Maps between almost Kahler manifolds
and framed ¢-manifolds

Dorel Fetcu

Abstract

In this paper we study the £(J, ¢)- holomorphic maps between an almost
Kéahler manifold and a metric framed ¢-manifold. We prove that any +(J, ¢)-
holomorphic map is a harmonic map with the minimum energy in its homotopy
class and we prove that a (J, ¢)-holomorphic map between a Kéahler manifold
and a cosymplectic manifold is weakly stable and we calculate the kernel of
Jacobi operator of such a map.
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1 Introduction

Let M be an m-dimensional smooth manifold endowed with a tensor field ¢ of type
(1,1), satisfying the algebraic condition

(1.1) >+ =0.

The geometric structure on M defined by ¢ is called a @-structure of rank r if the
rank 7 of ¢ is constant on M and, in this case, M is called a p-manifold. It follows
easily that r is an even number.

If M is a p-manifold and if there are m — r vector fields &; and m — r differential
1-forms 7, satisfying

(1.2) ' =—I+ i 7 ® &,
=1
(1.3) mi(&5) = 65,
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where 7,7 = 1,2,...,m —r, M is said to be globally framed or to have a framed -
structure. In this case M is called a globally framed ¢-manifold or, simply, a framed
w-manifold. From (1.2) and (1.3), one obtains by some algebraic computations

(1.4) & =0, niop=0, ¢ +¢=0.

If m =2n+ 1 and rank @ = 2n one obtains an almost contact structure on M.

Let M be an m-dimensional globally framed ¢-manifold with structure tensors
(¢, &, m;) with rank ¢ = r, and consider the manifold M x R™~". We denote a vector
field on M x R™~" by (X, 37" fi) where X is tangent to M, {t!,...,t™~"} are
the usual coordinates on R™~" and {fi, ..., fin—r} are functions on M x R™~". Define
an almost complex structure on M x R™~" by

m—r ) m—r m—r 9
J(X,) fi@) = (X = fiki Y Th‘(X)@)-
a=1 i=1 =1

It is easy to check that J2 = —I. If .J is integrable we say that the framed -
structure is normal. A framed @-structure is normal if the tensor field S of type (1,2)
defined by

m—r

(1.5) S=Ny+ > dn®&,

=1

vanishes, (see [5]), where

(16)  N,(X,Y)=[pX,0Y] - o[pX,Y] — o[X, Y]+ ¢’[X, Y], X,Y € x(M),

is the Nijenhuis tensor field of .
If g is a (semi-)Riemannian metric on M such that

m—-r

(1.7) 9(PX,0Y) = g(X,Y) = > n(X)mi(Y),

i=1

then we say that (¢, &;,n;,¢g) is a metric framed @-structure and M is called a metric
framed ¢-manifold.

The metric g is called an associated (semi-)Riemannian metric.

The fundamental 2-form 2 of the considered metric framed p-manifold M, is de-
fined just like in the case of the almost Hermitian and almost contact metric manifold,
by Q = g(X,pY), for any X, Y € x(M).

The framed ¢-manifold M with structure tensors (¢, &;,n;) is called a C-manifold
if it is normal, dQ2 =0 and dnp; = 0,47 =1,....,m — r, (see [2]).

If on an almost contact manifold (M, ¢, £, 7) it is defined an associated Riemannian
metric g then (M, p, &, 7, g) is called an almost contact metric manifold. If on an almost
contact metric manifold (M, p,&,n,g) we have Q = dn, where Q is the fundamental
2-form on M, then we say that (M, p,&,n,g) is a contact metric manifold.If for an
almost contact metric structure (@, £, 7, g) which is normal we have dn = 0 and dQ2 = 0
then (N, ¢, £, n,g) is called a cosymplectic manifold.

In [1] it is proved the following two results
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Lemma 1.1. For an almost contact metric structure (¢,&,1,g), the covariant deriv-
ative of y is given by

29((Vx @)Y, 2)) = 3dQUX, Y, 0 Z) = 3dQX, Y, Z) + g(N, (Y, 2), X )+

F((Loym)(2) = (Lozn)(Y))n(X) + 2dn(pY, X)n(Z) — 2dn(pZ, X)n(Y).

where L denote the Lie derivative.

Remark 1.2. In Lemma 1.1 the author use the ”alt” convention for calculus of df2
and dn.

Theorem 1.3. An almost contact metric structure (p,&,n, g) is cosymplectic if and
only if @ is parallel.

Just like in [1] one obtains
Lemma 1.4. If (M, ¢,&,n;, g) is a metric framed p-manifold, where i = 1,...n, then

29((Vx )Y, 2)) = 3dQUX, oY, 0Z) = 3dQX, Y, Z) + g(No (Y, Z), o X )+

123 [V, Xy Z) — diplp 2, Xya(Y )] + Sl (9, Z) + dia(Y, 9 2) s X),

i=1 i=1

Remark 1.5. If (M, p,&;,n;,9) is a normal metric framed @p-manifold, where i =
1,...n, then
29((Vx )Y, Z)) = 3dUX, Y, pZ) — 3dUX, Y, Z)+

n

+2) [dni (Y, X)ns(Z) — dni (9 Z, X)mi(Y)]-

i=1
Remark 1.6. It is easy to see that if (M, ¢, &, n;, g) is a C-manifold then ¢ is parallel.

Concerning the harmonic maps between Riemannian manifolds, we should recall
some notions and results as they are presented in [8].

Let f: M — N be a smooth map between two Riemannian manifolds (M, g) and
(N,h). Let f~*(TN) be the induced bundle over M of TN defined as follows, denote
by m: TN — N the projection. Then

JTITN = {(z,u) € M x TN, 7(u) = f(z),2 € M} = U,ens Tz N-

The set of all C*°-sections of f TN, denoted by I'(f~'TN) is

L(f7'TN)={V:M — TN,C®map,V(z) € TyyN,x € M}.

Denote by VM, V¥ the Levi-Civita connections on (M, g) and (N, h) respectively.
Then, for a smooth map f between (M, g) and (N, h), we define the induced connec-
tion V on the induced bundle f~!TN as follows, for X € x(M),V € I(f~'TN),
define VxV € T(f~'TN) by VxV = VY (V.

Then the connection V and the metric h are compatible, that is, for Vi,V5 €
L(f~'TN),X € x(M) we have

X(h(Vi,Va)) = h(Vx Vi, Va) + h(Vi, Vx Va).
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In [4] the authors study the maps on C-manifolds, introduce a Lichnerowitz type
invariant on f-structures and prove that a structure-preserving map is an absolute
minimum of the energy functional in its homotopy class.

In the second and the third sections of this paper we give some similarly results
(sometimes with the complete proofs) for the maps between an almost Kahler manifold
and a metric framed @-manifold. In the last section we prove that a (J, ¢)-holomorphic
map between a Kéhler manifold and a cosymplectic manifold is weakly stable and we
calculate the kernel of the Jacobi operator of the inclusion map ¢ : M — M x R,
where (M, g,J) is a Kéhler manifold.

2  £(J,p)- holomorphic maps

Let (N, ¢,&;,m;) be a framed p-manifold and let TN be its tangent bundle.

Let TYN be the complexification of TN. Then ¢ can be uniquely extended to a
complex linear endomorphism of T¢ N, denoted also by ¢, which satisfies (1.2). The
eigenvalues of ¢ are i, 0, -i. Consider the usual decomposition

TSN =T'N®T°NaT'N

of TN in the eigenbundles corresponding to the eigenvalues i, 0, -i of ¢.

Let M be an almost complex manifold with the almost complex structure J. Then
the complexification of the tangent space T M can be decomposed into a direct sum
of the eigenspaces of J

T°M =T'M & T"M

corresponding to the eigenvalues i, -i.

Definition 2.1. Let f : M — N be a smooth map between the almost complex
manifold (M, J) and the framed ¢-manifold (N, ¢, &, n). We define

of :T'"M — T'N
of :T'"M — T"'N
80f : T/M — ToN
of : T"M — T'N
Of :T"M — T"'N
50][' : T”M — T()N
by B
df |7a=0f + Of + dof
df |7rm=0f + 0 f+dof.
For X e TM, X' = }(X —iJX) e T'M, X" = 3(X +iJX) € T"M, we have

(2.1) Of(X') = %(f*X —ifJX = 0 f(X') —ivf. X — of.JX),

(2.2) OF(X) = LUK —ifod X~ 00f(X') +ipf. X + 0f.X).
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Definition 2.2. Let f : M — N be a smooth map. If f.J = ¢f,, then f is called
a (J, ¢)-holomorphic map (or a +(J, ¢)-holomorphic map); if f,J = —¢fs, then f is
called a (J, p)-antiholomorphic map (or a —(.J, ¢)—holomorphic map).

Proposition 2.1. Let f : M — N be a smooth map. Then [ is a —(J,p)-
holomorphic map if and only if 0f =0 and Jyf = 0.

Proof. If f : M — N is a —(J,¢)—holomorphic map then we have for X €
TM, X' = (X —iJX) e T'M, X" = X(X +iJX) € T"M, using (1.4) 9f(X') =
10, f(X).

Since Of € T'N, Oof € TN, then 9f(X') =0 and dyf(X') = 0.

Conversely, if 0f =0, dyf = 0 we have

1
JX —if X —ipf.X — pf.JX) =0,

for X € x(M).
Then f.J = —¢f..
Similarly, one obtains

Proposition 2.2. Let f : M — N be a smooth map. Then f is a +(J,¢)-
holomorphic map if and only if 0f =0 and 9y f = 0.

3 Harmonicity of +(J, ¢)-holomorphic maps

Assume that (M, g, J) is an almost Hermitian manifold, i.e. g(JX,JY) = g(X,Y)
for any vector fields X, Y on M, and (N, p,&,n:, h) is a metric framed ¢-manifold.
Choosing a local Hermitian frame field {e;, Je;} in M, we have the corresponding

holomorphic orthonormal frame field ¢; = g(ei — iJe;) and the anti-holomorphic

frame field g; = g(ei + iJe;). For a smooth map f: M — N we have, after a direct
computation

—‘rQh(f*Jei» Spf*el>]’

(32) |9F P g |00 [P= [0(fucis Foed) + h(FuTew FuTed) -

—2h(fJei, pfxes)].
Definition 3.1. We call
9 P 4y L auf P= ()
and
BF P 4 | af P= ()

partial energy densities. If M is compact,
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EmzAaﬁﬂ,EUPAﬁWHszbEm+Wm,

where E'(f) and E”(f) are called partial energies, and *1 is the volume form on M.

Obviously f is a +(J, ¢)-holomorphic map if and only if E'(f) = 0 and f is a
—(J, ¢)-holomorphic map if and only if E”(f) = 0.

Let w the fundamental 2-form of the almost Kahler manifold (M, g, J), that is the
2-form defined by w(X,Y) = ¢(X,JY) for any X,Y € x(M) which satisfies dw =
0 and Q the fundamental 2-form of the metric framed @-manifold, (N, p, &, n:, k),
defined by Q(X,Y) = h(X,pY), for any X,Y € x(IV), which satisfies d2 = 0.
Consider

(3.3 KU =B =B = [ (fTepfe) o1,
where {e;, Je;} is a local Hermitian frame field.
Since
w(es, e;) = h(Jej,ej) =0,
w(Je;, Je;) = —h(e;, Je;) =0,
w(ei, Jej) = h(J€i7 Jej) = 5ija
then

( [ Qw) = [ Qlei, ej)wlei,ej) + f Qe Jej)w(e;, Jej)+
+f*Q(J€i7 JBj)W(J€i7 Jej) = Q(f*ei7 f*‘]e]) = h(@f*ezv f*JeZ)
Substituting it into (3.3), one obtains

K= [ (row) s
M
Proposition 3.1. K(f) is a homotopy invariant.

Proof. Let fi : M x [0,1] — N be a family of one - parameter maps. Then %f;‘ﬂ
is an exact form, i.e. there exist 6; = f;i(fi2)Q, where i(X)Q denote the interior
product of the vector X with the 2-form €2, such that < f;Q = df,, (see[9]).

It follows that

d d ) [ d B
G =5 [ (rowei= [ (Graw -

:/M<d9t,w>*1=/M<9t,5w>*1:
- /M<9t7—*d*w> %1 = —/M<9t,*d(w)"_1> *1=0.

Theorem 3.2. Let M be an almost Kahler manifold, and let N be a metric framed
p-manifold with the fundamental 2-form ) satisfying d€) = 0. If M is compact, then
any =+(J, p)-holomorphic map is a harmonic map with the minimum energy in its
homotopy class.
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Proof. Tt is sufficient to consider the +(J, ¢)-holomorphic case.

Let f be a +(J, ¢)-holomorphic map. Then E”(f) = 0. Let f; : M x [0,1] — N,
and fo = f.

Then

E(fo) = E'(fo) + E"(fo) = E'(fo) — E"(fo) = K(fo) = K(f:) < E(fy).

Corollary 3.3. Let M and N be as above, fo: M — N a +(J, p)-holomorphic map,
and f; : M — N a —(J, ¢)-holomorphic map. Then f, and f; can not be homotopic
unless they are constant maps.

Proof. If fy is homotopic to f, then
E(fo) = E'(fo) + E"(fo) = E'(fo) — E"(fo) = K(fo) =

= K(fl) = E/(fl) - E//(fl) = *El(fl) - E//(fl) = *E(f1)~
Thus E(fo) = E(fl) =0.

4 Stability of (J,p)-holomorphic maps between a
Kahler manifold and a cosymplectic manifold

Theorem 4.1. Let (M,g,J) be a compact Kéihler manifold with dim M = 2m, and
let (N, ,&,n,h) be a cosymplectic manifold. Let f : M — N be a (J, p)-holomorphic
map. Then

1 -~
/ IV, V)x1= 7/ h(DV,DV)*lJr/ tr(n@n)(VV,VV) x 1,
M 2J/m M

where V € I'(f~'TN), and Jy is the Jacobi operator of f defined by

JiV == (VeVe = Vo )V = Y RY(V.foei)foer,V € D(fTTN),

i=1 i=1

where RN denote the curvature tensor on N. For each V € T'(f~'TN), DV is an
element of I'(f "'TN @ T*M) defined by

DV(X)=V;xV — oVxV,X € x(M),
and (n ®1)(VV,VV) is defined by
(n@n)(VV,VV)(X,Y) = (@ 0)(VxV, V¥ V),
where X,Y € x(M). Then

1) f is weakly stable, that is, each eigenvalue of J; is nonnegative.
2) ker J; ={V € I(f~'TN),DV = 0}.
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Proof. We have, for an orthonormal basis {eq, ..., &m, Jei, ..., Je, } in M

W(DV.DV) = S {h(DV(e:), DV () + H(DV (Jes), DV (Je)} =

= Z{h(%lezv - 90661"/1 6Jei‘/ - <)0681"/)—’—
=1

Hh(=Ve,V = oV, V, =V, V = oV, V).
Since h(pX, Y ) = h(X,Y) —n(X)n(Y") we have

WDV, DV) +0(Ve,VIN(Ve, V) +0(V e, VIN(V 56, V) =

=2 {W(Ve,V, Ve, V) = 20(pVe, V. Ve, V) + h(V e, V.V e, V)
=1

Thus
(4.1 [ IV.v) = SADV.DV) — tr ) (VY FV)] 1 =
M 2
= / i{—h(RN(V, frei) frei, V) — h(RN(V, foJe;) foJei, V) +
M =1
+2h(pVe, V.,V je, V) 5 1,
since

/ WIfV, V)51 = / > {B(Ve, ViV, V) + h(V e, V.V e, V) —
M M=

—h(RY(V, fuei) fuei, V) = (BN (V, fude:) fuei, V)} + 1, (seel8]).
Next, we shall prove that

(4.2) A= RN(V, fre)) feei + RN(V, fuJei) foJei = RN (foei, fiJe;)V.

D. Fetcu

Since (N, ¢, &,m, h) is a cosymplectic manifold we have VN = 0, that is V¥ ¢Y =

eVYY, for any X, Y € x(N), (see[1]).
From this and from (J, ¢)-holomorphicity of f we have

A= —pRN(V, fre;) fude; + oRN(V, fode;) frei =

= RN (fre;, V) fJe; + pRN(V, fuJe;) feei = RN (feei, fuJei)V,
where we used the formulas, for X,Y,Z € x(NV)

RN(X,Y)Z+RN(Y,X)Z =0,

RN(X,Y)Z+RN(Y,Z)X + RN (Z,X)Y = 0.
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From (4.1) and (4.2) we have

(43) [ VY)Y = GhDV.DV) e ) (FV, TV

— [ Y (bR (faes, LTV V) + 29,V V) £ 1
M

To complete the proof, it is sufficient to show the second integral in (4.3) vanishes.
To do this we show

" PN , e 1=
(4.4) /M; W@RN (faes, fode)V,V) % 1

= / Z{h(%ei‘ﬂ%]eiﬁp‘/) - h(ﬁ‘]ei‘/z%&;@v)} * 1
M “

Then the integral in (4.3) coincides with
m ~ ~ ~ ~ ~ ~
| STV, B roV) = T 1oV VeoV) 4 20V Ve V) 1
M =1

which vanishes because %XQDV = @%XV since (N, p,&,n,h) is cosymplectic and

Equation (4.4) can be derived as follows, since [e;, Je;] = V2 .Je; — V. ¢;, one
obtains
(4.5) —h(RN (fues, fuJe)V,V) = M@RY (e, fude)V, V) =

= h(ﬁeiﬁejeiv - 6‘]61667’,‘/ - 6[ei,g]ei]‘/a QOV) =
= ¢;(h(Vye,VooV)) = h(V1e,V, Ve, 0V ) —
—Jei(h(Ve,V,oV)) + h(Ve, Vi Vi, oV) = MV, 56, V,oV) + h(Vy,. .V, oV),

since V and h are compatible.
We define a smooth function s on M by

(46) § = Z{ez v.]m )) - Jei(h(eei‘/a <pV)) -

—h(Vy,, 16, Vo V) + h(Vy,, eV, oV)}.

Let X be a vector field on M defined by ¢(X,Y) = h(VJyV, ©V), for any Y €
x(M).
Then we have

divX = Z{g(ei, VM X) 4 g(Jei, VI X))} = Z{ez( (e, X)) — g(Vilei, X)+

i=1
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m

+Jei(g(Jei, X)) — g(VIL e, X)} = {ei(h(V e, V. V)~

=1

—Jei(h(Ve,V,oV)) = h(Vy, 1e,V.oV) + h(Vy,, ., V,oV)} = s.

Thus
(4.7) / sx1=0.
M
From (4.5),(4.6) and (4.7) we have
[ bR (e fdegVV)y 1= [ 3BTV gV
My M —q

WV 1e,V, Ve, V) 1.

Then, one obtains

[ V) = SHDV.DV) =~ tr( o m)(FV,FV)] 1 =
M

— [ ST T sV = W1V T V) 4 2069 VT V) 5 1 =0
M j—y

Just as above, using Lemma 1.4, we can prove the following

Theorem 4.2. Let (M, g,J) be a compact Kahler manifold with dim M = 2m, and
let (N, ¢, &,m;,h), where i = 1,...,n, be a C-manifold. Let f : M — N be a (J,p)-
holomorphic map. Then

1
/h(JfV,V)*lzf/ h(DV,DV) 1+
M 2 M

+ [ Y en) @IV
M j—y
where V. € I'(f)"'TN, Js is the Jacobi operator of f, and DV is defined as in
Theorem 4.1. Then
1) f is weakly stable, that is, each eigenvalue of J; is nonnegative.
2) ker J; ={V € I(f~'TN),DV = 0}.

Let (M, g, J) be a 2n-dimensional Kéhler manifold with local coordinates {z!, ..., 22"}
and let ¢ be the coordinate on R. Then on M x R set n = dt and £ = %. We define
the metric G on M x R by

0 0 0 0

G((‘X»a&)’ (Ya ba)) = g(X, Y) + (77 ® n)((Xvaa)v <Y> ba))

for any X,Y € x(M) and a,b: M x R — R. In local coordinates G has the expression

G = gijdxidxj + dtdt
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where g;; are the components of g.

On M x R we define the tensor field ¢ of type (1,1) by ¢€ = 0 and ¢(X,0) = JX
for X € x(M). Then (¢,&,n,G) is an almost contact metric structure on M x R. Let
Q be the fundamental 2-form on (M x R, p,&,n,G) defined by Q()Z’7 )7) = G()?, go?)
for any X,Y € x(M x R).

By a straightforward computation one obtains d2 = 0 and dn = 0.

Since (M, g,J) is a Kéhler manifold we have N; = 0, where N is the Nijenhuis
tensor of J.

Let N, be the Nijenhuis tensor of ¢. Then one obtains N,((X,0),(Y,0)) =
N;(X,Y) and N,((X,0),(0,2)) =0 for any X,Y € x(M). Then N, = 0 and since
dQ) = 0 and dn = 0 one obtains that (M x R, ¢, &, n,G) is a cosymplectic manifold.

Let i : M — M xR be the inclusion map. By the definition of ¢ we have i, J = i,
and then i is a (J, ¢)-holomorphic map and, from Theorem 3.2, a harmonic map.

If we denote with V and V’ the Levi-Civita connections of M and M x R respec-
tively, we have

d d d
/ _ (k 70
Va%- dr; 1 Dy, g
d d 0 0
/ _ F/k F
Ml rea s
\v4 9 1k 9 8

%ﬁzrooa + Ooé)t
where I, TS, T, T, Ty are the Christoffel symbols of V.
One obtains
DE T, T =T =T =T — 0.
where Ffj are the Christoffel symbols of V. Hence for a vector field V' = (V, f %) €

L~ 'T(M x R)), where V € x(M) and f: M — R is a smooth function, we have
DV (X) = %JXV’ —eVxV' =

0
=V; JX(Vf ) @V;*X(Vafg):

0
ZVJ)(V—JVXV—I—JX(JC)E

for any X € x(M), since (M, g, J) is a Kéhler manifold and (M x R, ¢,&,1,G) is a
cosymplectic manifold.

Then DV = 0 if and only if V' is a holomorphic vector field, (see[8]), and f is a
constant. Thus, using Theorem 4.1, we have

Proposition 4.3. If (M,g,J) is a Kédhler manifold and (M x R, p,&,n,G) is the
cosymplectic manifold obtained as above then the inclusion map i : M — M x R is
weakly stable. Moreover Ker(J;) = {V' = (V,a2) € I(i"'T(M x R)), where V is a
holomorphic vector field on M and a € R is a constant}.

Acknowledgments. The author expresses his gratitude to professor Vasile Oproiu
for his many valuable advices.

The author also wants to thank to dr. Cezar Oniciuc for reading this paper and
offering valuable suggestions.



24 D. Fetcu
References
[1] D.E.Blair, Riemannian geometry of contact and symplectic manifolds, Birkhauser

2]

[9]

Boston, Progress in Mathematics, Volume 203(2002),pp. x, 260.

D.E.Blair, Geometry of manifolds with structural group U(n) x O(s), J. Diff.
Geom., 4(1970), 155-167.

J.Eells, L.Lemaire, Selected topics in harmonic maps, Am.Math.Soc, Conf.Board
Math.Sei. 50 (1983), pp 83.

C.Gherghe, K.Kenmotsu, Energy minimizer maps on C-manifolds, to appear in
Differential Geometry and Its Applications.

S.I.Goldberg, K.Yano, On normal globally framed f—manifold, Tohoku
Math.Journ. 22(1970), 362-370.

S.lanus, A.M.Pastore, Harmonic maps on contact metric manifold,
Ann.Math.Blaise Pascal, Vol2, No2(1995), 43-53.

V.Oproiu, A global  invariant  of  the  symplectic = manifolds,
An.Sti.Univ” ALL.Cuza”, XXXVI(1990), 393-396.

H.Urakawa, Calculus of Variation and Harmonic Maps, American Mathematical
Society, Providence, Rhode Island, Translations of Mathematical Monographs,
1993, pp viii, 251.

Y.L.Xin, Geometry of Harmonic Maps, Birkhduser Boston, Progress in Nonlinear
Differential Equations and Their Aplications, 1996, pp x, 241.

Dorel Fetcu

Department of Mathematics,
Technical University, Iagi, Romania.
e-mail address: dfetcu@math.tuiasi.ro



