Thermodynamics of materials with internal variables
in the context of the Green and Naghdi theories

V. Ciancio and R. Quintanilla

Abstract. In this paper we propose some thermodynamic theories of ma-
terials with internal variables. In concrete, we extend the arguments of the
theories of the thermoelasticity of type I, II and III proposed by Green and
Naghdi to the case of materials with internal variables. We state the sys-
tem of equations in the linear case when the material is centrosymmetric.
We end with an existence and uniqueness result for the linear equations
in the cases of type I and II.
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1 Introduction

The usual theory of heat conduction based on the Fourier law allows the phenomena of
the ”infinite diffusion velocity”. This is not well accepted from a physical point of view.
The articles of Dreyer and Struchtrup [11] and Caviglia et al. [1] provide an extensive
survey of work on experiments involving the propagation of heat as a thermal wave.
They report instances where the phenomena of second sound has been observed in
several kinds of materials. In [10, 9] and in the books of Jou et al. [18] and Miiller
and Ruggeri [23] alternative formulations for the heat conduction are considered. In
the recent surveys of Chandrasekharaiah [3, 2] and Hetnarski and Ignaczak [17] the
theory proposed by Green and Naghdi [12]-[16] is considered as an alternative way of
formulation of the thermomechanical theories. This theory is developed in a rational
way to produce a fully consistent. It makes use of a general entropy balance rather
than an entropy inequality. The development is quite general and the characterization
of material response for the thermal phenomena is based on three types of constitutive
functions.

We consider this theory that is a good model to explain the heat conduction for
several kinds of solids and fluids. A natural question is to know what happens when
the mechanical structure is more complicated than the simple elastic materials. In
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fact the works of Green and Naghdi [13] seem to have a similar point of view, but in
a more general context. Here, we try to extend this theory to the case of materials
with internal variables.

We believe that the mathematical and physical analysis will reveal the usefulness
of this theory and it is to this end that the present paper is addressed. In this sense
our work tries to follow the work initiated in [24, 25].

Materials with internal variables have deserved a great attention in recent years
(19], [20],[22], [21]. This theory allow us to describe several inelastic questions [§],
[6], [4]. It is worth recalling the works of Ciancio et al. [7, 5], where the authors
proposed a thermodynamic theory for thermoelastic and viscoanelastic solids with
non-euclidean structure in which an additional dissipation occur no related to heat
conduction. In these references the non-euclidean structure is described by a intrinsic
material metric in which the metric tensor, G, plays a role of thermodynamic internal
variable and whose evolution obeys the usual thermodynamic constrains of positive
rate of dissipation and the thermal structure was based on the entropy inequality.

Inspired in this approach we propose a theory of materials with internal variables
where the thermal structure is based in an entropy equality following the works of
Green and Naghdi.

The structure of this paper is as follows. In the second section we give some
preliminaries concerning the basic equations and variables in the theory of Green and
Nagdhi. The basic equations for the theories of type I, II and III are developed in
the sections three, four and five respectively. In section six we propose the existence,
uniqueness and continuous dependence of solutions with respect initial conditions and
supply terms for the linear problem of the type I theory. In the last section we make
the same, but for the type II theory.

2 Preliminaries

In this section we summarize the main kinetic, basic concepts and balance equation
in the form proposed by Green and Naghdi [12]-[16]. We consider a material volume
B with boundary 9B; and we denote B the corresponding region in the reference
configuration.

The equations for mass conservation and balance of linear momentum are

(2.1) p+pdiv i =0,

(2.2) pi = div T + pb.

In equations (2.1), (2.2), (X, t) means the motion of the point which in the reference
configuration occupies the point X at the moment ¢, p is the mass density in the
reference configuration, b is the external body force and T is the stress tensor. The
expression div means the divergence operator with respect the material coordinates.

The main thermal variables that we will utilize in the remainder of the paper are:

1. « is the thermal displacement, o = (X, t).

2. 0 is the temperature, & = 6.

3. S is the external rate of supply entropy.

4. £ is the internal rate of production of entropy.
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5. @ is the internal flux of entropy.

6. ¢ = 0 ® is the heat of flux.

7. n is the entropy.

The balance of the entropy can be postulated as

(2.3) pn = p(S+¢) + div ®.
The balance of the energy can be written in the form
(2.4) pé=T:Vi+ div ¢+ pS0,

where e is the internal energy. If we introduce the free energy

(2.5) U =e—0n,
we obtain
(2.6) p(W +0n) — T : Vi + phé — & - VO = 0.

3 Theory of type I

In the theory of type I we postulate the following constitutive equations

(31) W= W(A), T = T(A), n=i(4), ® = B(A), € = £(A), G = H(A)
where
(3.2) A= (Vz,0,V0,G).

We assume that the response functions are of C''-class. Substituting the constitu-
tive equations into (2.6), we have

(3.3)
o

P(% +1)0 + (

v ov . o .
—— —1T):Vi - _P- .G =0.
Pova ) Va:—l—pave Vo V9+p§9+paG G=0

From this equality we see that the constitutive equations which are compatible
with the energy equation have the form

ov ov ov
ov .
. 0 =P -V —p— :G.
(3.5) IS VO—pom:G

In the relation (3.5) we see that the constitutive equation for the internal rate of
production of the entropy can be given in terms of the internal flux of the entropy
and the constitutive equations for the variation of the internal variables.
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The equations which govern the evolution of the thermodynamics of materials with
internal variables in the context of the theory of type I are given by the evolutionary
equations (2.2), (2.3) and the constitutive equations (3.4), (3.5).

If we assume that

Oe
we can consider the set of variables
(3.7) A= (e,Vz,V0,G).

If we apply again the energy equation we see that

(3.8)

p(l—ﬂgn)e+(p9%+T) Vx+p068ve Vé—@-V9+p9£+pﬁg—g:C:O.
Thus, we obtain

(3.9) - . B

and

(3.10) e =@ vo— o020 ¢

oG

In the remain of this section we assume that at time ¢ = 0, we have
(3.11) 0(X,0) =Ty, G(X,0) =Gy,
where Ty and Gy are constants. We denote by
(3.12) u; = x; — 0;4X4a, h=G— Gy,
where §;4 is the Kronecker delta and
(3.13) T=0-"T,.
In the linear theory we assume that
(3.14) u=eu, T=€eT', h=el,

where € is a parameter small enough for the squares and higher powers to be neglected
and «/,7" and b’ are independent of e.
In the case of centrosymmetric materials we assume that

1 1 1
(3.15) p\Il:§Vu:CVu—iaT2—T,3:Vu+Vu:m1h—Tm2:h+§h:m3h

(3.16) ® = K VT,
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(3.17) h = msVu + T ms + mgh.

where my,ms, mg, mg are tensors of order four while 3, Kg, h, ma, ms of order two.
Here C and K satisfy the symmetry

(3.18) Cc=C" Ky=K§.

The tensor C'is called elasticity tensor, a, K and 3 are related with the heat capacity,
thermal conductivity and the thermal dilatation and myq, ..., mg are related with the
internal variables.

From (3.4), (3.5) we have

(3.19) T=CVu—BT+mih, pn=0:YVu+my:h+al, £=0.

Thus, the system of equations that governs our problem is

(3.20) pit = div (CVu— BT +mih) + pb,

(3.21) al = =B : Vit —msy : (m4Vu +msT + mgh) + div (KoVT) + pS,
and the equation (3.17). It is worth noting that equation (3.21) can be written as
(3.22) al = —B:Vi+ div (KoVT) +py : Vu+py: h+p3T + pS,

where p;,p, and ps can be given in terms of the m;.
To have a defined problem we need to impose boundary and initial conditions.
The Dirichlet homogeneous boundary conditions are

(3.23) u=0, T=0 Xe€dB.
The initial conditions are
(3.24) u(X,0) =u’, a(X,0) =", T(X,0)=T°h(X,0)=h".

Remark. A particular case corresponds when m; = my4 = 0. Then p; = 0 and py, p3
are easily computable.

4 Theory of type 11
For the theory of type II we postulate constitutive equations (3.1) where
(4.1) A= (Vz,0,Va,G).

In this case we obtain the relation

ov

ov .

(4.2) p(% +n)0 + (pa—v\l'x —T): Vi +(

From (4.2) we see that the constitutive equations which are compatible with the
energy equation take the form
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ov ov o .
(4.3) ‘I’—‘I’(A)M?——@aT—Pmy‘I’—Pm»G—H(A)
ov .

Thus, we see that the constitutive equation for the internal rate of production of
entropy can be given in terms of the variation of the internal variables. For the theory
of type II the system of equations which governs the evolution of the thermodynamics
of materials with internal variables is given by the equations (2.2) and (2.3) with the
constitutive equations (4.3), (4.4).

When we assume that condition (3.6) holds, we may consider the set of variables

(4.5) A= (Vz,e,Va,G).

The energy equation implies that

(4.6)
A} on : on o .
102" L 4T —L _3). ZL.G=o.
p( eae)e+(peaw+ ): Vit + (pb 5ot — ) -V + pb + pfp % G =0
This relation implies that
. On on on
1—7 = — _— = _—
(47) O = T= P50 =500
and
an
4. =——:G.
(48) ¢ oG ¢

Now we state the linear equations which govern the problem in the case of the
type II theory. In the remain of this section we assume that at time ¢ = 0, we have
(3.11) and

(4.9) a(X,0) = ag,

where ag is constant. We also use the notation of (3.12), (3.13) and

¢
(4.10) T = / T(s)ds.
0
It follows that
(4.11) a=17+ Tt +ay, Va=Vr, 7=T.

In the linear theory we assume that u,T,h are given as in (3.14). In the case of
centrosymmetric materials we assume that

(4.12)
1 1
p\I/=§Vu:CVU—*

1 1
2aT2+§VT-KVT—ﬂ:VuT—I—Vu:mlh—ng:h—i—ih:mgh,
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and h is given in (3.17). Again C satisfies the symmetry (3.18) and K is also symmet-
ric. The meaning of the tensors C, a, 3 and my, ..., mg is given in the previous section.
Here we have a new tensor K. This is a tensor which is usual in the type II theory.
We have that T, pn and £ are given as in (3.19). A relevant difference is that

(4.13) ®=KVr,

Thus, the system of equations that governs our problem is

(4.14) pii = div (ovu — BT + m1h> + pb,

(4.15) ai=—B:Vi—my: (m4Vu +msT + mﬁh) + div (KV7) + pS,
and the equation (3.17). It is worth noting that equation (4.15) can be written as
(4.16) at = —0B:Viu+ div (KVT)+p;: Vu+py: h+psT + pS,

where p;,p, and ps can be given in terms of the m;.
To have a defined problem we need to impose boundary and initial conditions.
The Dirichlet homogeneous boundary conditions are (3.23) and

(4.17) 7=0, X€0B.
The initial conditions are (3.23) and
(4.18) 7(X,0) = 7.

Remark. We can do a remark with respect the tensors p, which is similar to the one
at the end of the previous section.

5 Theory of type III

In the case of the theory of type III we have the following set of variables

(5.1) A= (Vz,0,Va,V,G).

The energy equation gives

5:2) p(5E +m0 +(pRE —T): Vi+ (pges — ) - Vo
+p 2L N0+ p€h + p2L G = 0.

In this situation the constitutive equations which are compatible with the energy
equation take the form

ov ov ov

(53) 7:0777:_%’T:p%a

v G=HA)



Thermodynamics of materials 23

ov ov

(5.4) Pef:—l)ﬁié_(ﬂavﬁ—d’)'ve-

When condition (3.6) holds, we can use the set of variables
(5.5) A= (Vz,e,Va,V0,G).

A similar argument to those used previously shows that

_ on on
1_9N 0N
(5.6) 07t = S0 T = b,
and
_On ov
(5.7) pl¢& = 3G G (p—ava ) - V0.

Now we state the linear equations which govern the problem in the case of the
type III theory. In the remain of this section we assume that at time ¢t = 0, we have
(3.11) and (3.12). We also use the notation of (3.13) and (4.10). It follows (4.11).
Again u, T, h are given as in (3.14). In the case of centrosymmetric materials we have
that p¥ is given as in (4.12) and h is defined as in (3.17).

We have that T, pn and £ are given as in (3.19). A new relevant difference is that

(5.8) ¢ = KoVT + KVt

Here we have tensors K, and K. They are usual in the type III theory. Thus, the
system of equations that governs our problem is

(5.9) gii = div (cvu BT + m1h> + b,

(5.10) at =—0B:Vi+ div (KVT+ KoVT)+p; : Vu+py : h+ psT + pS,

and the equation (3.17).

6 Existence in type I

In this section we obtain an existence theorem of solutions of the problem determined
by system (3.20), (3.22), (3.17), initial conditions (3.24) the boundary conditions
(3.23). To this end we assume that

(i) p>0and a > 0.

(ii) There exists a positive constant Cj such that

(6.1) Vu: CVu > CoVu : Vu.

(iii) There exists a positive constant Ky such that

(6.2) VT K VT > KoVT - VT.
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We now transform the boundary-initial-value problem into an abstract problem
on a suitable Hilbert space. We denote

Z = {(u,0, T, h);u € Wi v € I3, T € I*,h € [L*]"},
1,2 2 1,2 2 1,2]°
where W and L¢ are the usual Sobolev spaces and W“ and L* means [WO’ }
3
and {LQ] respectively.
Let us consider the operators
A(u) = p~ ! div (CVu),
BT = —p~t div BT, Dh=p~ ! div mih,
L(u) = a (p, : Vu), M(v)=—a"*(8:Vv),
QT = a ' div (KoVT) +a Y (psT),Nh = a (py : h),
Jl (U) = m4Vu, JQT = m5T, Jgh = mﬁh,
and

(6.3) A=

)

o

0
D
N

o= o~
SO Qe

Ry

J3

where [ is the identity operator.
We note that

2
(W5 AW22) x Wi x Wo? x [wh2],

is a subset of the domain of A that is dense in Z. Our boundary-initial-value problem
can be transformed into the abstract equation

d
(6.4) T = Aw(t) + F (1), w(0) = wo,
where
w=(u,v,T,h), wo=(u’,v° T° RO),
and

F(t) = (0,p~"b, pa™"5,0).

We introduce in Z the following inner product

(6.5) < (u,v, T, h), (u*,v*, T h*) >

1

= 5/ (pv.v* +alT* + Ah: h* 4+ Vu: CVu* + (Vu:mih* + Vu* mlh))dV,
B

where ) is a sufficiently large positive constant in order to guarantee that this bilinear

form defines an inner product in the Hilbert space Z. It is equivalent to the usual one

in this space
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It is worth noting the inclusion of the term Vu : mih*+Vu* : m1h in the definition
of the inner product. The point is to control the derivative of the term v.v. Then,
we need to include the parameter (sufficiently large) A to assure the positivity of the
energy.

Now, we use the theory of semigroups of linear operators to obtain the existence
of solutions for the equation (6.4).

Lemma 6.1. The operator A satisfies that there exists a positive constant py such
that

(6.6) < Aw,w >< | |w] 2.
for any w in the domain of A.

Proof. Let w be in the domain of A. Using the divergence theorem and the
boundary conditions, we find that

< Aw,w >= / (Vu :my(maVu +msT +meh) +Tpy : Vu+Tpy : h + psT?
B

FA(maVu + msT + mgh) : b — VT.KOVT) dv.

It is clear that we can select a positive constant v such that

<Aw,w>§u/ (Vu:Vu+T2+h:h)dV

B
Then, we can obtain y; satisfying estimate (6.6).

Lemma 6.2. The operator A satisfies that there exists a positive constant us such
that

(6.7) Rang (uZ — A) = Z.
2
Proof. Let w* = (u*,v*, T*, h*) € (W>?)2 x W22 x [Wl’z} . We must prove that
the equation
(6.8) pow — Aw = w”,

has a solution w = (u,v,T,h) € D(A) for s sufficiently large. From the definition of
A, we obtain the system:

(69) Hot — v = u*,
(6.10) v — Au— CT — Dh = v,
(6.11) ol — Lu — Mv— QT — Nh=T7,

(612) ,U,Qh*JﬂJ,*JQT*Jthh*.
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Substituting (6.9), in (6.10), (6.11), we get

(6.13) pau — Au — CT — Dh = pgu® + v*,
(6.14) woT — Lu — poMu — QT — Nh=T" — Mu*,
(6.15) ,ugh—Jlu—JgT—Jgh:h*.

To study the system (6.13)-(6.15) we introduce the following bilinear form on
2
W2 x Wy x [ 17]

(6.16)
us — A —C -D u
By, [(u, T,h), (4, T’ E)} =< |—p2M—-L pa—0Q -N T\, (a, T, il) >
—J1 —Jy  pp—Js) \h

After several uses of the divergence theorem and the arithmetic-geometric mean in-
equality we can prove that B, (for po sufficiently large ) is bounded and coercive.
The right hand side of (6.13)-(6.15) lies in W' x W~! x L?. Hence Lax- Milgram
theorem implies the existence of a solution of the system (6.13)-(6.15). Thus, we can
solve the equation (6.8).

The previous lemmas and the use of the Lumer-Phillips corollary to the Hille-
Yosida theorem allow us to obtain the theorems:

Theorem 6.1. The operator A generates a quasi-contractive semigroup in Z.

Theorem 6.2. . Let us assume that the conditions (i)-(iii) are satisfied and the
supply terms b € C*([0,T], L*(B)) N C°([0,T], Wy*(B)), S € C'([0,T], L*(B)) N
C’O([O,T},W(}’Q(B)). Then, for any (ug,vo,To, ho) in D, there exists a unique solu-
tion to the evolution equations; namely, there exists a unique (u(t),v(t), T(t), h(t)) €
C*([0,T], 2) N C°([0,T], D).

Since the solutions are defined by means of a quasi-contractive semigroup, we may
obtain a continuous dependence of the solutions upon initial data and body loads. In
particular we have the following estimate for the solutions

(6.17) [1(u(®), v(), T(2), h(B))]] < eXp(5t)(||(UO7UO,To’ho)H

+/Ot (/B(b.b+52)dv)l/2).

Thus, under assumptions (i)-(iii) the problem of the linear thermodynamic theory
materials with internal variables in the context of the type I theory is well posed.

Remark. When m; = 0 we can take in (7.5) the parameter A = 1. When we
assume that m4 = 0, we obtain that

< Aw,w >< / (Tp2 h4psT? +Tms : h+mgh: h — VT.KOVT)dV.
B
Thus if we assume that the expression inside the integral is less or equal than zero the

semigroup is dissipative and when the supply terms are absent we obtain stability of
solutions.
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7 Existence in type 11

In this section we obtain an existence theorem of solutions of the problem determined
by system (4.14), (4.16), (3.17), initial conditions (3.24), (4.18) the boundary condi-
tions (3.23), (4.17). To this end we assume that conditions (i), (ii) of the section 6
hold. We also assume that

(iii’) There exists a positive constant Ky such that

(7.1) V7-KV7T>K)VT-VT.

Again we transform the boundary-initial-value problem into an abstract problem
on a suitable Hilbert space. We denote

Z={uv,r,T,h);ue W reWhve 2T he {Lzr}.
Let us consider the operators
Au) = p~ ! div (CVu),
BT = —p~ !t div BT, Dh=p~! div mih,
L(u) =a Y(p, : Vu), M(v)=—a"(B: V),
Qr =a ' div (KV7),RT = a *(psT), Nh =a"*(py : h),
J1(u) = myVu, JoT = msT, Jsh = mgh,

and
0O I 0 0 O
A 0 0 C D
(7.2) A=10 0 0 I 0|,
L M @@ R N
Ji 0 0 Jy Js

where I and I are the identity operator in the respective spaces.
We note that

2
(W52 NW22) X W3 x Wy nW22) x wy? (w2

is a subset of the domain of A4 that is dense in Z. Our boundary-initial-value problem
can be transformed into the abstract equation (6.4) where

w=(u,v,7,T,h), wy=(u’ 0’70 1% n%,
and
F(t) = (0,p7b,0,pa"15,0).
We introduce in Z the following inner product
(7.3) < (u,v,7,T,h), (u* 0", 75, T h*) >
1

= 5/ (pv.v*—kaTT*—H\h ch*+Vu: CVU*+VT.KVT*+(Vu cmih +Vau* mlh))dV,
B

where ) is a sufficiently large positive constant in order to guarantee that this bilinear
form defines an inner product in the Hilbert space Z. It is equivalent to the usual one
in this space
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Lemma 7.1. The operator A satisfies that there exists a positive constant i such
that

(7.4) < Aw,w >< pa||w] .
for any w in the domain of A.

Proof. Let w be in the domain of A. Using the divergence theorem and the
boundary conditions, we find that

< Aw,w >= / (Vu :my(maVu +msT +mgh) +Tpy : Vu+Tpy : h + psT?
B

+MnMVu+n%T+ﬁmm)JOdV

It is clear that we can select a positive constant v such that

< Aw,w >< u/ (Vu :Vu+T? + h:h)dV.
B
Then, we can obtain p; satisfying estimate (7.5).

Lemma 7.2. The operator A satisfies that there exists a positive constant us such
that

(7.5) Rang (u2Z — A) = Z.
2
Proof. Let w* = (u*,v*,7%,T*, h*) € (W*?)? x (W??)? x [WLQ} . We must
prove that the equation
(7.6) pow — Aw = w®,

has a solution w = (u,v,7,T,h) € D(A) for us sufficiently large. From the definition
of A, we obtain the system:

(7.7) Mot — v = u’,

(7.8) tov — Au — CT — Dh = v*,

(7.9) por —T =77,

(7.10) pel — Lu — Mv—Qm — RT — Nh=T",
(7.11) pioh — Jru — JoT — Jsh = B,

Substituting (7.7), (7.9) in (7.8), (7.10), we get

(7.12) pau — Au — C1 — Dh = pou* +v* + C1*,
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(7.13) pat — Lu — poMu — QT — poRT — Nh = pom* — RT* — Mu*,

(714) /,&Qh—Jlu—IuQJQT—J?,h:h*—JQT*.

To study the system (7.12)-(7.14) we introduce the following bilinear form on
2
W2 x Wy x [1?]

(7.15)
ui— A —usC -D u
B,., [(u, 7, h),(a,%,ﬁ)} —<|—pM—-L 2-Q-—wR -N | (a7 h) >
—J1 —p2d2 po — J3 h

After several uses of the divergence theorem an the arithmetic-geometric mean in-
equality we can prove that B, (for po sufficiently large ) is bounded and coercive.

2
The right hand side of (7.12)-(7.14) lies in W™ x W1 x {Lz] . Hence Lax- Milgram

theorem implies the existence of a solution of the system (7.12)-(7.14). Thus, we can
solve the equation (7.6).

The previous lemmas and the use of the Lumer-Phillips corollary to the Hille-
Yosida theorem allow us to obtain the theorems:

Theorem 7.1. The operator A generates a quasi-contractive semigroup in Z.

Theorem 7.2. . Let us assume that the conditions (i)- (i) and (iii’) are satisfied and
the supply terms b € C1([0,T), L*(B)) N C°([0,T], W (B)), S € C([0,T], L*(B)) N
Cc°([0,T], Wol’z(B)), Then, for any (ug,vo,To, Lo, ho) in D, there exists a unique solu-
tion to the evolution equations; namely, there exists a unique (u(t),v(t), 7(t), T(t), h(t)) €
c([0,T],2)nC°([0,T],D).

Since the solutions are defined by means of a quasi-contractive semigroup, we may
obtain a continuous dependence of the solutions upon initial data and body loads. In
particular we have the following estimate for the solutions

(7.16) [1(u(®), v(t), 7(t), T(£), h(t))]| < eXP(5t)(|I(uO,vo,To,To,ho)H

+/0t (/B(b.b+52)dv)1/2).

Thus, under assumptions (i)-(ii) and (iii’) the problem of the linear thermodynamic
theory materials with internal variables in the context of the type II theory is well
posed.

Remark. When m; = 0 we can take in (7.5) the parameter A = 1. When we
assume that m4 = 0, we obtain that

< Aw,w >:/ (Tp2 ch4+psT? +Tms - h+m6h:h)dV
B
Thus if we assume that the expression inside the integral is less or equal than zero the

semigroup is dissipative and when the supply terms are absent we obtain stability of
solutions.
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Remark. An existence theorem could be obtained in a similar way in the type 111

theory.
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