The L-dual of an («, 3) Finsler space
of order two
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Abstract. In ([12]), ([8]) the prolongation to Osc> M of Riemannian, Fins-
lerian and Lagrangian structures were introduced. These allow us to con-
struct, in this paper, a Randers, Kropina and Matsumoto space of second
order and also to give the £-dual of these special Finsler spaces of order
two, using Legendre transformation of second order.
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1 Introduction

The L-duality of Finsler and Lagrange spaces was introduced by R. Miron ([10]) and
was intensively studied by others, including the last author of this article.

Concrete cases of Hamiltonians obtained by L-duality methods were also con-
structed. In special the £-duals of some («, 3)-metrics like Randers and Kropina are
quite interesting ([4]), ([5]). Moreover, very recently ([13]) have succeeded to compute
the £-dual of another famous («a, 3)-metric, namely the Matsumoto metric. We have,
actually, shown that the £-dual of a Matsumoto metric is a Hamiltonian written by
means of four quadratic forms and a 1-form.

A natural question arises: what are the duals of second order Randers, Kropina
and Matsumoto metrics? In the present paper this is the question we are going to
answer.

By means of the prolongation of a Riemannian metric to second order introduced
by R. Miron ([10]) we define the second order Randers, Kropina and Matsumoto
spaces. Using then the second order Legendre transformation ([9]) we compute the
L-duals of these metrics. The £-duals obtained are the first order Randers, Kropina
and Matsumoto spaces, respectively. Initially we hoped to obtain same second or-
der metrics as the duals of second order Randers, Kropina and Matsumoto metrics,
respectively. The present paper is a kind of rigidity result showing that using the
definitions of the second order («, 3)-metrics and the £-duality defined by (2.12) the
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L-duals of these second order metrics can be only first order («, 3)-metrics. The main
reasons behind the rigidity is the definition (2.12) of £-duality.
The present rigidity results easily extend to the higher-order.

2 The Legendre transformation

Let us consider a Lagrange space of order two ([8]) denoted by L™ = (M, L(x, y™", y?)),
where L : (z,yM,y?) € T?2M — L(z,y™",y?) € R is the fundamental function
and ¢;; is the fundamental metric tensor given by:

1 0%L
B O Dy~ =
(21) Cij (.13, Yy ) - 2 ay(Q)zay(Q)] '

If M is paracompact manifold, the existence of second order Lagrange spaces, with
positively defined fundamental tensor field is always assured ([8]). In this case, there
is also a Riemannian metric a on M. Then, the Liouville d-vector

(2.2) 22 =y g DIy Ok,

is globally defined on E, where
E = 0sM\{0} = {(z,yV,y?) € Osc* M|rank|yV!| = 1}

and it depends only on the metric a. Here *y;k are the Christoffel symbols of Rie-
mannian metric a.

The Liouville d-vector z(2)

allows us to construct not only the regular Lagrangian:

Lz, y D, y@) = %(aij(sc)z(2)iz(2)j)27
but also some others, for example, putting a? = a;; (2)2P12(27 and B = b;(z)2?? a
differential linear function in z(®*. This is the Prolongation of a Riemannian metric
to Osc®?M, introduced by R. Miron in ([10]).
It is known, ([9]), a Finsler space of order two F®" = (M, F(z,y™",y®)) is a
Lagrange space of second order L2 = (M, L(z,y™"), y?)) with

(2.3) Lz, yM,y®) = F(z,yM,y?),

having the fundamental function F' positively, 2-homogeneous with respect to y(®?,
the fundamental tensor c;; positively defined. In this way, we can define an (a, )
Finsler spaces of order two as follows:

1. a Randers space of second order having the fundamental function:
(2.4) F(z,y™,y®) = a(z,y,y®) + Bz, 4, y?),

2. a Kropina space of order two with fundamental function:

a?(z,yW,y?)

1 ,@y_ = \d »Jd )
(25) F(-T;y Y ) - 5($,y(1)7y(2)) y
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3. a Matsumoto space of order two with:

Ck(.’E, y(l)a y(2)) - ﬁ(‘rv y(l)a y(2)) -

(2.6) F(ac,y(l),y(g)) =

The fundamental function is called, like in classical case, an (o, 3)-metric if F is
homogeneous of o and g of degree two.

Let us consider a Hamilton space of order two H®™ = (M, H(z,y,p)) with the
regular Hamiltonian H : T*2M — R, differentiable on T*2M and continuous on
the zero section of the projection 7*? : T*2M — M, having the fundamental tensor
field:

1 0’H
2 8p¢8pj ’

(2.7) 97 (x,y,p) =

with constant signature on the manifold T*2M.

Let C" = (M, K(z,y,p)) be a Cartan space of order two. From ([12]) is known,
that is a Hamilton space of second order H®" for which the fundamental function
H(z,y,p) is 2-homogeneous with respect to momenta p; and

(2:8) H(z,y.p) = K*(x,y,p).
Proposition 1.1 ([12]) For any Cartan space of order two we have:

1. The components g*(x,y,p) of the fundamental tensor are 0-homogeneous with
respect to p;.

2.
1 9K? -
2. t — 4.
(2.9) 5 ap, 9P
3.
(2.10) 97 (z,y, p)pip; = K*(z,y,p),
/.
- . 1 O3K?2
2.11 Ok~ cuk— - Y%
@11) P 4 Op;0p;Opy

Let g;j(x,y,p) be the covariant tensor of ¢ (z,y,p) .
A point (z,y™), y?)) of the manifold T2M will be denoted by (y(®,3™M), y?)) and its
coordinates by (y(©7, M y(2)%) ([9]).

For a Lagrange space of order two, one can consider ([12]) a local diffeomorphism
@ : T?M — T*?M which preserves the fibers, in the following:
Proposition 1.2 ([12]) If L is a fundamental function of a Lagrange space of order
two, L™ then, the following mapping:

(2.12) v (9, yM,y?) € T2M — (2,y.p) € T*2M,
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given by:

1 9°L

xi = y(O)iv yl = y(l)iv i = §W7

1s a local diffeomorphism which preserves the fibers.

This local diffeomorphism is called the Legendre transformation of
second order.
It is also known, ([12]),

1 %L

- 55y(2)z = @Z(y(0)7y(1)7y(2))7

Di

and ¢; is a d-covector field on L(®™,

The inverse local diffeomorphism & = o1

is given by:
yOi = gi Wi i (@i £i(z,y,p).
The mappings ¢ and £ satisfy the conditions:
Eop=1y, ¢ol=1y, U=(x*)"YU), U= x**)""(U), UcCM.

The following identities hold good:

390‘ . agi
(0) (1) L (2)y = i i _
ng(y 71/ 7y ) - ay@)ﬂ7 c (%%5(%%?)) - 6p]7
and
Opi _ _, 08 Opi_ 08 Opi
oxi Cowi’ Oy oy’ oy@i T
o¢’ —_ is 005 | o' _ _01‘53%08, o — i
oxl ozl Oyl oyl Op; ’

By means of the mapping ¢, ([12]) a regular Lagrangian L(y(®, 3™ y®)) is trans-
formed into a regular Hamiltonian. Notice that y(®? = &z, y,p) is not a vector field.
Therefore, the product p;£(x,y,p) is not a scalar field as in the classical case of the
Hamiltonian space HM™ = (M, H(x, p)).

Still, the Liouville d-vector in T?M:

S@i @i (L) (k

L
+ 57Ky
is transformed by ¢ in the following d-vector field on T*2M:

Cove 1. ,
(2.13) 3(2)i _ &z, y,p) + 5'7;‘ky(1)jy(l)k,
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Theorem 1.1 ([12]) The Hamiltonian
(2.14) H(w,y,p) = 2pi?" — L(z,y.&(z,y,p))

is the fundamental function of the Hamiltonian space H®"™ and its fundamental ten-
sor field ¢ (z,y,&(z,y,p)) is the contravariant of the fundamental tensor field c;; of
the space L™ = (M, L).

This space, H®" = (M, H) is called the dual of the space L(*™ = (M, L).
In addition, ([12)),

10H :
2.1 e Ak
(2.15) 20p,

and

g 1 9?H 0z 9¢l
(216) g (z,y,p) = _9T _%

1 _ % _
20pdp;  Opi Opi . (z,y,€(x,y,p))-

Moreover, for a Cartan space of order two C(®" = (M, K (z,y,p)) and a Finsler space
of order two F®" = (M, F(x,y™", &(z,y,p))), using the property of homogeneity of
K? and F? with respect to momenta p;, respective y?), from Proposition 1.1, we
have:

2
=2¢"pip; — F?> =2K* — F?,

- oK
K? = 2pis®" — F? = p;

i
i.e.

(2.17) K*(z,y,p) = F*(z,yM, &(z,y.p))

3 The L-dual of an («, §) space of order two

Let F®" = (M, F) be an (a, §)-metric Finsler space of second order defined as above,
with o = a;;()2??2(7 and B = b;(x)z?? and 22 from (2.2).
Inspired by ([14]), let us choose:
1 OF? 1 S S
o= (2 = .
Zi 2 82(2)i7 K3 Oéal]z O[Z“ l a lj?
bi = aijbj, dz = bz + li7 hij = aij — Zilj,

where h;; is the angular metric tensor of the space (M, a;;) .
We also choose like in ([12]):

P =a"p;, o =pip' =a"pip;, B =bip'

Theorem 2.1 Let (M, F) be a Randers space of order two and b = (aijbibj)% the
Riemannian length of b;. Then:
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1. If b* =1, the L-dual of (M, F) is a Kropina space on T* M with:

.. 2
L [ a”pip,

3.1 H = - - .
(3.1) () 2( 2ip;

2. If b* # 1, the L-dual of (M, F) is a Randers space on T* M with:

1/ = -\
(3.2) H(J:,p):Q(\/aUpipj:I:bpi) ,

where

y 1 .. 1 . 1.
P - ij P17, i 7
a 2 +(1—b2)2bb’ b 71—b2b’

(in (3.2) =" corresponds to b* < 1 and '+’ corresponds to b* > 1).

Proof: By using the Theorem 1.1, the fundamental tensor field 7% of space H (2™
is the contravariant of the fundamental tensor field r;; of the space F ()7 Therefore,
we have to find the fundamental and its contravariant tensor field of F(®". Now,
inspired by ([14]), using the same model, we find for F' = o + £:

+
(33) T'ij = 70[ a /Bh” + didj7
and
. o . a2 L . a2(ab2—|—ﬁ) o
3.4 i = i _ bitd + by + N D)y,
(34) = T e ' ar By

;From Proposition 1.1 we know that 7% (z,y,p)p;p; = K?(z,y,p). So, we compute
rp;p; and we find:

K? = % — 2af* + Fa(b? — 1) + F2.

Using now formula (2.2), we find, like in classical case C(V" = (M, K) ([12]):
F2(b* —1) = 2B6*F + o** =0,

andforbzzlwegeth%andbz#l

(F— bzﬁj 1>2 = (bzﬁ*l)z - b2aj1

which means:

g 8" o
F= + - .
-1\ @-12 -1

Setting now, for first case b = 2b° we get statement 1, and for the second case

b = b, @ = 2pal + Wbibj we get 2.
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Remark: One can prove Theorem 2.1 in the same as in the classical case C()" =
(M, K), namely:

1 8F2 aijz@)j
(3.5) o= gpm = F(M— ),
i g 1 j
(36) & = F07 = Fby) = 57Ty,
5(2)i Qg
(3.7) ;@ — 70" (p; = Fbj).

Now, contracting in (3.5) by p* and b; we get:

(3.8) o = F(%2 +5),
(3.9) 5 = F(g + b2).
Therefore,

(3.10) ﬂ*:F(ngbQ—l).

For (3.8) and (3.9) by substitution, like in case C)™ = (M, K), ([12]), for b*> = 1 we

getF:%andforlF#l

(F+1—b2 =22 1

5 )2:( 5 o

proving in this way our theorem.

In other words, using o* and 8* the Theorem 2.1 can be written:

Remark 2.1 ([13]) Let (M, F) be a Randers space of order two and b = (aijbibj)%
the Riemannian length of b;. Then:

1. If b®> =1, the L-dual of (M, F) is a Kropina space on T*M with:

(3.11) H(z,p) = ;(;) :

2. If b* # 1, the L-dual of (M, F) is a Randers space on T* M with:

1 2
(3.12) H@MQQHﬁﬂ,
with a* = /&% (x)p;p; and B* = bip; where
g 1. 1 L 1.
Gl = o'l + bibi; b b,

1—p2 (1—12)2 T

(in (3.12) '—" corresponds to b*> < 1 and '+’ corresponds to b* > 1).
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Remarks:

1. The £-dual of a Randers space of order two is a Kropina space (for b2 = 1) and
a Randers space (for b2 # 1), both in T* M.

2. It is known that a Randers space F' = a + (3 is positively defined if and only if
b <1 or a;; — b;b; is positively defined, where b* = a®b;b; ([1]).
In ([2]), it has been proved that the above condition is necessary and sufficient
for the Randers space to have the fundamental tensor positively defined. We are
going to use the same techniques to prove the same result for a Randers space
of order two.
Proposition 2.1 A Randers metric of second order F = o« + ( is positive-
valued for any z® if and only if the length b of b; with respect to « is less than
1 or a;; — bib; is positively defined, provided a;; is positively defined.
Proof. The proof is the same as in case of Randers space of first order ([1]).

3. The condition ||b|| < 1, which guarantees the positivity of F', also ensures the
strong convexity.

4. The L-dual of a strongly convex Randers space of order two is also a strongly
convex Randers space ([14]).

5. The L-dual of a dual of a Randers space of second order

(M, F = \/a;jz®@i22i + b;2)7) is:
a) If b2 = 1, a Randers space of second order on T?M having the fundamental
function:

(3.13) F(z,y™M,y®) = bz + \ [y (2) 2125,

where Bz = Qbi and dij = 4aij.
b) If b? # 1, a Randers space of second order with the fundamental function:

where dij = 2aij|b2 — ].| + (%)2@[% and Bz = %bz s

where |a| means the absolute value of number a.

(in (3.14) '+ corresponds to b? > 1 and -’ corresponds to b* < 1).
This last remark can be proved in the same as the classical case

CO" = (M, K) knowing that ([12]) 2 = J 2.

Theorem 2.2 The L-dual of a Kropina space of order two is a Randers space on

T*M
(3.15)

where

with the Hamiltonian:
1 -\
H(x,p) = 3 <\/aijpipj + blPi) ;
b2 S
PN R ¥ bl _ 7bz
a 1 a'; 50"
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(in (3.15) "=’ corresponds to § < 0 and '+’ corresponds to > 0).

Proof: We prove this theorem by using Theorem 1.1. For F = %2 like in ([14])

the covariant tensor and its contravariant tensor for F()7:

a? 3a2(28?% — a?) at ad(a+4p3)
and
o1pr g, 32522 .
ij _ 2P i P i (b iy P (22 1\
(3.17) kY = 5550 — B S (0 + 00 = (S5 1)1

Contracting (3.17) by p;p; we get:

4F2 *4Fﬁ* +6*2 —_ a*2b2,

ie.
(2F _ ﬁ*)Q _ 04*2,
and
1 * *
Setting now a¥ = %aij and b = 3%, we easily get (3.15).

Remark: Another way of proving this result is by finding:

1 OF? F -
A il (R )} R -/
(318) Di - 2 8y(2)z - 5 (a’ljz Fbl)?
i Lo 1 Lo i (k
(3.19) & = 50 (ij+Fbj)_§7jky Ty,
. 1 .. 1
(3.20) 220 = ca¥ (g + Fbj).
Contracting now in (3.18) by p* and b we get:
F2
(3.21) a? = F(2F — B3,
* F 2
(3.22) gr = 5(26—Fb ).

After a simple computation, we obtain, like in the previous case, (2F — 3*)? = a*?
and (3.15).

Using again o and §* Theorem 2.2 becomes:
Remark 2.2 ([13]) The L-dual of a Kropina space of order two is a Randers space
on T* M with the Hamiltonian:
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(3.23) Hi(z,p) = ;(a iﬁ*>2,

with o* = /&% (x)p;ip; and B* = bip; where

N~
dzg — 7alj; bz — *bl,
2

(in (3.23) "=’ corresponds to < 0 and '+’ corresponds to > 0).

Remarks:

1. The L£-dual of a Kropina space of order two is a Randers space in T*M.

@i
2. The L-dual of a dual of a Kropina space of second order | M, F = ‘1722(2'?12)

is a Kropina space of second order having the fundamental function:

8 ag @i

(in (3.24) '+’ corresponds to 8 > 0 and ’-’ corresponds to § < 0).
This last remark can be proved in the same as the classical case

COm = (M, K) knowing that ([12]) 2" = 1 91,

Theorem 2.3 Let (M, F) be a Matsumoto space of order two and b = (aijbibj)% the
Riemannian length of b;. Then

1. If b* =1, the L-dual of (M, F) is the space having the fundamental function:

3
_ N — 2
i\ Vapipj + \K/(bzpi +V/apip;) 2
1 b'p;
(3.25) H(m,p)=§ 5 — , — 3 ,
a”p;p; + (b’pi + a”pz'pj)

where

@l = b —a¥.

2. If b® # 1, the L-dual of (M, F) is the space on T*M having the fundamental
Sfunction:

py — 2 .

1 bipi 25 (2\/déjpipj + \/dszipj) + déjpipj Z

(3.26)H($,p):§ =300 — _ _ 7
5 pipj\/ di pipj + dg'pip;

where
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3/7772
a

dy
dy
\/g;j
\/dej
dy
\/dT%j
dy
dy

and

01

02

03

04

,B) Finsler space

bV 4 221a¥)? 4 (2a")?es,
a2 + aey),
(2aij)203

\/ —2\/0? \/cgj,

dy + 4m(a"b® — b'b),

\/ d a'i + 4\/ d{ aii — dj,
24/2aii (aid)2,

\d3 + 3Vais,
A/ dijaij,
dai,

200( di + 2na'’) - 5(4\/d73j+ @)

4/ d +4ap+9y/dY,

71208 — 452b* 4 24b% + 1
1728 ’
576b% — 223202 4 2628
1728 ’

82 +1\°

- -(5)-
20 +1
5

1107 +1
95 - 12 ’
g1 = 2(92 — (92),
&g = 39393 + 9%,

€3 = 452—291—51.

95

Proof: Let us prove this theorem in the same way as the classical case. So, we have:
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1 OF? aijz @ (a —28) + a?b
(3.27) pi = 3 Oy@i — F (o — )2 ’
. 1 L (a—2
(3.28) & = — 2ﬁa” (( p)* pj +a?b; ) - f’yj y Wiy Dk
. 1 (a — 2/6
$(2)1 _
(3.29) z a—Qﬁa ( pj +a?b )

Contracting now in (3.27) by p® and b; and setting s = g ([15]) we get:

1—2s 1
3.30 2 = F? F *
(3.30) . a—sp T’

g o= psiT® ip 1 e

(1-s)?  (1-s)?

Now we put 1 — s =t, i.e. s =1 —t and both equations become:

(3.31) o = F? Qttg ! Ft%ﬂ*
(3.32) g = F1-1t) 21, Ftlgb?
We get
(3.33) % = M(—2t> + 3t +b* — 1).
For b? = 1 from (3.32) we obtain:

“t
(3.34) Fe _Qf_ .

and by substitution of F in (3.32), after some computations we get a cubic equation:

, 9 B*
. 3 —3t+ St — =
(3.35) t+ 1t =55 =0

Using Cardano’s method for solving cubic equation ([16]), we get:

* 2P —1)2
(3.36) o M,
where for P we have:
- - (oY
2 o*

After some computations, for F' we get:

3

e (W+ i/(ﬁ*—i— 3*2 —a*2)2>
(3.38) F=—-——
2 a*2 4 (B* + /2 — a*2)2
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Substituting now 8* = b'p; and o*? = p;p’ = a"/p;p; we can easily get (3.25).
If b? # 1 (3.34) is more complicated because:

*42
F= bt ,
=212 +3t+ b2 -1

(3.39)

and by substituting this in (3.31) we obtain the quadric equation:

5, 213407 N 62 (b? — 1) N a2 (0 —1)* 4 (1 - b*)

4 =
(3.40) =3¢+ e o 0.

After a quite long computation, formula (3.40) becomes a cubic equation and solving
it we get:

(e e ]
o nle S8y )

+

/ ((g+2A)(\/—A2+3A+2\/A2+m(b2—i:z)
(3.41) + 2\/A2+m(b2—§1z>+214+p>7
where
(3.42) A? = {/(;gz +51)2 +es+ \3/—4(92 gz +€2> + 05.

By substituting now #* = b'p; and a*? = p;p’ = aijpipj, after some computations,
we obtain (3.26).

Using now a* and 3* the Theorem 2.3 becomes:
Remark 2.3 Let (M, F) be a Matsumoto space of second order and b = (aijbibj)%
the Riemannian length of b;. Then

1. If b®> = 1, the L-dual of (M, F) is the space having the fundamental function:

3
($,p)—§ _7 Oz*2+(ﬂ*+ ﬂ*Qfa*Q)Z .

(3.43)
with o* = \/a (x)p;p; and 3* = b'p; where
@il = b —al,

2. If ¥* # 1, the L-dual of (M, F) is the space on T*M having the fundamental
function:
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2 2\ 2

1 B* 25(2a% + i) + (o
(3.44) H(x,p):2<_200 ( 2* : 4) . 2( 8) > 7

azaj + (af)
where
o3 = \/dipws, @i =/ dimny,
ot =\ Ty, o=,
Remarks:

1. In (3.25) a% is positive-definite and the Randers metric on 7% M
pib* + \/pip;at is positive-valued for any p.

2. Some of the values for which o3, o}, o, o exist are:b? < 1 and a/ > 2b°b7. Cer-
tainly, there are many other values for b2, a™?, b?, b which justify the existence
of (3.44).

3. The L-dual of a Matsumoto metric of second order is given by means of four
distinct quadratic forms on 7% M. The coefficients of the quadratic forms are
constructed only from the Riemannian metric, a;; and the 1-forms 3’s coefhi-
cients b; ().

4. As dual in T?M of the above space, the £-dual of a Matsumoto space of second

L (2)i(2)
order (M,F = Lt :
Vaijz®iz()i b z(2)i

order with the fundamental function:

), we find the Matsumoto space of second

G2 (2)15(2)]

(345) F = CL”Z. 4 - )
b2aij2(2)12(2)] — biZ(Q)z

where

b = 4bb;,
Gy = afbiby (74 80%) — fagbias; (1 +26%) — 12bib]
£ myj [a?jbi(7 + 8b2) — \/@(aij — 12b;b;)],
with

mij = \/bibj — b2aij.

This last remark can be proved in the same as the classical case

C" = (M, K) knowing that ([12]) 22" = $ ZIL.
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