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Abstract. In this paper, we study a new concepts these are rough statisti-
cally summable triple difference sequences, rough statistically convergent
difference triple sequences and rough strongly summable triple difference
sequences. Also, we study the rate of the weighted-rough statistical con-
vergence of a triple sequence of positive linear operators. In addition, we
study Voronovskaya type theorem.
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1 Introduction

Let K be a subset of the set of positive integers N x N x N, and let us denote the
set {(m,n, k)€ K:m <u,n<v,k<w} by Ky Then the natural density of K
is given by § (K) = limupw—oo ui’;ju‘”‘, if the limit exists where the vertical bars in-
dicate the number of elements in the closed set, where |Ky,.,,| denotes the number
of elements in K. Clearly, a finite subset has natural density zero, and we have
0 (K¢ =1—06(K) where K¢ = N\K is the complement of K. If K1 C Ky, then
§ (K1) <6(Ka).

The triple sequence & = (Zynk) is said to be rough statistically convergent to [ if
for every € > 0, the set K. = {(m,n,k) € N: |Zmnr — | > B + €} has natural density
zero, for each € > O,Zimmt_mcé {(m,n,k) < (r,8,t) : |Tmnk — 1| > B+ €} = 0. In
this case, we write [ = st — limzx. Throughout the paper, R denotes the real of
three dimensional space with metric (X, d). Consider a triple sequence = = (Tmnk)
such that x,,,x € R,m,n,k € N.

A triple sequence © = (Zynr) is said to be statistically convergent to 0 € R,
written as st—lim x = 0, provided that the set

{(m,n, k) € N3 @ |Zpnk| > 6}
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has natural density zero for any € > 0. In this case, 0 is called the statistical limit of
the triple sequence x.

If a triple sequence is statistically convergent, then for every e > 0, infinitely
many terms of the sequence may remain outside the e— neighbourhood of the sta-
tistical limit, provided that the natural density of the set consisting of the indices
of these terms is zero. This is an important property that distinguishes statistical
convergence from ordinary convergence. Because the natural density of a finite set
is zero, we can say that every ordinary convergent sequence is statistically convergent.

If a triple sequence x = (Z;nk) satisfies some property P for all m,n,k except
a set of natural density zero, then we say that the triple sequence x satisfies P for
almost all (m,n, k) and we abbreviate this by a.a. (m,n,k).

Let (asmmj k/z) be a subsequence of * = (Zn). If the natural density of the set
K = {(ms,nj, ke) € N : (i, j,0) € N3} is different from zero, then (2p,n,k, ) is called
a non thin subsequence of a triple sequence x.
¢ € R is called a statistical cluster point of a triple sequence & = (Z,nk) provided
that the natural density of the set

{(m,n,k) € N*: |@yni — | <€},

is different from zero for every € > 0. We denote the set of all statistical cluster points
of the sequence x by I',.

A triple sequence & = (Zynk) is said to be statistically analytic if there exists a
positive number M such that

5 ({(m,n, k) € N3 : [2me] TR > M}) —0.

The theory of statistical convergence has been discussed in trigonometric series,
summability theory, measure theory, turnpike theory, approximation theory, fuzzy set
theory and so on.

The idea of rough convergence was introduced by Phu [19], who also introduced
the concepts of rough limit points and roughness degree. The idea of rough conver-
gence occurs very naturally in numerical analysis and has interesting applications.
Aytar [2] extended the idea of rough convergence into rough statistical convergence
using the notion of natural density just as usual convergence was extended to sta-
tistical convergence. Pal et al. [18] extended the notion of rough convergence using
the concept of ideals which automatically extends the earlier notions of rough conver-
gence and rough statistical convergence and Bernstein and operational methods was
introduced by Dattoli et al. [3].

Let (X,p) be a metric space. For any non empty closed subsets A, Apnk C
X (m,n, k € N), we say that the triple sequence (A,,nx) is Wijsman statistical con-
vergent to A is the triple sequence (d (x, Apmnk)) is statistically convergent to d (z, A),
i.e., for € > 0 and for each x € X

1
limmt—t Hm <rn<sk<t:|dx, Annk) —d(z, A)| > €}| =0.
rs
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In this case, we write
St=liMupnig Amnk = A or Apny — A(WS).

The triple sequence (Ayuni) is bounded if supmprd (2, Apmnk) < 0o for each z € X.

A triple sequence (real or complex) can be defined as a function z : N x N x N —
R (C), where N, R and C denote the set of natural numbers, real numbers and complex
numbers respectively. The different types of notions of triple sequence was introduced
and investigated at the initial by Sahiner et al. [20, 21], Esi et al. [6]-[8], Dutta et al.
[5], Subramanian et al. [10, 11, 13],[23]-[30], Debnath et al. [4], Aiyub et al. [1] and
Zweier sequence was introduced and investigated at the initial by Fadile Karababa et
al. [12], Sharma et al. [22], Khan et al. [15] many others.

Throughout the paper let 8 be a nonnegative real number.

Definition 1.1. An Orlicz function (see [14]) is a function M : [0,00) — [0, 00)
which is continuous, non-decreasing and convex with M (0) = 0, M () > 0, for
x>0 and M (x) = oo as x — oo. If convexity of Orlicz function M is replaced by
M (x+y) <M (z)+ M (y), then this function is called modulus function.
Lindenstrauss and Tzafriri ([16]) used the idea of Orlicz function to construct
Orlicz sequence space.
A sequence g = (gmn) defined by

Imn (V) = sup{|v|u — (frnk) (w) :w >0}, m,n, k=1,2,...
is called the complementary function of a Musielak-Orlicz function f. For a given

Musielak-Orlicz function f, (see [17]) the Musielak-Orlicz sequence space ¢ is defined
as follows

1/m+n+k

tf:{xewgzlf(\xmnkD %Oasm,n,k%oo},

where I is a convex modular defined by

Ip (@)= D0 DD founs (2w 2 = (k) € 8

We consider ¢ty equipped with the Luxemburg metric define as follows

oo oo 00 ‘mmn |1/m+n+k
1) = 5 33 o (P
on an extended real number.

Definition 1.2. A triple sequence & = (Z,nk) of real numbers is said to be statisti-
cally convergent to [ € R if for any € > 0 we have d (A (¢)) = 0, where

A(e) = {(m,n, k) € N>t |2y — 1| > €} .
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Definition 1.3. A triple sequence z = (zmnk) i said to be statistically convergent
to | € R3, written as st-limz = [, provided that the set

{tm,n. k) € N+ | — 1] > e},

has natural density zero for every € > 0. In this case, [ is called the statistical limit
of the sequence x.

Definition 1.4. Let z = (xm"k)m,mkeNxNxN be a triple sequence in a metric space
(X,].,.]) and r be a non-negative real number. A triple sequence = = (Zynk) 1S
said to be r—convergent to | € X, denoted by = —" [, if for any ¢ > 0 there exists
N, € N x N x N such that for all m,n,k > N, we have

|Trmie — 1| <7 +€
In this case [ is called an r—limit of x.

Remark 1.5. We consider the r—limit set & which is denoted by LIM_ and is defined
by
LIM; ={le X:xz—="1}.

Definition 1.6. A triple sequence & = (k) is said to be r— convergent if LIM #
¢ and r is called a rough convergence degree of . If r = 0, then, it is ordinary
convergence of triple sequence.

Definition 1.7. Let = (,,nx) be a triple sequence in a metric space (X, |.,.|) and
r be a non-negative real number is said to be r— statistically convergent to [, denoted
by x ="~ [ if for any € > 0 we have d (A (¢)) = 0, where

A(e) ={(m,n,k) ENXNXN: |wpnp — 1| > 7+ ¢€}.

In this case [ is called r— statistical limit of . If » = 0 then it is ordinary statistical
convergent of triple sequence.

The difference triple sequence space was introduced by Debnath et al. (see [4])
and is defined as

Ammnk = Tmnk — Tm,n+1,k — Tm,n,k+1 + Tmn+1,k+1 — Tm+1n,k + Tm4+1,n+1,k

F+Tm+1n,k+1 — Tm+1l,n+1,k+1
and
A%k = (Tnk) -
Let A = {M\pnk :myn,k=0,1,2,...} be a nondecreasing sequence of positive
numbers tending to oo, as (m,n, k) — oo and A3\, > 0.

Let = (Zmnk) be a triple sequence of complex numbers, then, by A% — will
denote the following

1

T s t
AA (l‘) = )\mnkxmnkamn-‘rlkxm,n-‘rl,kf)\mnk-ﬁ-lxm,n,k-l-l

Arst — Ar_1s—1t—
rst r—1ls—1t 1m:0n:0k:0

+ )\mn+1k+1xm,n+1,k+17>\m+1nkmm+1,n,k + )\m+1n+1kxm+1,n+1,k

+ At 1nk+1%m—41,n,k+1~ A4 1n+1k+1Tm-+1,n+1,k+1-
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We say that the triple difference sequence (z,.5;) is A% — summable to [ if lim,. A% =1,
and we say that the triple difference sequence () is rough statistically summable
to | by the weighted method determined by the triple difference sequence A% if
st-lim,s; A} = 1. We denote by A% (st) the set of all triple difference sequences which
are rough statistically summable A% .

Definition 1.8. The triple difference sequence ¥ = (z,.5;) is weighted AX— rough
statistically convergent to L if for every ,e > 0,

LMy st— o0 ’{ABA ($) - L} > 5 + €| =0
In this case, we write L = st A3 My st Tyt -

Definition 1.9. The triple difference sequence x = (x5 ) is said to be rough strongly
A~ summable (0 < r < o) to the limit L if

Ui st— 00 |Ai (z) — L|T =0.

and we write it as Typr — AZT. In this case L is called rough strongly Ai; limit of
the sequence = (zyst) .

2 Relation between the A3 (z)- rough statistically
summable triple difference sequences, A% (z) - rough
statistically convergent difference triple sequences
and rough strongly A} (z)- summable triple dif-
ference sequences

In this section we denoted rs for rough statistically

Theorem 2.1. Let |A“Z (x) — L| < M for all m,n,k € N. If a triple difference se-
quence & = (Azynk) is AL (z)— rough statistically convergent to L then it is A% (x)—
rough statistically summable to L, but not conversely.

Proof. Let x = (Tmnk) is AX () — rs—convergent to L, it means that
limy gt ’{{Ai (z) — L} > 08+ e}| =0.

Let us denote K = {|A% (z) — L| > B+ €} and K° = {|A% () — L| < B + €} . Then,
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we have:

AN (@) =L = D > Y Al (x) - L

m=0n=0 k=0

> > ) M@-L

m=0,meK n=0,neK k=0,ke K

2. > > M@-L

m=0meK°n=0ncKe° k=0,kecK¢

SOy Y mw-

m=0,meK n=0,neK k=0,ke K

o) D, Y M@ L

m=0,meEKcn=0,neK° k=0,ke K¢

<MK+ Y oo > Bt+e9—0

m=0meK*n=0,ncK° k=0,ke K¢
+(B+¢)-1=(8+e€)as(rs,t) = o

IN

_|_

IN

Which implies that (z,s) is A% (z)— r summable to L. That is, z = (2,4 ) is AR (z) -
r summable to L. So x is A% (z)— rs summable to L. O

To prove that converse is not true, we discuss the following example:

Example 2.1. Let us consider that A5 = (7, s,t)3 . We will define

W, fora>0andm,n,k:(abc)?’—abc,...,(abc)gfl
Tmnk = —W, for m,n,k:(abc)37a,b7c=3,4,...

0, otherwise

we get lim,.; A% (z) —0, and hence st —lim, s 0o AR () =0, i.e., T = (z5) is AR (2) -
rs summable to 0. On the other hand, the triple sequence ((a, b, 0)3 ra,b,e=3,4,---,

is rst—convergent to 0, it is clear that st—limin f,sx,s¢ = 0 and st —limsup,s Ty = 1.
Thus = = (2,5) is not rs—convergent, nor A% (z)— rs—convergent.

Proposition 2.2. Let us suppose that © = (xs) is A} _(x)— summable to | if
(i) 0<r<land0< ‘AZ({E)—L| <1,

(i) 1 <r<ooand 1< |A (z) — L| < oo, then, x is A (z)— rs—convergent to .
Proof. Let us suppose that z = (,s) is A4 (x) — summable to I, we get

[AX () = 1]" > [AX (2) — 1

)



Analytic weighted rough statistical convergence with rate of rough convergence 163

T s t T s t
K=z X ¥ Yz XY Y M@
€ m=1meK n=1neK k=1,keK € m=1l,meK n=1neK k=1,keK
1 T s t 1 T s t -
S NNCEETDISIPI IO
m=1n k=1 m=1n=1 k=1

—1
— 0, as (r,s,t) — oo.
Hence z = (z,s¢) is AX (x) — rs—convergent to l. O

Proposition 2.3. Let us suppose that v = (x,s) is AX ()~ rs—convergent to | and
’A3A (x) —l‘ < M (m,n,k e N). If

i) 0<r<landl <M < oo,
(if) 1<r<ooand 0 <M <1, then x is A} _(x)— r summable to l.

Proposition 2.4. (i) If x = (xmnk) — | rs—convergent, it is A% (x)—rs—convergent
to 1, but not conversely.

. Arst—Ar—1.o-1.t-1) : . ) )
(ii) If (%“1) is a triple bounded sequence, then rs—convergent is equiva-

lent to A3 (z)— rs—convergent.

3 Rate of rough convergence

In this section, we study the rate of the weighted—rough statistical convergence of a
triple sequence of positive linear operators A% (z) defined on C'[a, b] .

Definition 3.1. Let (a,s) be any positive, non increasing triple sequence of positive
numbers. We say that triple sequence z = (z,.5) is AX () — rs—convergent to number
[ with rate of convergence C (a,s) if for every g,e > 0.

1
limrst—moait |{|A2 (z) *l| > ﬂ+e}| =0.

In this case, we write 2,,,; — [ = rough StAS (z) — © (arst) -

Proposition 3.1. Let (ayst) and (brst) be two positive non increasing numeric se-
quences. Let © = (x,5t) and y = (yrst) be two triple sequences such that T g — 11 =
rough StA3 (2) — © (arst) and yrst — lo = rough StAS (2) — © (brst) . Then,

(i) (xrst - ll) + (yrst - l2) = TOUgh StAZ(;E) -0 (Crst) .
(ii) a(zrse — 1) = rough stys () — 0(arst), for any scalar «,
(iii) (xrst - ll) (yrst - l2) = TOUgh StAaA(g;)_O (aTSt : brst) ) where, Crst = Max {arst; brst} .
Proof. For 3,e > 0, let us denote by
Ay =|AX (2) +AX () — (L + 12)| > B +e,

B+e

B+e
2 '

A2 = |A‘Z (l‘)—l1| >

A3 = ’A3A (1‘) —lg! >
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Then, observe that Ay C As|J As. Since, ¢,st = max {ayst, brst }, we get

4 . s . 43|
(/\rst - )\'rflsfltfl) * Crst - ()\rst - )\rflsfltfl) * Crst (>\rst - )\rflsfltfl) * Crst
| A1

=0.
(Arst - )\T—ls—lt—l) * Crst

— limmt

O

Remark 3.2. The modulus of continuity for function f (z) € Ca, (R) is defined as
follows:

w(f,6) = supjp|<s |f (x +h) = f(z)].

We will consider these two cases:
(1) If | — y| < 6, then we have: |f (x) — f (y)] < w (f,d) and

(ii) If |z — y| > 6, then we have: |f (z) — f (y)| < w (f,d)- ‘xgyl.

From the last two relations, for any value of the |z — y|, we get

@)~ )] < w(£.5)- ('x;y'H).

Theorem 3.2. Let (B,s;) be a triple sequence of positive linear operators from C [a, b]
into C'[a,b] . Suppose that
(i) || Brst (1,2) — 1]|, = rough SEA3 () — O (arst)

(il) w(f, A\rst) = rough StA3 (2) — 0 (brst), where Apst = +/Brst (U, x) and ¢y =
Y (t,x) = (e‘t—e_x)?’. Then for all f € Cla,b] and z € [a,b], we have
|Brst (f,x) — f(2)||l oo = rough stys ()—0(crst) , where crop = maz {arst, brst} -

Proof. Let f € Ca,b] and x € [a,b], we get
|Brst (f,2) = f ()] < [Brst (If (y) = f (@)]) 2| + [f (@)] - [Brt (1,2) — 1

< Byt <|xgy + 1,.’E> w(faé) + |f(£C)| ' |Brst (]—71’) - ]'|

< Byt <1+ % (e! em){x) w(f,8) 4+ |f (x)| - |Bret (1,2) — 1]

IN

(Bra (1) + 5 Bt (02) ) 0 (£.0) 41 @] B (1) ~ 1

3
Put § = ’\J(/;f = 73”3\(;”), we obtain:

[Brst (f,2) = f (@)oo < 1fllog 1Brst (L, 2) = 1| o +w (f, Arse) +w (f, Arst) | Brse (1, 2) — 1|
< C{HBTSt (fv :C) - f(z)”oo +w (f7 Arst) +w (fa )\rst) HBrst (.f7 .TE) - f(z)”()o} .
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Where, C = max {||f||, ,1} . Now replacing Bk (-, ) by

T s t

. 1

ASA (I’) = )\ — )\ Z Z Z Amnkank ('; 'T) - >\mn+1kan+1k ('7 17)
rst r—1s—1t—1 =0 n—=0 k—0

- )\mnk+le,n,k+1 ('7 33) + )\mn+1k+le,n+1,k+1 ('7 33) - )\m+1nkBm+1,n,k: ('7 {IJ)
+ )\m+1n+1kBm+1,n+1,k ('7 1’) + Arn+1nk+1-Bm,qu,n,lHJ ('7 1’)
— At 1n41k+1Bmttnt16+1 (5 2),

we get
AL (F) = F (@)l| o < C{IAL (L) = 1| 4w (f Arsr) + w0 (F Arst) [|AZ (1) = 1]}
The proof follows from the conditions (i),(ii) and Proposition (3.2.) O

4 Voronovskaya type theorem

Theorem 4.1. For every f € C[0,1] such that, f,.fec [0,1], then,
(rst) (Lest (f) = f) = 5 (x 4+ 22) [ (@) (AX ( rough st)) on [0,1].
Proof. Let us suppose that f, f € C [0,1] and z € [0, 1]. Define

I -f@-ly=0)f @) -3l @) g

Yo () = o) ooy

0, forz=y

Then, 9, (z) =0 and ¢, € C[0,1]. By Taylors formula, we get
’ 1 »

@) fy=Ff@+y-2)f @+5H-2)f @)+ (y—2)" ¥ (y).

Knowing that
Lyst (1,2) = (14 2rst) s Lest (y — ) ,2) =0

and i )
9 o z(l+x
Lrst ((y - l’) 7:17) - (]- + xrst) ’I“St 9

Both sides of relation (4.1) by operator L,g, we obtain:

f@)z(l+a)

Lrst (.f) = f (‘T) + xrstf (JC) + 9

(]. + IL'q«st) + (1 + Irst) Vrst (d)dd)rax) ’

which yields

]

rst [Lrst (f) - f (x)] - % (m + $2) [ (z)| < (TSt) Trst |f ()| + Tpst {f” (x)’

—+ rst (1 + mrst) ’V’I‘St (QSS’L/}I’ ‘/L.)

respectively
(4.2)

rst [Lrst (f) — f (2)] — % (z+2%) f ()] < (rst) zpse M + 15t (14 Trgt) | Vet (0°00,2) |-
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Where ¢ (y) = y—=x and M = || f|| By Cauchy-Schwartz inequality in (4.2), we obtain:

1/2

(43) rst "/rst (¢3wm; m)| S {(TStf VFSt (¢4a l‘)] [Vrst (%7 3?)}1/2 .

Putting 7, (y) = (¢ (y))°, we get that, 7, () = 0 and 7, (-) € C[0,1]. It follows
that

(4.4) Lyst (1) — 0 (AX (roughst)) on [0,1].
Now, from relations (4.3) and (4.4), we have,
(4.5) Lyst (¢0°¥5,2) — 0 (roughst) on [0,1].

For a given f3,e¢ > 0, we define the following sets:

Apst (x,8,€) = |{|(mnk) Vonnke (f,2) — f () — % (x—|—m2) I (x)| > ﬂ—|—e}}.

Aot @, 8,€) = [{I(mnk) ptl = S5 Azt (2, 8,) = |{|mnk) Vi ()| = 252
From last relation we have A,q (z, 5,€) < Ay rst (x, 8, €)+ Az rst (x, B, €) , respectively.

(4.6) AR (Arst (8, €)) < AX (Arrst (-, B, €)) + AR (Azpst (- B, €)) -

From definition of the triple sequence (z,s:), we get

j|

(4.7 ((rst) zrse) — 0 (AX ( rough st)) on [0,1].

Now from relations (4.5),(4.6) and (4.7) , the RHS of the relation (4.6) tends to zero
as (r,s,t) = oo. Therefore we have

rough st — lim(mt)%oo/\i (Arst (-, B,€)) =0,

which proves that

(rst) (Lrse (f) — f) = % (z+ xz) f () (AZ ( rough st)) on [0,1].

]
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