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Abstract. In this paper, we study a vector—host mathematical model
for the pine wilt disease, considering indirect and direct transmission of
the disease. An explicit formula for the basic reproduction number (Rg) is
obtained. The global stability of the DFE is proved using a graph theoretic
approach and a matrix theoretic method. We show that when Rg is less
than one, the DFE always exists and it is globally asymptotically stable,
and the disease persists at an endemic level. Finally, local sensitivity ana-
lysis of parameters and numerical experiments are carried out to illustrate
the theoretical bases for the prevention and control of the disease.

M.S.C. 2010: 34D20; 92B05.
Key words: Equilibrium points; matrix theoretic method; Perron eigenvector; Kirch-
hoff’s matrix tree theorem; sensitivity analysis.

1 Introduction

Vector-borne diseases are illnesses that are transmitted by mammals, birds, arthro-
pods and insects. Pests that transmit diseases are called vectors. These vectors
receive the pathogenic organism from an infected, animal or human, and transmits
it either to an intermediate carrier or directly to a human carrier. The transfer o-
ccurs directly by bites, or tissue infection, or indirectly through disease transmission.
Although vector-borne diseases are more known in humans, numerous cases of them
are also frequent in plants. Among them, some important wilting diseases of trees,
such as the pine wilt disease (PWD) and the red ring disease of palms, are caused by
nematodes that have intriguing association with insect vectors [20, 11, 1].

In this work, we deal with dynamics of PWD. It is a severe illness that typically
kills affected trees within a few weeks. The causal pathogen is the pine wood nematode
(PWN), Bursaphelenchus xylophilus. This nematode is found in aboveground parts
of the tree. Nematodes kill the tree by feeding on the cells surrounding the resin
ducts. This causes resin to leak into the tracheids, resulting in tracheid cavitation
or air pockets in the water transport system, the tree cannot move water upward
and consequently wilts and dies. Bursaphelenchus zylophilus is transmitted by vector
pine sawyer beetles in the genus Monochamus. The dispersal stage of the nematode
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is carried in the respiratory system of the insect, and thus spread from tree to tree
as the beetles feed on the young shoots of pine trees [14, 24, 26, 38]. Three types
of transmission of PWD have been discovered: (a) first, when adult beetles, infected
with nematode, flies to healthy pine trees and begin maturation feeding and transmit
nematode into the tree, this is known as the primary transmission [23]. (b) Secondary
transmission occurs when mature females lay eggs on dead or dying, freshly cut pine
trees [36]. (c) Third is the horizontal transmission of the nematode. It happens
through the mating of male and female bark beetles [2].

After its appearance in Japan, Korea, China and Taiwan where it has killed
millions of plants [22], PWD is internationally considered the most harmful disease of
the pine trees worldwide. PWD causes significant damage to forestry, local economies,
and the ecologies of affected countries, degrading the quality and decreasing the quan-
tity of pine wood products. In Japan, for example, the annual loss of pine wood as a
result of PWD was more than 100 million m3 across 11 years between 1978 and 1988
and more than 50 million m?® between 1989 and 2014 [7]. From an ecological point of
view, the loss of pine trees also reduces ecosystem functions and services, decreasing
habitats for wild animals and affecting soil erosion [7] . Once introduced into a region,
PWN spreads rapidly to neighboring areas through vector beetles or accompanying
human activity [7]. Control is therefore labor—intensive and costly, highlighting the
importance of identifying vulnerable areas and prioritizing control measures.

In the study of causes, patterns and the effects of a disease, mathematical modeling
has become a powerful and quite important tool which enables one to understand the
mechanisms that mainly stimulate the prevailing of the disease, factors which have a
significant influence in the spread of disease and can propose the schemes to control
the disease. For PWD, we can find some works in the literature, but we highlight the
most recent. Some of these works have been focused on modeling the dynamics of
PWD sawyers as vector [37, 33, 30, 19, 3], other works focused on the control of the
disease [19, 27, 4, 9, 10] and some works focused on particular aspects of the disease
[31, 21, 18, 8, 34, 28].

In this work, a mathematical model for host—vector relationship between pine trees
and pine sawyer beetles using ordinary differential equations (ODEs) is formulated.
We assume that the exploitation rate of infected pine trees is greater than susceptible
or exposed pine trees. First, we formulated a mathematical model by considering indi-
rect and direct transmission of the disease. Then, R is determined and conditions for
the existence of equilibrium solutions are established. Although the compartmental
structure of mathematical models using ODEs for vector—borne diseases is standard,
the mathematical techniques for stability and optimal control analysis may change.
Thus, in this work, the global stability of the disease—free equilibrium (DFE) is proved
using Perron eigenvectors, Lyapunov theory and a graph theoretic approach. Addi-
tionally, sensitivity analysis of parameters is performed by analysis of the sensitivity
indices of the basic reproduction number as well as positive constant level of infected
compartments. Finally, numerical experiments and conclusions are carried out to
support the analytical results.
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2 Mathematical model formulation

In this section, we formulate a mathematical model which comprises of susceptible
host pine trees Sy, (t), exposed pine trees E},(t), infected host pine trees I (t), suscepti-
ble vector beetles S, (t) and infected beetles I, (t) at time ¢. The usual transmission of
nematodes into pine trees occurs during maturation feeding of infected vectors. The
nematodes are carried by the pine sawyers when they emerge from infected pines.
However, the beetles may also be directly infected during mating. The population of
a host pine trees at time ¢ is denoted by N, and the total population of vector adult
beetles is denoted by N,,. Thus N, = S, + Ep, + I, and N, = S, + I,,.

Let ITj, the input rate of pine trees and II, the constant emergence rate of adult bee-
tles. We assume that 0; represents the rate of transmission per contact in
maturation feeding. Some parameters involved in the model are described below:
(1 represents the average number of contacts per day with vector adult beetles at the
time of maturation feeding, J> represents the rate at which [, transmit nematode via
oviposition, B2 denotes the average number of contacts per day of bark beetles du-
ring oviposition, B3 represents the rate of adult beetles carrying nematode when they
come out of dead pines, « represents the rate at which the exposed pines move to the
infectious class, § is transmission rate among beetles during mating, uj, represents
the rate of natural death of susceptible pine trees, o denotes the felling and isolation
rate of I, and u, represents the death rate of the vector population. The incidence
terms relative to the host population during maturation feeding and oviposition are
B101Sp 1, and B2danSpI,, respectively. For vector population pg3I;,S, and £S,1, are
the incidence terms. Other parameters involved in the model are specified in Table 1.

Table 1: Description, dimension and values of the parameters of the model (2.1).

Parameter  Description Dimension Value Source
11, Input rate of pine trees TreesxDay — 1 0.009041 [17]
11, Emergence rate of adult bark beetles B.beetlesxDay ~'  0.002691 [17]
Lh Natural death rate of healthy pine trees Day ~*! 0.0000301 [25]
Lo Mortality rate of bark beetles Day ~*! 0.011764 [34]
o Exploitation rate of infected pine trees Day ! 0.004 [3]
51 Rate of transmission per contact during

maturation feeding Day ! 0.00166 [15]
51 Average number of contacts of adult

beetles through maturation feeding Dimensionless 0.2 [12]
Ba The rate at which bark beetles transmit

nematode during oviposition Day ! 0.0004 [15]
P Average number of contacts during the

oviposition period Dimensionless 0.41 [17]
n The probability that susceptible pine trees

is not infectious by nematode and

ceases oleoresin exudation naturally Dimensionless 0.0000301 [17]
[eY Transmission rate of exposed pine trees into

infectious pine trees Dimensionless 0.002 [13]
B3 Rate of adult beetles carrying nematode

when they emerge from dead pines Day ~! 0.00305 [13]
B Transmission rate among beetles during

mating Day ! 0.00305 3]

With the above assumptions, the vector—host mathematical model can be written
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by the following system of non-linear ODEs:

Sp =My, — B161SkT, — B26anSnly — 1inSh,
Ep= B161SuI, — aEy — pn By,

(2.1) In= " Ba0anSpl, + aEy, — o1y,

S, = I, — B3Sul, — BSyIy — oSy,

jv - BSSth + ﬁSvIv - ,vaIv'

Let us denote as P = (Sp,, Ey,, In, Sy, Iv). The set

11 II II
(2.2) §={P€Ri_:UhSSh—FEh—FIhSMh,OSSv—FIUSMU},
h v

is a positively invariant set. Figure 1 shows the flow diagram associated to the mathe-
matical model (2.1).

Figure 1: Flow diagram of the mathematical model (2.1).
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3 Basic reproduction number

Direct calculations show that the model (2.1) always has a DFE given by

m, II,
E, = (”,0,,0,0).
122 H

v

The dynamics of a disease is characterized by the basic reproduction number that is
defined to be the average number of secondary infections, which are produced by an
infected individual in a totally susceptible population. This enables us to find whether
an infectious disease will prevail through population or not. We used the next—
generation operator [6] to calculate it . R is obtained by choosing the dominant

eigenvalue (spectral radius) of FV-1, where F = [%} and V = {%},

being Ep, I, and I, the infected compartments. Therefore,

o B1615h 1y Vi abEy + pnEp
FQ = B202m Sk 1L, , and VQ = —aFy + ol
FS IBSSth + BSUIU - IU/UIU VZ’; MvIv
Thus
(0 0 B (w00
F=]0 o0 525277% andV=|0 o 0],
0 fell. B 0 0

Mo Ho

which gives

0 0 B16y Lk

Hh o

FV-i=1|0 0 Babom i

P oo

0 Bzl BIL,
HoO w

Since Rg is the spectral radius of the above matrix, we have that

(31)  Ro— By n (ﬁﬂv)2+ Oy IpnBaPsds | HpllyaBiBady
' 23 243 Opin iy opnpg (o + pn)

4 Existence and stability of the DFE

Now, we analyze the global behavior of the DFE for the system (2.1). For this end,
we construct a Lyapunov function using the techniques and the notation described in
[32]. We have the following results.

Theorem 4.1. If Ry < 1, the DFE of the system (2.1) is globally asymptotically
stable (GAS) in &.
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Proof. Let x = (Ey, Iy, I,)T and the function
(4.1) Q(t) =wl'Vix,
where

WT:

. b, ST, +VI
VL 2vL

is the left eigenvector of V!F and

5 2 P 1
L={=5,) +4|nb——I,+ 517
2 opn (o+pn) " opn

B3
) 2

Substituting above values in (4.1) and after simplifications, we get

531_[1) ﬂBan E 5Hv + ugﬁ

Q(t) =

In + h ; v-
p2o\/L 2 (a+ pp) oL 2u3V'L

Taking the orbital derivative of Q(t) along of the trajectories of the system (2.1), we

obtain
. B3lly B311yn . B, + p2V/L
Q) = h+ En +
pioVL 2 (a+ pn)oVL 2u3V'L
53 v B3Iy
- (5262773111 + nEh - UIh + ., . < = (61515}1] - (O( + Nh) Eh)
20V L h ) 12 (o + pp) oV'L °
/BHU +M%\/
+ P 3 S’UI + S’UI’U - ’UI’U
B3Il B3Ilyn B, + u2V'L
= B262anSply + ———————~=0F1015p [y + —————F—=—BSuv v
p3oVL 12 (a+ pp) oL 2u3V'L
My + 42 k I,
_ Pt \FIUJr +\f53 Sylp, — Ps Iy,
2u2VL 2ue VL p2VL
B3Hv BSH’UT] ,BH’U + ,LLU\/ 11,
< 525277 "I+ —,8151*1 + 081
p2oV'L pn " p2 (ot pn) oVE ° 23VL po
B, + ,U"U VL k4 \/f I, BsIly
- I, + B3 —1Ip, — I,
2u2V'L 2uu VL o nivL
1 1
<—R Iy, — —Roly+ —=(Ro—1)1
= \/Z 0 \/E 0 \/Z( 0 ) h
1 1 1
<—R2(1——)I + — (Ro— 1) Iy,.
=V Y Y A

Thus, Q(t) < 0 if and only if Ry < 1. Furthermore, Q(t)

= 0 if and only if

I, = I, = 0. Hence, it is easy to check that the largest compact invariant set for the

system (2.1) is Eg. Thus, by LaSalle’s Invariance Principle [16],

is GAS in &.

the equilibrium Eg
|
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5 Endemic equilibrium and its stability

We determine the endemic equilibrium solutions of the system (2.1), which are ob-
tained by solving the following system of algebraic equations

I, — B161SkLy — B262nShly — unSp = 0,
B161Shly — aEp — upEp = 0,
B202nSply, + aEp — ol = 0,

Hv - 635v1h - 681111) - ,UJUSU = 07

BsSuln + 8BSy, — Iy = 0.
After calculations, we get that the solutions of the above system are given by
S* — 11,
" ((B161 + Badan) I + i)

B10111, 13
((B161 + B2d2m) Ij + pn) (a + pn)

*

Ep =

« _ _(BadonIlp (o + pn) + af16111p) I
" (0 (B161 + Badon) Iv + oun) (a+ pn)’

g% _ yo ((B181 + B202n) Tv + pn) (@ + pn)
Y MpBsly (B202n (a + p) + aB1ér) + o (e + pn) (BIv + po) ((B161 + B262m) Lo + pp)’
and Iy is uniquely determined from the following quadratic equation

(5.1) al}> + bl +c=0,

where

a = 0By (8101 + B2621),

b= 0Bunite + o (8101 + Badan) p2 — 1L, B0 (B161 + B20am)

n I, 85 (B202m (a + ) + af161)
Ho,
(o + pn)

9 ( 11,8 (HuHh53525277 11,11, B3 8101 ))
¢ =0opiyptn (1 ——5= — 3 ) :
1 Oy opgn (o + pin)

Note that a > 0 while the sign of ¢ depends on Rg. If Ry > 1 then ¢ < 0. Thus, the
above quadratic equation has only one positive root for Ry > 1. Hence, the unique
endemic equilibrium exists whenever the reproduction number exceeds unity. Now,
we will prove the global stability of the endemic equilibrium E* = (S}, E}, I}, S5, L),
by using a graph-theoretic approach [32]. To this end, we will consider matrix tree
theorem of Kirchoff [29] and the results which are given in [32]. We have the following
results.
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Theorem 5.1. The unique positive endemic equilibrium point of the system (2.1),
E* is GAS in &.

Proof. Let

1= (Sh =S5} - §¥)+(Eh—E;:— 52) Dzz(Eh—E;—E;mgg)
D3:(Ih—lz—lzln%f> ]1))4:(5”_5;_5;111%5)
h v

Ds = (IU—I; —I;m%).
Differentiating and using the inequality 1 — z +Inz < 0 for = > 0, we have
v 7(1 S*)s +(1 E;)E‘
1= Sh h Eh H
S - 52
=(1- 35 ((B161 + B262m) S 15 — (B161 + B262n) Splv) — pn (1 — 5+ ) (Sh — S})

E* 61SFT*
+ (1 - —) <ﬁlalshu - Bl;,ﬁ“Eh>

Ep
Sr Shly (Sh—S*>
= (816 Sam) SEIx (1 -2 ) (1— - = _Th) (S, - S5
(B101 + B2d2n) hv( Sh)( SZLT) Hh S, (Sh h)
Sply Ep,
6 S;Ik 17— - —
+ B161 hv( )(S}*LI; E;)

E‘*
cobispry Sy Dh Zu Sy
Sil; B B, SiI;

Snlv  Suls I, I,
< § 1 SH¥I* | In —In— 4+ —
< (B101 + B2027m) hv( S I Silff n1*+1*>+

Snl, Ep By, Sply
61S; I —— +In— —1In = b12G b13G
B101S, 1, (S};I{; By + HEZ S 12G12 + b13G13,

and similarly

d ShIU Sth ;*L
Dy <B161S5I* —1 - — —
2 <P161S, 1, <S}*LI;; HSI’;I* E Gos,
: Splo Spl, I} I
D3 <B282nS; I o I — — +In = :=b31G31,
RN SpLy Iy I,

. I Ir S, Su1,
Dy <B3SiI; [ B —In b - 220 4 gy 2vh
T In  S;I; Sy

I I, Suly Sy ly

s (Y ~1 = b13Ga3 + b2 Gaa,
+85, 'U(I;; HI; Silx nS*I*) 13G43 + ba2Ga2

—In — — +1In
Sulr Syly Iy I,

. Svl Syl I} I}
DBSﬂSS:I;L( vlh vih >

Svly I I, Suly
S*Ik In—— — —1 = b54G b53Giss.
+B””<S;}I;';+HI;§ I HS,;"IS) 4G54 + b53G53

We observe that there are four cycles and along each cycle Gz + G135 = 0, Gy +
Gss+ Gos =0, Gg1 + Gus + Gss + Gos + G2 = 0, G31 + G5z + Gas + G2 = 0.
Thus, there exists ¢y, ¢a, ¢3, ¢4, ¢5 such that D = ¢{D + oDy + c3D3 + c4Dy4 + c5Ds.
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Besides
c3bz1 = c1(biz + b13)  cabas = c1bia + cabao
csasq = C4(bao + ba3)  cabas = c5(bss + bsa).
Thus,
_ PSS 4 PSSt I + BRSYT I )  BSUIY + BsSyly
(B101 + B202m) (B3 S5 1 + BSEI}) 101851}

(B>S3 I3 + BBsSyI; 15 + B3So 1) (8161 + Badan + B101S; 1)

D
B161SZ* T2 (B161 + B2ban) (B3 Sy I}, + BS;I; + BS3I}) :

B3 Sy I
__ 20T p, 4,
BsSily 4 s3I
is a Lyapunov function for the system (2.1). Using this Lyapunov function and
LaSalle’s invariance principle [16], it follows that E* is GAS in &. |

6 Local sensitivity analysis of parameters and
numerical experiments

To check which factors are responsible for the expanse and the existence of the disease,
we shall carry out a sensitivity analysis. Our main objective is to control the disease.
It is only possible if we reduce the basic reproduction number below unity. For this
purpose, we calculate the ratio of relative change in the parameter to relative change
in the reproduction number which is called sensitivity index. We identify the most
influential factors for the spread of infectious disease by observing the sensitivity
index. The normalized forward sensitivity of a variable to the parameter is defined as
the ratio of relative change in the variable to the relative change in the parameter [5].
When a variable is a differentiable function of the parameter, the sensitivity index
may be defined in terms of partial derivatives as

_Ox _p

x
Iy = ap X =
We use the numerical values of the parameters given in Table 1, and we see that
the sensitivity index of R( to the parameter ¢ is —150.818. It means that when we
increase the value of a by 10%, the value of Rg increases by almost 151%. Looking at
the sensitivity indices of Ry with respect to all the model parameters given in Table
2, we observe that the most sensitive parameter is u;, (exploitation rate of susceptible
pine trees), which has the highest value —20339.471. Negative sign shows that Rg
is a decreasing function of pj. This index is illogical because we cannot increase
the exploitation rate of healthy pine trees in order to decrease the value of the basic
reproduction number below unity. However, we should focus on the parameter [
which is the second one sensitive parameter for Ry.

Although we do not have an explicit expression for the endemic equilibrium, by
using the values of parameters given in Table 1, we can calculate the sensitivity indices
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Table 2: Values of sensitivity indices of Ro, I,* and I,,*.

Parameters  Sensitivity index of Rg  Sensitivity index of I,*  Sensitivity index of I,*

I 66.726 2.438 2.829

1L, 235.472 2.961 2.221

Kh -20339.471 -1.865 -2.164

Lo -107.727 -5.532 -4.150

o -150.818 -2.438 -2.829

51 363.412 1.829 2.122

o1 3.016 1.829 2.122

B2 0.022 0.2x10~4 0.3x10~4

52 0.2x107% 0.2x107% 0.3x1073

n 0.302 0.2x10~4 0.3x10~4

« 4.472 0.036 0.041

B3 197.794 2.438 1.829

B8 9.961 0.132 0.099

of I,* and I,*. The sensitivity indices of the endemic level of infectious bark beetles
I,*, given in Table 2, show that the parameters u,,, o and II;, play a vital role in the
enhancement or reduction in the values of I,*. Besides, I,,* is a decreasing function
of u, ando and a increasing function of II,. An increment in u, of 10%, implies a
reduction in the value of I,* of 41%. Similarly, by increasing the value of o in 10%,
implies a reduction of I,* of 28%. We should focus on the mortality rate of bark
beetles as well as the felling rate of infectious pines in order to achieve the decreased
endemic level of infectious pines.

The sensitivity indices for I, given in Table 2, express that the most sensitive
parameter for the endemic level of infectious pines I} is . An increment of p, in
10%, implies that I;,* would decrease almost 55%. The endemic level of infectious
hosts is also an increasing function of IT,,. By decreasing the value of IT, by 10%, I;,*
would decrease almost 29%.

The above results are corroborated in Figures 2 and 3. Figure 2 shows the en-
demic level of infectious hosts for different values of the parameters. We can see that
parameters IIy, Iy, (1, 01, B2, 02, 17, B3 and 3 are directly related to I,* and inversely
related to up, ey, 0 and a. It can also be observed that a considerable change occurs
in the value of I,* by an increment or reduction of IIj, II,, py, 1, 61 and a. On the
other hand, we can see from Figure 3 that the endemic level of infectious bark beetles
(vectors) is greatly influenced by the parameters II, and pu,.

7 Discussion

In this paper, we proposed and analyzed a PWD mathematical model, considering
both direct and indirect transmission of the disease. For the model, the basic repro-
duction number was calculated using the next generation operator, and we discussed
the asymptotic behavior of the equilibrium solutions using a graph theoretic approach.
More specifically, we constructed a suitable Lyapunov function and we proved that if
Ro < 1, then the DFE is GAS, and thus the disease always dies out, while if Rg > 1,
the unique endemic equilibrium E* exists and is GAS, so that the disease persists at
the endemic equilibrium.

For the reduction of the endemic level of infected classes, we applied a useful tech-
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Figure 2: Endemic level of infected hosts for different values of the parameters.
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Figure 3: Endemic level of infected vectors for different values of the parameters.
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nique of local sensitivity analysis of parameters. Firstly, we calculated the sensitivity
indices of the basic reproduction number and the endemic levels of infectious hosts and
vectors. We computed the ratio of relative change in the parameters to the relative
change in the variables. The parameter which gives the highest value of the variable
is the most sensitive parameter. We observed that the numerical value of exploita-
tion rate of susceptible pine trees is maximum but we could not exploit susceptible
pine trees for the complete eradication of the disease. However, we should focus on
the second sensitive parameter to reduce the reproduction number below unity. The
calculations tell us that By is the parameter which can help us to reduce the value
of reproduction number. Similarly by the analysis of sensitivity indices of I} and I;;,
we found that the mortality of bark beetles is essential to reduce the infection from
the community. Secondly, we observed how the endemic level of infectious hosts and
vectors is effected by changing the values of parameters. We performed a variation
in parameter values and observed the corresponding change in the endemic level of
infectious hosts and vectors.

Sensitivity analysis help us to design effective control strategies for the eradica-
tion of the disease or to reduce the endemic level of infected classes because it best
describes the crucial factors that play vital role in the transmission of disease. An
open problem in this work is to incorporate those parameters as functions of control,
and analyze the corresponding optimal control problem.
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