvilov.

Lemma 2.1. ([{]) There exists a function B € C*(Q) satisfying

B(z) >0 Vz e,
B(z)=0 Vel
[VB(z)| #0 Vo e\
where w' is a non-empty open set with w' € w. By W' € w we mean that ' is
compactly embedded in w i.e. w' Cw Cw and W' is compact.
In addition for every A > 0 and for (z,t) € @, let us introduce the functions:
eAB(x) e2MBllLee (@) — AB(2)

p(z,t) = W= and a(z,t) = )

Note that p(.,t) and a(.,t) = +oco when t = 0 or t — T.
We introduce the function £ € C*°(R™) satisfying:

&r)=1, Vzeuw,
(2.1) 0<é&(x)<1, Vzxeuw’,
&(z) =0, VzxeR"\uw",

where w’ € W’ € w € Q. We will assume that for every x,l € {1,...,n},

(22) Bnl = Blm
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(2.3) —00 < Y9 < By <71 < +o0.

Besides we suppose that for every x,l € {1,...,n}, By is continuous and globally
Lipschitz in L?(2) x [0,7]. By this, we mean that there is L > 0 such that for any
(2,1), (y,s) € L%(Q) x [0,T], we have:

(2.4) [Bri(2,t) = Bra(y, )| < L[z = yll2() + [t = s))-

We also suppose that there exists ap > 0 such that for all z € L?(Q), almost every
(a.e.) in t € (0,7) and for all ¢ € R™,

(2.5) e N " Bulz, t)éutr > aoldl*, ¥y > 0.
K,l=1

We use (2.5) particularly in Theorem 3.2 in Section 3.1 to obtain an observability

inequality from which we will deduce null controllability results for (1.1). We set

1 1
(26) a:—§(a1 +a2+b1+b2), b:—i(al —|—a2—b1—b2),

1 1
C:—g(al—ag—‘rbl—bz), d:—§<a1—a2—b1 -‘rbg),
2

it Sl
wA=15R O Dy
We assume that for py;, s € R, any function ¢ € H such that (¢, o) satisfies

and define L¢ =) , with &, € R for each &,1 € {1,...,n}.

1
(2.7) —dip — §(£p<p +Lyo) —ap —co
1

in G for some o, is null in G.

Such an assumption was used by Lions in [6] (p.33) to solve a problem of discrim-
inating sentinel. We are now able to state the main result of this work.

Theorem 2.2. Let A(t)(.) be the operator defined by (1.2) with each function By
satisfying (2.2)-(2.5). Assume (2.7) and that there exist a constant co > 0 and a set
we such that

we €Ew and |c| = ¢y in we x (0,Ty) for Ty > 0.
Then there exists a positive continuous function 0 in Q, such that for every fi, fa €
L2(Q) with 0f1,0fs € L*(Q), the null controllability problem (1.1),(1.3),(1.4) admits
a unique solution. (The definition of 0 is given later by (3.11)).

3 Controllability of the linearized system

This section is devoted to the proof of the null controllability problem of the linearized
system. For given z = (z1,22) € Z x Z, we will consider the linearized system

Owr — B(t; 21)y1 + aayn + biye = fr + kxw in Q,
Orya — B(t; 22)y2 + a2y1 + bayo = fo + kxw in Q,
y1 =y =0on X,

y1(0) = 47,42(0) = y3 in Q,

(3.1)
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2
where B(t;y)w = Z:,l:l B (y(t), t)MLgm Note that for z fixed in Z, the function

t +— Bui(z(t),t) is a.e. differentiable and because of (2.4), we have for 1 < x,1 < n,

7(2) = max (Bu((t), )=o) < L+ ] o minca)-

Under (2.2)-(2.5) and the above assumptions, for each y{,vy9 € L*(Q), f1, f € L*(Q)
and each k € L?(G), the system (3.1) possesses exactly one solution (y1,y2) in
C([0,T); L3(Q)?) N L2(0,T; HY(Q)?) (see [2]). Let (y1,y2) be a solution of (3.1).
Setting

(3.2) u=y+y2, v=y1—-y2, f=f+f g=fi—fo, h=2k

one gets that (u,v) is solution of

u — (B(t;z1)y1 + B(t22)y2) —au—bv = f+hxe inQ,

v — (B(t;z1)yn — B(t22)y2) —cu—dv = g n @,

(3:3) u=v = 0 on ¥
uw(0) =u’ v(0) = 2° in Q.

Note that: B(t; z1)y1 + B(t; 22)y2 = %((B(t; 21) + B(t; z0))u+ (B(t; 1) — B(t; zz))v)

and B(t; z1)y1 — B(t; 22)y2 = %((B(t; z1) — B(t; 22))u + (B(t;21) + B(t; zz))v).

3.1 Carleman estimates

An observability inequality is established in this part, the obtention of such an esti-
mate being useful for the study of exact controllability problems.
For z € Z, f € L?>(Q) and yr € L?(2), consider the parabolic system

dy+Bltiz)y = f  inQ,
(3.4) Y =0 on X,
y(T) = yr nQ

Then the following Carleman inequality holds.

Theorem 3.1 ([3], Theorem 2.1). There are positive constants sg, Ao and Cy such
that for any s > sg, A = Ao, f € L%(Q) and yr € L*(Q), the associated solution to
(8.4) satisfies

9sa _ - 0%y |2
(3.5) /Qe 2 [(sp) ! (|8ty|2 + ”221 lﬁxiﬁxj ‘ ) + sA\%p|Vy|? + )\4(sp)3|y|2} dxdt

T
< Co(/62625a|f|2dxdt—|—/0 / 67250‘)\4(5p)3\y|2dxdt).
y/

Furthermore ,Cy and Ay only depend on 2, w, Yo, 71 and ag; So can be chosen on the
form sq = 0o(T + T?) + oy7(2)T?, where o9 and oy depend on Q, w, Yo, 71 and ag.
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Now let us introduce the following notations for z = (21, 22) € Z X Z,
(3.6)

V ={pe0®Q)yls =0},

W =VxV,
M(p,0) =—8t<p—f( (t;21) + B(t; zg))<p—|—(B(t;zl)—B(t;@))a) —ap — co,
N(p,0) =—0i0 — 5((3(1& z1) — B(t; 22))e + (B(t; 21) + B(t;zz))o) — by — do,

and set [la,b, c,d[1%, = llall 7~ q) + 1Dl (q) + el 7= (q) + 1417 (g
Moreover, the following observability inequality holds:

Theorem 3.2. Assume that there exist a constant cg > 0 and a domain w. such that

(3.7) we €w and |c] = co inwe X (0,Ty) for some Ty > 0.
1

Then for r € [0,2), s > sp, A = A\ = (%)Z, v = (v1,92) € W, there

exists a positive constant depending on Yo, Y1, 1, Co, o, |a,b,¢,d|loo, ||B]|L~ () and
T such that for any ¢ = (¢1,92) € W, we have

T
(3.8) / /(|<p1\2+|<p2|2)e—2adxdt<c(/ o1 P dadt
0 w’ G

& [ M@ £ IN@P)e 2 drat)

for any W' such that W' € w. € w.

Proof. The proof of this result is technical. We followed the approach of Annex E in
[7]. The following is the main tools that we used to prove (3.8).

We assume for instance that ¢ > ¢g > 0 in w. x (0,T). We let £ € C*>(R") satisfy
(2.1). For By, 81, m > 0, we define

_ 7 _ _
A(t) :/(6 2mens|po|? — Boe 2 npatpr + Bre2n|p1|?)dz.
Q

Then we derive A with respect to t and replace (¢1): and (p2); with their expressions
given by (3.6). Integrating by parts over (0,T) and using A(0) = A(T) = 0, we get

60/ 6’2”‘nc|902|2dxdt:/{(2mat + 2d)e =2 iy
o Q

(3.9) +[2p1 (e + a)e™n — Boe ™2 ]|
—[Bo(2ay + a + d)e 2y — 2B1e2%nc — 2e 2T/ 6b] ) o }dadt

L / e~ 2monT/6 4o (B(t: 21) + B(t; 22))padudt
Q

—@ e 2o (B(t; 21) — B(t; 29))padxdt

2 Jg
+/ e 2 nT/0 0o (B(t; 21) — B(t; 22))prdadt
Q

+8, / 201 (Bt 21) — B(t; 22))padudt
Q
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7% /Q 672%(@(3(& z1) + B(t; 22))p1 + p1(B(t; 21) + B(L; 22))302)‘”‘1’5
,% /Q 3720‘7]901(3(75; 2’1) — B(t§ ZQ))Soldxdt

—1—61/ 6_20‘77901(3(15;21)+B(t;zg))<,01dxdt
Q
+2/ efzman”fjgpgN(cp)da:dt—BQ/ e 2%y M (p)dadt
Q Q
(3.10) —ﬁo/ e 21N (p)dadt + 251/ e 21 M (p)dadt = Jy + -+ + Ja.
Q Q

Then we estimate each of the terms Ji,...,.J12, in particular, each time that the
integral [, e™2**p3(|1|* + [p2|?)dxdt appears, we estimate it by [ [¢1|?e™"*dxdt.
O

We set

1 9s
(3.11) 7= ple e,

We recall that P is the orthogonal projection operator from L?(G) into H.
The following observability inequality follows from (3.8).

Lemma 3.3. Assume (2.7). Then with the hypotheses of Theorem 3.2, there exists
a constant C depending on Co, A1, S0, Y0, V1, N, Co, @0, ||a,b,¢,d|oo, T, ||B]lLoc(0)
and on the Poincare constant K, such that for every ¢ = (¢1,92) € W, we have

(3.12) /Q(|‘101(0)|2+|<P2(0)2)d$+/62912(|<P1|2+<P2|2)dxdt
<C(/QW(%O)I”|N(so>|2>dxdt+/c|so1 — Pyi[Pdudt).

Proof. First we state the result for the norm of p(z,0) in Q, where ¢ € W. The
second part of the inequality (3.12) is a consequence of (3.8). O

3.2 Null controllability of the linearized system

In this part, we prove the controllability problem associated to (3.3). Consider the
bilinear form defined on W x W by

B(p,0) = /QM((p)M(U)dxdt + /QN((,O)N(U)dxdt + /G(SOl — Py1)(o1 — Poy)dzdt,

Yo = (¢1,92),0 = (01,02) € W. The bilinear form B(.,.) is a scalar product on
W. Let W be the completion of the pre-Hilbert space W with respect to the norm
B(p, ). We deduce from the observability estimate (3.12) null controllability results
for (3.3). Proceeding as in the proof of Theorem 3.4.4. in [7], we show the

Theorem 3.4. Recall the notations (3.2) and (5.11). Assume (2.7) and (3.7). As-
sume also that f1, fo € L?(Q) are such that 0f1,0fs € L?>(Q). For all z € Z x Z,
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there exists a unique control h of minimal norm in L*(G) such that h € H* and the
associated solution (u,v) of (3.3) satisfies 4(T) = 0(T) = 0 in Q. The control h is
given by

(313) h == f]le - Pﬁl;
where 7 = (71,72) satisfies

(3.14) { M (71, 72) = N (7, 72) = 0 in Q,

Furthermore there exists a constant C > 0 depending on Q, w, co, v, T, ||| 1= ()
and ||a1, az, b1, ballce such that

(3.15) HE”LQ(G) < O0f1 22 @) + 199 2(0) + ||UO||L2(Q) + ||'UO||L2(Q))7
(3.16) 7w < CU10fz2Q) + 189/ L2(@) + W’ L2 + [[0°]l 22(0)),
(3.17) 712y < CUIOSI L2(0) + 1690 220) + Ul 2(0) + 1001l L2(0))-

The following result gives another estimate indicating that the control can be
chosen depending continuously on the initial data.

Lemma 3.5. For all z = (21,20) € Z x Z there is k € L*(G) satisfying k € H+ and
such that the associated solution to (3.1) satisfies (1.4). Moreover

(3.18)  [|(k, (y1,92)llx < Cl2llzx2)10f1]l L2y + 10F2llL2 () + 187 ]l 22 ()
+ Hy(2)||L2(Q))~

Proof. Let 7 be such that 0 < 7 < T and let us take k(z,t) =0 for 0 < t < 7. From
the regularizing effect of the parabolic equations in (3.1), the associated state satisfies
(W1(7),12(, 7)) € (C*H(Q))?, with

11 () y2( )l oz @y czrs @y < CUIZIzx2) (10 fillz2@) + [10f2]22()
+ 10l L2y + 1951l L2(0))-

Therefore, it is not restrictive to assume that 49,49 € C?T9(Q). We conclude, using
Lemma 3.4.5 of [7] (see also Theorem 2.3, [3]), that the control k(z) can be chosen
such that (k, (y1,y2)) is an element of X satisfying (3.18). O

4 Proof of the main result

We are now able to prove Theorem 2.2. Let R > 0 and Bpg the closed ball in Z of

radius R and center 0. According to Theorem 3.4, for each z = (z1,22) € Z X Z,

R 1- -
there is a unique control k(z) = §h(z) which solves (1.3),(1.4),(3.1), h € H* being
defined by (3.13). In view of Lemma 3.5, the control k(z) can be chosen such that
(k, (1, 72)) is an element of X satisfying

(4.1) Ik, (. 2) | x < CR)(I0Allc2@) + 1012l 2(@) + 198 llc2o) + [198]lc2(o))-
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Let us set S(2) = {(y1(2),y2(2)) € Zx Z : (k, (y1,y2))is a control-state, (k, (y1,y2)) €
X, (1.3),(1.4) and (4.1) hold}. The multi-valued mapping S : Z x Z — 22*Z gatisfies
the hypotheses of the Kakutani fixed-point theorem.

First for each z € Br x Br the mapping S is non-empty and convex, it is a
consequence of Theorem 3.4.

Then for all z € Br x Br, S(z) is uniformly bounded in the Hélder space

CH“;’#(Q)Z, 6 € (0,1), since (§1(2), §=2(2)) satisfies (4.1). The injection from
C’H“s’#(@) into Z being compact (see for instance [3]), there is K C Z x Z compact
such that S(z) € K. Moreover if [0 f1 z2(q), 10f2l22(q), |48ll22(0) and ||y3]|L2(q) are
small enough, there is R > 0 such that S(Br x Br) € Br X Bg.

The mapping S has a closed graph. Indeed, let (z,), = ((21,,,22,))n € Z X Z
and (y1,,, Y2, )n € S(2n). Assume that z, — z = (21, 22) strongly in Z x Z and that
(y1,,v2,) — (y1,y2) strongly in Z x Z. We prove that (y1,y2) € S(z). This concludes
the proof of Theorem 2.2.

5 Applications

This section is devoted to show that our work is used to solve a null controllability
problem with constraints on the state.
Let (e;)j=1,...m be a family of m vectors of L?(Q) such that:

(5.1) the (€jXw)j=1,...,m are linearly independent.

Let us consider the following null controllability problem: Given e; € L*(Q) j =
1,...,m, find k € L*>(G) such that if (y1,y2) solves

Owyr — B(t; 21)y1 + aryr + biya = fL + kxw in Q,
Ory2 — B(t; 22)y2 + agy1 + bayz = fa + kxe in @,

(5:2) y1=y2=0on3%,
yl(o) = y?a y2(0) = yg in Qv
then
(5.3) / yrejdedt = / yoejdxdt =055 =1,...,m,
Q Q
and
(5.4) y1(T) =y2(T) =01in Q.

We introduce a family of adjoint systems of (5.2)

—0pj — B(t; 21)pj + a1pj + azq; = e; in Q,
—0vqj — B(t;22)q; + bipj + bag; =€ in @,
p; =¢q; =0o0n X,

pi(T) = ¢;(T) =0in Q,

(5.5)

and define for each j =1,...,m: p; = p; +¢; and v; = p; — q;. We assume that for
any z = (z1,22) € Z X Z,

(5.6) (a1 + b1 — ag — by)I = B(t;z1) — B(t; 22) in G with ag # by,
I denoting the identity operator.
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Remark 5.1. Due to the notations (2.6), the assumption (5.6) can also be written
as cI = —3(B(t;z1) — B(t; 22)) in G for any z = (21,22) € Z X Z.

Then the following lemma holds:

Lemma 5.1. Under hypotheses (5.1) and (5.6), let 0 be the positive function given
by the formula (3.11). Then the functions p; and v;, j = 1,...,m, are linearly

independent in G for any z € Z x Z. Moreover, the functions é‘uj and gl/j, j =

1,...,m, are also linearly independent in G for any z € Z X Z.

Proof. Let §; € R, j =1,...,m be such that Z;nzl &pij=0in G, and let z € Z x Z.
Since

—Optj — %[(B(t; z1) + B(t; 22))pj + (B(t; 21) — B(t; 22))v;] — apj — cvy = 2e;

holds in @ for each j € {1,...,m}, we obtain in G:
1 m m
—(ﬁ(B(t; 21) — B(t; 22)) + cI) ijuj = 2Z§jej.
j=1 j=1

In view of (5.6), Z;nzl &je; =01in G, and (5.1) implies that £; = 0 for all j. So the
functions p;, j = 1,...,m are linearly independent in G.
Now, let §; € R, j = 1,...,m such that 37", {;v; =0 in G. Since

—Ow; — %[(B(t; z1) — B(t; 22) ) + (B(t; 21) + B(t; 22))v;] — bpj —dv; =0

holds in @, then
1 m
(5(B(t:21) = Bt ) + b1 ;w =0

in G. This implies that (b—c)I 327", &p; = 0in G following (5.6). Thus 3270, &, =
0in G, since b # cin G. Finally, {; = 0 for each j € {1,...,m}. The second assertion
of Lemma 5.1 follows. U

Now we prove the announced result in the following:
Proposition 5.2. With the hypotheses of Lemma 5.1, consider the vector subspace
%’H of L?>(G) generated by the functions gHiXe: j=1,....,m. Then for any z €
Z X Z, there exists a unique hgy € %’H such that the problem (5.2)-(5.4) is equivalent
to the following problem: Given a;,b; € L*=(Q) and y9 € L*(Q)i = 1,2, find a control
(5.7) hy € H*
such that if (y1,y2) solves

1 )
Owyr — B(t; 21)y1 + a1y1 + biye = (Sho + ha)xw in Q,

(5.8) Ory2 — B(t; 22)y2 + agy1 + baya = (gho +h1)xw in Q,

y1 =1ys =0 on X,
y1(0) = y7,42(0) = y3 in €,
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then
(5.9) y1(T) = y2(T) =0 in Q.

Proof. Suppose that (5.2)-(5.4) holds. First we multiply (5.2) by the solution (p;, ¢;)
to (5.5), and we integrate by parts over ). Then we add and substract the results.
In view of (5.3), it follows that

(5.10) - [ tws0)ds ~ [ ay(0)dn = [ kst
Q Q G

(5.11) 7/y?pj(O)dx+/ygqj(0)d:c72/ agqujdxdt+2/ b1yop;jdadt
Q Q Q Q

= / kvjdxdt.
G

1 1
Let 57—[ and EIC be the vector subspaces of L?(G) respectively generated by the
functions gHiXe and gViXew, j=1,...,m. Then there is one and only one (hg,ly) €
1 1
57—[ X EIC such that

1
(612) [ ghonsdsdt =~ [ (489;(0) + e (0))do,
G Q
1
(5.13) / glol/jdxdt =— / (y9p;(0) — y3¢;(0))dx — 2/ azy1q;dxdt + 2/ biyap;dadt.
G Q Q Q

Thus, according to (5.10) and (5.11), we have for any j € {1,...,m},

1 1
/ —hopjdxdt = / kpjdxdt, / —lovjdxdt = / kv;dxdt.
G ¢ G G ¢ G

1 1
Then (k — Zho,k — 5lo) € HE x K. There are (hy,l;) € H' x K+ such that

1 1 1
k= ého +hy = 510 + . Now, replacing k by §h0 + hq in (5.2), we obtain (5.8).
1 1
Conversely, assume that (5.7)-(5.9) holds. Let k € (ﬁH + ’HJ‘) N (EIC + ICJ‘>
1 1
be such that k = gho + h1, where hg € E’H is defined by relation (5.12). Multiplying
(5.8) by (pj,g;), then integrating by parts over @ and adding the results, we have

/(y1 + yo)e;dxdt :/ hipjdzdt, for j € {1,...,m},
Q G
and since h; € H*, we get

/ (y1 + y2)ejdxdt = 0, for any j € {1,...,m}.
Q
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1 1 1
Now let [y € §’C be defined by (5.13) and let [y satisfying I; = ého + hy — @lo'

Multiplying (5.8) by (pj,q;), then integrating by parts over @) and subtracting the
results, we obtain

/ (y1 — y2)ejdxdt = / lyvjdzdt, for j € {1,...,m},
Q e

which ends the proof of Proposition 5.2, since l; € K by construction. O

Remark 5.2. We will show that assuming the independence of the functions e;,
j=1,...,m, the hypothese (2.7) will be useless.

Conclusion

In this paper we proved a null controllability problem associated to a nonlinear
parabolic system with a nonlocal operator. As a consequence of this work, a null
controllability problem with integral constraints will be the purpose of the next work.
Thus we generalized the results established in the linear case for the Laplacian. The
next step would be to focus on the equations governed by more general operators, as
fractional operators.
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