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Abstract. By introducing the topological generalized closed sets into N-
topological space, this paper establishes that the union of 7;-generalized
closed sets need not be N7-generalized closed set. Further, the collection
of N7-g closed sets form a topology. Apart from this, N7-§ closed sets
are characterized by means of N7# gs-kernel.
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1 Introduction

The concept of semi-open sets and generalized closed sets were initiated by Norman
Levine [5,6] and also established their fundamental properties. O.Njastad [9] devel-
oped a-open sets and investigated its relationship with other open sets. Mashhour et
al. [7,8] characterized pre-open sets and a-open sets with their continuous functions.
Abd El-Monsef et al. [1] defined S-open sets with the properties of S-continuous
mappings. J.Dontchev [2] evolved the concept of generalized semi-pre closed sets and
derived their properties. P. Sundaram et al. [10] characterized the semi-generalized
closed sets and their mappings. Lellis Thivagar et al. [3] discovered a geometrical
structure of N-topological space with the N-topological open sets. Further Lellis
Thivagar and Arockia Dasan [4] established some weak forms of open sets in N-
topological space along with their mappings. In this paper, we discuss various kinds
of generalized closed sets in N-topological spaces and establish their relationship. We
also find that the N7-g closed sets forms a topology which places between N7-closed
and NT-generalized closed sets.

2 Preliminaries

In this section we recall some known definitions and results of N-topological space
and weak open sets that will be used in the following sections. By the space (X, N7),
we mean, N-topological space with N-topology on X with no separation axioms are
assumed unless specifically stated.
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Definition 2.1 (3). Let X be a non empty set, 71, 72, ... , 7y be N-arbitrary
topologies defined on X. Then the collection N7 = {S C X : § = (Uf;l AU
(ﬂf\il B)), A;, B; € 7;}, is said to be N-topology if it satisfying the following axioms:

(i) X, € Nr.
(ii) Use, Si € N7 for all {S;}2, € N7.
(iii) N, S; € N7 for all {S;}~, € NT.

Then the ordered pair (X, N7) is called an N-topological space on X and the
elements of the collection N7 are known as N7-open sets on X. A subset A of X is
said to be N7-closed on X if the complement of A is N7-open on X. The set of all
N7-open sets on X and the set of all N7-closed sets on X are respectively denoted
by NTO(X) and N7C(X).

Definition 2.2 (3). Let (X, N7) be an N-topological space and S be a subset of X.
Then

(i) the Nr-interior of S is defined as N7-int(S) = U{G : G C S and G is NT-open}.
(ii) the N7-closure of S is defined as N7-cl(S) = N{F : S C F and F is N7-closed}.
Definition 2.3 (4). A subset A of N-topological space (X, N7) is said to be
(i) Nta-open if A C N7-int(N7-cl(N7-int(A))).
(ii) N7 semi-open if A C N7-cl(N7-int(A)).
(i) N7 pre-open if A C N7-int(N7-cl(A)).
(iv) N7p-open if A C N7-cl(N7-int(N7-cl(A))).

The complement of above open sets are called respective closed sets. The family of
Nr- (resp. N7-semi, N7-pre and N7-3) open sets is denoted by N7aO(X) (resp.
N7S50(X), NTPO(X) and N7BO(X)).

Theorem 2.1 (4). In an N-topological space (X, NT), the following are true:
(i) every NT-open set is NT-o open.
(i) every NT-a open set is both Nt-semi and NT-pre open, vice versa.

(iii) every NT-semi open set is NT-0 open.

(iv) every Nt-pre open set is NT-5 open.

3  Generalized closed sets in N-topological spaces

This section introduce the classical generalized closed sets into N-topological space.
We also state that the union of 7;-generalized closed sets need not be N7-generalized
closed set and establish their relationships.
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Definition 3.1. A subset A of N-topological space (X, N7) is said to be

(i) N7 generalized-closed (briefly N7g-closed) if N7-cl(A) C U whenever A C
Uand U is N7-open in (X, NT).

(ii) N7a generalized-closed (briefly NTag-closed) if N7-acl(A) C U whenever A C
U and U is N7-open in (X, NT).

(iii) N7 generalized a-closed (briefly N7ga-closed) if N7-acl(A) C U whenever
A CU and U is Nta-open in (X, NT).

(iv) N7 generalized semi-closed (briefly N7gs-closed) if N7-scl(A) C U whenever
A CU and U is N7-open in (X, NT).

(v) N7 semi generalized-closed (briefly N7sg-closed) if N7-scl(A) C U whenever
A CU and U is N1 semi-open in (X, N7).

(vi) N7g-closed if N1-cl(A) € U whenever A C U and U is N7 semi-open in
(X,NT1).

(vii) N1*g-closed if N7-cl(A) C U whenever A C U and U is Ntg-open in (X, NT).

(viii) N7#g-semi closed (briefly N7#gs-closed) if N7-scl(A) C U whenever A C U
and U is N7*g-open in (X, N7).

(ix) N7g-closed if N7-cl(A) C U whenever A C U and U is N7# gs-open in (X, NT).

The complement of above N-topological generalized closed set is called respective
generalized open sets. The set of all N7g-closed (resp. NTag-closed, NTga-closed,
Nrgs-closed, NTsg-closed, N7g-closed, N7*g-closed, N7# gs-closed, NT§j-closed) sets
of (X, N7) is denoted by NTGC(X) (resp. NTaGC(X), NTGaC(X), NTGSC(X),
N7SGC(X), NtGC(X), NT*GC(X), NT#GSC(X), NtTGC(X)).

The following example illustrates the uniqueness of this paper namely the union
of generalized closed sets of topological spaces (X, 71), (X, 72), ..., (X, 7n) need not be
a generalized closed set of N-topological space.

Example 3.2. If N = 2, X = {a,b,c}, consider 7, = {, X, {a}} and 7 =
{,X,{a,b}}, then 270(X) = {,X,{a},{a,b}}, nGC(X) = 1aGC(X) =
nGSC(X) = {,X,{b},{c},{a,b},{a,c},{b,c}}, mGC(X) = maGC(X) =
T2GSC(X> = {@’,X,{c},{a,c},{b,c}h 27—GC<X) = {Q/,X7{c},{a,c},{b,c}},
TI*GC(X) = {~®/7Xa {b}7{0}7{a’b}’{aac}7{b>c}}, 7_2*GC:(X) = {Q/7X’ {C},
{a,c},{b,c}}, nGC(X) = nGC(X) = {,X,{b,c}}, nGC(X) = RnGC(X) =
{@/7X,{c}7{a,c}7{b7c}}7 2TGC(X) = {@/7){7{0}7{%6}7{?70}}7 2TO‘GC(X) =
27GSC(X) = {, X, {b}, {c},{a,c},{b,c}}, 2rGC(X) = 271GC(X) = {J ;X {c},
{b,c}} and 27°GC(X) = {, X, {c},{a,c},{b, c}}. Hence we observe that 71 GC(X)U
72GC(X) # 21GC(X), nGC(X)UnGC(X) # 27GC(X), maGC(X)UraGC(X) #
27aGC(X) and 1 *GC(X) U *GC(X) # 2r*GC(X).
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Example 3.3. If N = 2, X = {a,b,c}, consider 1, = {J, X, {a},{a,b}} and
r = {&, X, {a,c}}, then 2r0(X) = {J, X, {a},{a,b},{a,c}}, n*GSC(X) =
{@/7X, {o}. {c} {a, e}, {b,c}}, 7—2#GSC(X) = {Q/uX? {6}, {a, b}, {b,c}},
2r*GSC(X) = {2, X,{b},{c},{b,c}}. Hence we find that m#GSC(X) U
7 GSC(X) # 2r*GSC(X).

By the following lemma we over come the above hurdles under certain conditions.

Lemma 3.1. (i) If every N7-open set is T;-open, then every 7;-g closed set is N7-g
closed fori=1,2,...,N.

e

(i) If every Nt-open set is T;-open and N7-scl(A) C 7;-scl(A), then every T;-gs
closed set is NT-gs closed fori=1,2,...,N.

(11i) If 1 SO(X) = 12S0(X) = ... = NTSO(X), then every 1;-sg closed set is NT-sg
closed fori=1,2,...,N.

(iv) If every NT-open set is T;-open and N1-acl(A) C r-acl(A), then every T;-ag
closed set is NT-ag closed fori=1,2,...,N.

(v) If 1aO(X) = 1200(X) = ... = NT7aO(X), then every 7;-ga closed set is NT-ga
closed fori=1,2,...,N.

(vi) If every NT-g open set is T;-G open, then every 7;-*g closed set is NT-xg closed.

(vii) If every N1-xg open set is T;-xg open and N1-scl(A) C 7;-scl(A), then every
T:-%gs closed set is NT-#gs closed.

(viii) If every NT-#gs open set is T;-7 gs open, then every 7;-j closed set is NT-j.

Proof. Here we shall prove parts (i), (iii), (iv) and (viii). The remaining parts can
be proved similarly.

(i) Let A be a 1;-g closed set and U be a NT-open set containing A, then by hy-
pothesis, T;-cl(A) C U implies N7-cl(A) C U. Therefore A is NT-g closed.

(1ii) Let A be a 1;-sg closed set and U be a NT-semi open set containing A, then
7i-scl(A) C U implies N7-scl(A) C U. Therefore A is N1-sg closed.

(iv) Let A be a Ti-ag closed set and U be a Nt-open set containing A, then 7;-
acl(A) CU implies NT-acl(A) CU. Therefore A is NT-ag closed.

(viii) Let A be a 1;-G closed set and U be a NT-#gs-open set containing A, then
Ti-cl(A) C U implies NT-cl(A) CU. Therefore A is N7-g closed.

The following proposition is sibling of classical topological results.
Proposition 3.2. Let (X, N7) be an N-topological space, then every
(i) Nt-closed set is NT-g closed.
(ii) Nt-semi closed set is NT-#gs closed.

(iii) NT-a closed set is NT-7gs closed.
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(iv) N7-g closed set is NT-ag closed.
(v) N7-g closed set is NT-gs closed.
(vi) N7-sg closed set is NT-0 closed.

(vii) NT-ga closed set is NT-pre closed.

The following examples illustrate that the converse of the above proposition need
not be true.

Example 3.4. If N = 6, X = {a,b,c,d}, consider 7 = {F , X, {a}}, m» = {T, X,
{e,d}}, 3 = {, X, {a,c,d}}, u = {, X{bcd}} s = {, X, {a},{b,c,d}}
and 74 = {, X {a},{c,d},{a,c,d}}, then 670(X) = { , X, {a} {¢,d},{a,c,d},

{b,c,d}}, 67C(X) = {, X, {a}, {b},{a,b},{b,c, d}} and 67GC(X) = {, X, {a},
{b},{a, b}, {b, c} {b d},{a,b,c},{a,b,d},{b,c,d}}. Here the set {c} is 67-pre closed
and 67-5 closed but not 67-sg closed and not 67-ga closed.

Example 3.5. If N = 2, X = {a,b,c}, consider 1, = {&,X,{a}} and 7, =

{, X, {a,b}}, then 270(X) = {F , X, {a},{a,b}}. Here the set {b} is 27-ag closed
and 27-gs closed but not 27' g closed. Also the set {a,c} is 27-g closed but not
27-closed.

Example 3.6. If N = 2, X = {a,b,c}, consider 1y = {&,X,{a}} and 7, =

{F, X, {b,c}}, then 270(X) = {F , X, {a}, {b,c}}. Here the set {b} is 27-#gs closed
but not 27-« closed and not 27-semi closed.

Proposition 3.3. Let (X, NT1) be an N-topological space, then every
(i) Nt-closed set is N7-g closed.
(ii) N7-g closed set is N7-G closed.
(11i) N7-g closed set is N7-g closed.
(iv) N7-g closed set is NT-ag closed.
(v) N7-g closed set is NT-sg closed.
(vi) N7-g closed set is NT-f closed.
(vii) N7-g closed set is NT-ga closed.
(viti) N7-g closed set is NT-pre closed.

(ix) N7-g closed set is NT-gs closed.

Proof. Here we shall prove part (i) and (iii) only. The proof of the remaining parts
are similar.

(i) If A is any N7-closed set in (X, N7) and U is any N7-%gs open set containing
A. Then N7-cl(A) = A CU implies A is a NT-g closed.
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Figure 1: The relationship between N-topological generalized closed sets.

(1ii) If A is any N7-g closed set in (X, N7) and U is any NT-open set containing A.
Since every Nt-closed set is NT-semi closed and every Nt-semi closed set is
NT1-#gs closed, then U is NT-#gs open set containing A and so NT-cl(A) C U.
Therefore A is a N7-g closed.

Example 3.7. The converse of the above proposition need not be true. For N =1,
X = {a,b,c}, 7 =71 = {,X,{a}}. Then the set {b} is ga-closed, pre closed and
gs-closed but not g-closed set. From example 3.4, the set {b, ¢} is 67-g closed but not
67-closed. Also from example 3.5, the set {b} is 27-8 closed and 27-sg closed but not
27-g closed. By example 3.6 we know that the set {b} is 27-g closed, 27-ag closed
and 27-g closed but not 27-g closed.

Remark 3.8. From the proposition 3.3, we observe that the set of all N7-¢ closed
sets placed between the set of all N7-closed and N7-g closed sets. It also placed
between the set of all N7-closed and N7-¢ closed sets.

Remark 3.9. The following example states that the N7-g closed set is independent
of N7-a closed as well as N7-semi closed set.

Example 3.10. If N = 2, X = {a,b,c}, consider 7y = {&, X,{a,b}} and 7 =
{, X}, then 270(X) = {&, X, {a,b}}. Here the set {a,c} is 27-g closed but not
27-a closed and not 27-semi closed. From example 3.7, the set {b} is « closed and
semi closed but not g-closed.

Remark 3.11. The concept of generalized closed sets in N-topological space can be
described in the diagram below where the reversible implication is not possible.
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4  Characterization of N7-g closed sets

In this section, we introduce N7#gs-ker(A) and discuss the essential conditions for
NT-§ closed sets in terms of N7#gs-ker(A).

Definition 4.1. Let A be a subset of N-topological space (X, N7), then N7#gs-
ker(A) is defined as the intersection of all N7-#¢ semi open subsets of X containing

A.

Lemma 4.1. A subset A of an N-topological space (X,N7) is N7-g closed if and
only if N7-cl(A) C N7# gs-ker(A).

Proof. Let A is N7-g closed in (X, N7), then for every N7-#gs open set U containing
A, N7-cl(A) CU. Assume x € N7-cl(A) and if x ¢ N7#gs-ker(A), then there exist
a N7-#gs open set U containing A such that x ¢ U implies z ¢ N7-cl(A). This is a
contradiction to our assumption. Conversely, if N7-cl(A) C N7#gs-ker(A) and U is
a N7-#gs open set containing A, then N7-cl(A) C N7#gs-ker(A) C U. Therefore A
is N71-g closed. O The following remarks are similar to the topological results of
Dontchev [2].

Remark 4.2. Let = be a point of (X, N7). Then {z} is either N7-nowhere dense or
NT-pre open.

Remark 4.3. In remark 4.2, the decomposition of an N-topological space (X, N7),
X = XjUX,, where X1 = {z € X : {z} is N7-nowhere dense} and Xy = {z € X : {z}
is N7-pre open}.

Theorem 4.2. For every subset A of an N-topological space (X,N7), Xo N N7-
cl(A) C N7#gs-ker(A).

Proof. Letx € XoNN7-cl(A), if v ¢ N7#gs-ker(A), then there exist a NT-#gs open
set U containing A such that x ¢ U implies X \ U is a NT-%gs closed set containing
x. Since ¥ € Xo N N7-cl(A), NT-int(N7-cl({z})) N A # & . Thus there is a point
y € NT-int(N7-cl({z}))NAC (X \U)NAC(X\U)NU, which is a contradiction.

Theorem 4.3. A subset A of an N-topological space (X, NT) is N7-g closed if and
only if X1 N N7-cl(A) C A.

Proof. Let A be a N7-g closed set, if x € X1 N N1-cl(A) implies v € X7 and x € N7-
cl(A). Since x € X1, Nr-int(Nt-cl({z})) = &, {z} is Nt-semi closed. Since
every NT-semi closed set is NT-#gs closed, {x} is N7-#gs closed. If v ¢ A and
U= X\{x}, Uis a NT-#gs open set containing A and Nt-cl(A) C U. This is a
contradiction. Conversely, assume X1 NNT-cl(A) C A and A C N77gs-ker(A), then
X1NN7-cl(A) C N1#gs-ker(A). Now N7-cl(A) = X N NT-cl(A) = (X1 UX2)NNT-
cl(A) = (X1 N N1-cl(A)) U (X2 N NT-cl(A)) C N7#gs-ker(A). Thus by lemma 4.1,
A is N7-g closed.

The proof of the following theorems are obvious from the above theorems.

Theorem 4.4. The arbitrary intersection of NT-g closed sets is N7-g closed.
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Theorem 4.5. If A is N7-G closed set and B is N7-closed set, then AN B is NT-g
closed.

Theorem 4.6. If A and B are two NT-g closed sets, then AU B is N7-g closed set.

Theorem 4.7. If a set A is N7-g closed, then N7-cl(A)\ A contains no non empty
NT-closed set.

Proof. Suppose A is N7-g closed in (X, N7) and F be a N7-closed subset of N7-
cl(A)\ A, then F¢is N7-#gs open and A C F°. From the definition of N7-§ closed set
it follows that N7-cl(A) C F¢ and F C (N7-cl(A))¢. Therefore F C N7-cl(A)N(N7-
cl(A))¢ = and so F is an empty set. |

Remark 4.4. The converse of the above theorem need not be true. By example 3.7,
if A= {b}, then cl(A)\ A = {c} does not contain non empty closed set also A is not
g-closed in (X, ).

Theorem 4.8. A set A is N7-g closed if and only if N7-cl(A) \ A contains no non
empty NT-%gs closed set.

Proof. Assume A is N7-7 closed in (X, N7) and F is a N7-#gs closed subset of
Nt-cl(A) \ A, then F¢is N7-#gs open containing A and N7-cl(A) C F¢. That is,
F C (Nt-cl(A))°. Therefore F C N7-cl(A) N (N7-cl(A))¢ = & and F is an empty
set. Conversely, let N7-cl(A)\ A contains no non empty N7-#gs closed set and S be
NT7-#gs open set containing A in (X, N7). Suppose N7-cl(A) is not a subset of S,
then N7-cl(A) NS¢ is a non empty N7-#gs closed subset of N7-cl(A) \ A, which is
a contradiction. Therefore A is N7-g closed in (X, NT). O

Theorem 4.9. If A is a N7-g closed set and A C B C N7-cl(A), then B is also
NT-g closed.

Proof: Let A be a N7-§ closed set and U be any NT-#gs open set containing B, then
Nt1-cl(B) C N7-cl(A) CU. Therefore Nt-cl(B) C U and hence B is N7-g closed.

Theorem 4.10. If A is N7-#gs open and N7-G closed, then A is NT-closed.

Proof. Since A is N7-#gs open, NT-cl(A) C A. Therefore NT-cl(A) = A and hence
A is Nt-closed.

Theorem 4.11. For each x € X, either {x} is N7-7gs closed, or {x}¢ is NT-j
closed.

Proof: If {x} is not NT-#gs closed in (X, NT), then {x}¢ is not NT-#gs open. The
only NT-#gs open set containing {x}¢ is the set X itself. Therefore NT-cl({x}¢) C X
and so {x}¢ is N7-g closed in (X, NT).

5 Conclusion and future work
A N-topological space is a new space containing N-topologies defined on a non-

empty set X. In this paper, we have attempted to define and establish N-topological
generalized closed sets in N-topological space. Moreover, we have proved that the
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collection of N7-g closed sets form a topology on X. This can be extended to real-
life applications such as fuzzy topology, intuitionistic topology, nano topology, soft
topology, etc. It also can open up doors to research areas like supra topology, digital
topology, and so on.
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