Conformal vector fields on tangent bundle
of Finsler manifolds
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Abstract. Let (M,g) be a Finsler manifold, TM its tangent bundle and
g a Riemannian metric on TM derived from g. Then every complete lift
conformal vector field on M is homothetic.
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Introduction.

Let (M, g) be an n-dimensional Riemannian manifold and ¢ a transformation on M.
Then ¢ is called a conformal transformation, if it preserves the angles. Let V' be a
vector field on M and {p;} be the local one-parameter group of local transformations
on M generated by V. Then V is called a conformal vector field on M if each ¢, is
a local conformal transformation of M. It is well known that V is a conformal vector
field on M if and only if there is a scalar function p on M such that £,, g =2pg where
£, denotes Lie derivation with respect to the vector field V. Specially V is called
homothetic if p is constant and it is called an isometry or Killing vector field when p
vanishes.

There are some lift metrics on TM = U__,, T, M as follows: complete lift metric
or go, diagonal lift metric or g; + g3, lift metric go + g3 and lift metric g; + g2, where
g1 = gijdz'®dal, go := 2g;;dz' ®y’ and g = g;;0y' @0y’ are all bilinear differential
forms defined globally on T'M.

In the study of Finsler geometry the complete lift vector fields have a great sig-
nificance. More precisely let V' be a vector field on the Finsler manifold (M, g(z,vy))
and X°¢ be the complete lift of V. Then V is called a conformal vector field of Finsler
manifold (M, g) if there is a scalar function!  on TM which satisfies £ ,.g = 2Qg.
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1By a simple calculation and vertical partial derivative using commutative property of Lie deriv-
ative one can show that Q is a function of z alone [1].
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For the complete lift vector fields the following results are well known:

Theorem A. [9]:Let (M, g) be a Riemannian manifold, X a vector field on M and
XC complete lifts of X to TM. If we consider TM with metric go then X is a
conformal vector field on TM if and only if X is homothetic on M.

Theorem B. [10/:Let (M,g) be a Riemannian manifold. If we consider TM with
metric g1 + g3 then X is a conformal vector field on TM if and only if X is homo-
thetic.

In a recent work we introduced a new Riemannian and pseudo-Riemannian lift
metrics on TM, g = ag1 + bga + cgs where a, b and ¢ are certain constant real
numbers. That is a combination of diagonal lift, and complete lift metrics, which is in
some senses more general than those who are used previously. We have replaced the
cited lift metrics in Theorems A and B by g. More precisely, we have proved Theorem
C in [3] as follows.

Theorem C. Let M be an n-dimensional Riemannian manifold and let TM be its
tangent bundle with metric g. Then every complete lift conformal vector field on T M
is homothetic.

In the present work we replace the Riemannian metric on M by a Finsler metric
endowed with a Cartan connection and prove the following theorem.

Theorem 1: Let (M,g) be a C* connected Finsler manifold, T M its tangent bundle
and § the Riemannian (or Pseudo-Riemannian) metric on TM derived from g. Then
every complete lift conformal vector field on T M is homothetic.

1 Preliminaries.

Let M be a real n-dimensional manifold of class C*°. We denote by TM — M the
bundle of tangent vectors and by 7w : TMy — M the fiber bundle of non-zero tan-
gent vectors. A Finsler structure on M is a function F : TM — [0,00), with the
following properties: (I) F is differentiable (C°°) on T My; (II) F is positively homo-
geneous of degree one in y, i.e. F(x,\y) = AF(z,y),VA > 0, where we denote an
element of TM by (x,y). (IIT) The Hessian matrix of F? is positive definite on T My;

(9ij) == (% |:5y?2yj FQD . A Finsler manifold is a pair of a differentiable manifold M
and a Finsler structure F' on M. The tensor field g = (g;;) is called the Fundamental

Finsler tensor or Finsler metric tensor. Here, we denote a Finsler manifold by (M, g).

Let V,TM = kerm be the set of the vectors tangent to the fiber through v € T'Mj.
Then a vertical vector bundle on M is defined by VT M = |J, VoTM. A non-

€T Mg
linear connection or a horizontal distribution on T My is a complementary distribution

HTM for VT M on TT M. Therefore we have the decomposition

(1.1.1) TTMy=VTM & HTM.
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HTM is a wector bundle completely determined by the non-linear differentiable
functions N/ (z,y) on T'M, called coefficients of the non-linear connection. Let HT' M
be a non- linear connection on 7'M and V a linear connection on V1I'M, then the pair
(HTM,V) is called a Finsler connection on the manifold M.

Using the local coordinates (x%,y") on TM we have the local field of frames {%, %}

on TTM. It is well known that we can choose a local field of frames {%, %} adapted
to the above decomposition i.e. % € '(HTM) and % € I'(VT M) set of vector fields
on HT'M and VT M, where '
§ _ 90 yi0
(5:171' - (“)xz i 8yj’
and where we use the Einstein summation convention.
Here, in this paper, all manifolds are supposed to be connected.

(1.1.2)

Let (M, g(x,y)) be a Finsler manifold then a Finsler connection is called a metric
Finsler connection if g is parallel with respect to V. According to the Miron ter-
minology this means that g is both horizontally and vertically metric. The Cartan
connection is a metric Finsler connection for which the Deflection , horizontal and
vertical torsion tensor fields vanishes.

Let (M, g(z,y)) be a Finsler manifold with metric Finsler connection the Curvature
tensors of M are defined by

R(X,Y)Z ={[Vx,Vy] - Vxy}Z,

where X,Y, Z € X(TM)
They are called accordingly to the choice of X and Y in HT M or VI'M horizontal
or vertical curvature tensors of Finsler manifold.

Let M be a Finsler manifold and V a Finsler connection on M, then we have [6]

Rl =0 R, =6 R + B R  — FE S+ G R

R g = 5jNih — 62-Njh, where we have put 0; = el 61 ) §; =0; — Nim("am.

— o % T By
If V is a Cartan connection then N = y™F ..

Proposition 1. [5] Let M be an n-dimensional Finsler space with a Cartan connec-
tion, then we have the following equations

1
h __
(1) B =5

9" (8igmj + 6;Gim — OmGij)-

1.
(2) Cijr = §ak9ij where Cijr, = C;"vGjm.
(3) ymC’mij =0.
(4) R" ij — y"R 4

m iy

The Cartan horizontal and vertical covariant derivative of a tensor field of type
(3) are given locally as follows:
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(1.1.3) VT = Tkhi|j =6,T,"; + thkami - kaijh i — kahw
_mh ._ h _ 9 h h m m h m h
Vilyt =15 = 0T + Ol T = G T i = G T e

2 Lift metrics and conformal vector fields.

2.1 Complete lift vector fields and Lie derivative.

Let V = ¢ a?gi be a vector field on M. Then V induces an infinitesimal point trans-
formation on M. This is naturally extended to a point transformation of the tangent
bundle T'M which is called extended point transformation. Let V' be a vector field on
M and {®;} the local one parameter groups of M generated by V. Let ®; be the
extended point transformation of ®; and {@t} be the local one-parameter groups of
TM. If X¢ is a vector field on TM induced by {®,} it is called the complete lift
vector field of V.

It can be shown that the extended point transformation is a transformation induced
by the complete lift vector field of V, X¢ = v'¢; + y? V;0'9; with respect to the de-
composition (1.1.1).

Let M be an n-dimensional manifold, V' a vector field on M and {¢;} a 1-parameter
local group of local transformations of M generated by V. Take any tensor field S on
M, and denote by ¢;*(S) the pulled back of S by ¢;. Then the Lie derivation of S
with respect to V' is a tensor field £,,S on M defined by:

¢ (S) = (9)

t )
on the domain of ¢;. The mapping £,, which map S to £, (5) is called the Lie deriva-
tion with respect to V.

o . .
£,8= a(ﬁt (9)l=0 = Jim

In Finsler geometry the Lie derivative of an arbitrary tensor, T;; k is given locally
by [Yanl]:

£,T, P =0V, T, 40"V 0P ViT, F =T °V0F + T, FVi0,

\

or equivalently,
(2.2.1) £,T7 =020, T,7 + y*0,0°0T," — T;*du0” + T, D"
So we have

(2:22) £y =0"0ay’ +y 00 0y" — y Bav’ = y"Opv" — y 90’ =0,
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(2.2.3) £,Gij = v"0agij + Y 0av"pgi; + GajOv® + Giadjv”.

We have also this interchanging formula between Cartan covariant derivatives and
Lie derivatives.

(2.2.4) Vikygij — £, Vigij = gaj£VFi7€ + gai L, gt'lk'

2.2 A lift metric on tangent bundle.

Let (M,g) be a Finsler manifold. In this section we define a new Riemannian or
Pseudo-Riemannian metric on TM derived from the Finsler metric. This metric is in
some senses more general than the other lift metrics defined previously on TM. By
mean of the dual basis {dx?, §y*} analogously to the Riemannian geometry the tensors;
g1 = ¢;jdx'@dx? gy = 2g;;dr'®6y! g3 = g;;0y' @y’ are all quadratic differential
tensors defined globally on TM, see [9]. Now let’s consider the Finsler metric tensor
¢ with the components g;;(z,y) defined on T'M. The tensor field g = ag1 + 892 + 793
on T'M , where the coefficient «, 3, are real numbers, has the components

( ag By )

Bg g

with respect to the dual basis of T'M. From the linear algebra we have detg = (ay —
(3%)"detg®. Therefore g is nonsingular if oy — 3% # 0 and it is positive definite if o,

are positive and ay — 82 > 0. Indeed § define respectively a Pseudo-Riemannian or a
Riemannian lift metric on T'(M).

Definition 1. Let (M,g) be a Finsler manifold. Consider tensor field § = agy +
Bga + vg3 on TM, where the coefficient o, 3, are real numbers. If ary — 3% # 0 then
g is non-singular and it can be regarded as a Pseudo-Riemannian metric on TM. If «
and 7 are positive such that ary — 32 > 0 then g is positive definite and consequently
can be regarded as a Riemannian metric on T M.

g is called the lift metric of g on TM.

2.3 Conformal vector fields.

Let (I'M,G(z,y)) be a Riemannian ( or pseudo-Riemannian) manifold. A vector field
X € X(TM) on TM is called a conformal vector field on TM if there is a scalar
function 2 on T'M such that

£_G =20G.

If Q) is constant then the vector field X is called homothetic and if () is zero then its
called an isometric or a Killing vector field .
Now let we consider (T'M, g(x,y)) with the complete lift vector field X € of an arbitrary
vector field V on M. Then by above definition we call X¢ a conformal vector field on
TM if

£..§=293.

X
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3 Main results

Analogous to the Riemannian geometry [7], by straight forward calculation we have
the following lemmas in Finsler geometry.

Lemma 1. : Let (M, g) be a Finsler manifold with Cartan connection, then we have;
(1) [Xi, X;] = RY X,

(2) [Xi, X;5] = 0; N Xz,

(3) X, X5] = 0. |

where we put X; = §; and X; = 0; for simplicity.

Let’s denote by £ . the lie derivative with respect to the complete lift vector field
X¢. Then we obtain the following lemma, :

Lemma 2. : Let (M, g) be a Finsler manifold with Cartan connection, then we have;
(1)£Xch = —8ithh - £VN}:XE7
(2)£XCX{ = —&ithg,
(3)£ . dah = O, 0" dx™,
(4) £ .. 6y" = £, N" dz™ + 0,0 5y™.
Proof. (1) £,.X; =[X° X}]
= ['UhXh + ymvh|mXE 7Xz]
= 0" [Xp, Xi] = X (0") X +ymoM [ X7 Xi] - Xa(y™ot,) Xy
= —8Z-thh - "{’)VN};XE
Thus we get (1). We can prove (2) by the same way as the proof of (1). Next we prove
(3). Since (dz", 6y") is the dual basis of (X, X5,), if we put

£ dzh = ol dz™ 4 gl sy™.

Then we have
0= L. (da"(X})) = (£ oda™ X + da"(£ .. X;) = ol — 90",
and
0= £, (da"(X7)) = (£ o dz™) X5+ da" (£ .. X7) = B
Thus we get (3). By the same way as the proof of (3), we can prove (4). O
Lemma 3. : Let (M, g) be a Finsler manifold with Cartan connection, then we have;
()£ (gigda’da?) = (£, gij)da’da?, o
(2)£ e (9i5dx"6y”) = gmi(£, N7 )dx'dx? + (£, gij)dx' 0y’
(3) £ xe (9ijdx’ oy’ ) = 2(gmi L, N'7)dx'6y7 + (£, 9ij)0y" oy’
Proof. By mean of above lemma, we get
£y (gijdatda?) = X¢(g;5)datda? + 2g;;(£ . dx")dx?
= (V" Xy + ymvh|mXﬁ)(gij)dxid:Uj +29;; (Opmvidz™)da?

= (f:vgl])dl’zd’lfj .
Thus we have (1). (2) and (3) are easily proof by the same way as the proof of (1). O

xc
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Theorem 1. Let (M,g) be a C> connected Finsler manifold, TM its tangent bundle
and g the Riemannian (or Pseudo-Riemannian) metric on TM derived from g. Then
every complete lift conformal vector field on T M is homothetic.

Proof. Let V be a vector field on M, X¢ the complete lift vector field of V which is
conformal and g be a Pseudo-Riemannian metric on TM derived from g. We have by
definition £ ,.g = 2€}g. The Lie derivative of g gives
£.cG=alL,gij)da'da’ +2B(£, gi;)da' 8y + 2Bgai(£, N{)da'da?
+7(£4,9i5)0y' 0y + 279aj (£, Ni')dz' 0y’
(3.1)

So we have

£ieg=lat, gij + Qﬁgai.,EvNﬁdxidxj
+[28£,, 9ij + 27vgaj £, N ]da' 5y’
+y(£y 9i5)0y" 6y’

= 203.

Comparing with the definition of g, we find;

(3.2) Ly, gij + B(gaiLy N + gaj £, Ni') = 208gi;.
(3.3) BELy gij + Vgaj £, Nit = 20g;;.
(3.4) YLy 9ij = 27vQgi;-

I) If v # 0 then from (3.4) we have
fvgij = QQgij,

and from (3.3) we have

£,Nj=0.
Using this and N} = y™F" . we get
(3.5) 0:£VNih:£v(ymFrZi):ym£vF¢n i

Where the last equality holds from equation (2.2.2).
II) If v = 0 since ary — 32 # 0 we have 3 # 0 so from (3.3) we have

£,9i; = 204,

and from (3.2) we have
gm‘fva; -l-gajvaia =0.

Using this and equation (2.2.2) and N¢ = y*F{ ., we have
(3.6) Y (9ai Ly F j+ 9aj £, Ff ) = 0.

In each case I) and II) we have
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(3.7) £, 9i = 20gi;,
or from equation (1.6)
V" 0mGij + gm;iOiv™ + gim0;v™ + y* g™ 'mgij = 2Qg,;.
Applying 9y to the both side of the above equation, we find;
20" 9, Ciji + 20,k 0™ + 20k 00™ + 2050™ Cyjm + 2y 00" 0 Cijrm.
= 20;;0,Q + 4QCs..

By using y'C;jx = 0, we obtain 9, = 0. Therefore € is a function of z alone.
From (2.2.4) we have

Y (Vidygis — £, Vi) =Y (Gai £y Fih + gaj £, Fik)-

By using (3.5),(3.6) and (3.7) in each case I) and II) we find that

¥V = 0.
Since €2 is a function of x alone, we obtain 0;2 = 0. This together with connectedness
of M, shows that €2 is constant. O
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