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Abstract. In the present study, we considered 3-dimensional generalized
(k, pt)-contact metric manifolds. We proved that a 3-dimensional gener-
alized (k,p)-contact metric manifold is not locally ¢-symmetric in the
sense of Takahashi. However such a manifold is locally ¢-symmetric pro-
vided that x and p are constants. Also it is shown that if a 3-dimensional
generalized (k, u) -contact metric manifold is Ricci-symmetric, then it is
a (K, pu)-contact metric manifold. Further we investigated certain condi-
tions under which a generalized (k, )-contact metric manifold reduces to
a (K, p)-contact metric manifold. Then we obtain several necessary and
sufficient conditions for the Ricci tensor of a generalized (s, u)-contact
metric manifold to be n-parallel. Finally, we studied Ricci-semisymmetric
generalized (k, pt)-contact metric manifolds and it is proved that such a
manifold is either flat or a Sasakian manifold.

M.S.C. 2000: 53C15, 53C05, 53C25.
Key words: generalized (k,u)-contact manifolds, locally ¢-symmetric, n-parallel
Ricci tensor, Sasakian manifold.

Recently Blair, Koufogiorgos and Papantoniou [2] introduced the notion of (k, )-
contact metric manifolds with several examples. Then a full classification of such
a manifold is given by E. Boeckx [5]. Assuming &,y as smooth functions, in 2000
Koufogiorgos and Tschlias [8] defined the notion of generalized (k, p)-contact metric
manifolds and proved its existence for 3-dimensional case whereas for greater than
3-dimension, such a manifold does not exist. The 3—dimensional generalized (k, pt)-
contact metric manifolds are also studied in [1], [8], [9], [10] and [11].

The present paper deals with a study of 3—dimensional generalized (k, u)- con-
tact metric manifolds. In 1977, Takahashi [15] introduced the notion of ¢-symmetric
Sasakian manifolds. After preliminaries, in Section 3 of the paper it is proved that a
3-dimensional generalized (k, u)-contact metric manifold is not locally ¢-symmetric
in the sense of Takahashi. However such a manifold is locally ¢-symmetric provided
that x and p are constants. Also it is shown that if a 3-dimensional generalized (k, )
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-contact metric manifold is Ricci-symmetric, then it is a (k, p)-contact metric man-
ifold. In the last section we investigate certain conditions under which a generalized
(k, p)-contact metric manifold reduces to a (k, u)-contact metric manifold. Then we
obtain several necessary and sufficient conditions for the Ricci tensor of a generalized
(K, 1)-contact metric manifold to be n-parallel. The notion of Ricci n-parallelity was
first introduced by M. Kon [12] in a Sasakian manifold. Among others, it is shown
that a generalized (k, )-contact metric manifold with n-parallel Ricci tensor is either
Sasakian, flat or of constant £ —sectional curvature k£ < 1 and constant ¢-sectional cur-
vature —x. Finally, we studied Ricci-semisymmetric generalized (k, uu)-contact metric
manifolds and it is proved that such a manifold is either flat or a Sasakian manifold.

1 (k,u)-contact manifolds

In this section, we collect some basic facts about contact metric manifolds. We refer
to [4] for a more detailed treatment. A (2n + 1)-dimensional differentiable manifold
M?"+1 s called a contact manifold if there exists a globally defined 1-form 7 such
that (dn)™ An # 0. On a contact manifold there exists a unique global vector field &
satisfying

(1.1) dn(§,X) =0, n(§) =1,

for all X € TM?"+1,
Moreover it is well-known that there exist a (1,1)-tensor field ¢, a Riemannian
metric g which satisfy

(1.2) ¢’ =—-I+nQ¢,
(1.3) 9(¢X,9Y) = g(X,Y) —n(X)n(Y), g(&X)=n(X),
(1.4) dn(X,Y) = g(X, ¢Y),

for all X,Y € TM?"+1, As a consequence of the above relations we have

The structure (¢, £, 7, g) is called contact metric structure and the manifold M27+1
with a contact metric structure is said to be a contact metric manifold. Following
[4], we define on M?"*+1 the (1, 1)-tensor field h by

0 =L,

where L¢ is the Lie differentiation in the direction of &.
The tensor field A is self adjoint and satisfy

he = 0, trth=0, troh=0, hé+oh=0,
Vx§ = —¢X —ohX, (Vxn)(Y)=—g(¢X + ¢hX,Y)

where V is the Levi-Civita connection of g.
A generalized (k, p)-manifold is defined as a contact metric manifold satisfying
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(1.9) R(X,Y)E = (kI + ph) (n(Y)X —n(X)Y),

for some smooth functions x and y on M?2"*! independent of the choice of vector fields
X and Y.Then such a manifold M?"*1(¢, £, n, g) is called a generalized (k, u)-contact
metric manifold [8]. In particular if &, u are constants then the manifold will be simply
called a (k, p)-contact metric manifold. However, a generalized (k, p)-contact metric
manifold does not exist for dimension greater than three whereas several examples in
3-dimensional cases has been given in [8] and [9]. Hence we confined ourselves on the
study of 3-dimensional generalized (k, u)- contact metric manifolds.

On any generalized (k, u)-contact metric manifold, the following relations hold

(8], [9]:
(1.10) = (k—1)¢?, k<1

(1.11) (a) ¢&( k) =0, (b) &(r) =0, (¢) hgradp = gradrk

where 7 is the scalar curvature of the manifold. Also from (1.9), it follows that on any
3-dimensional generalized (k, p)-contact metric manifold, we have

(1.12) S(X,€) = 2kn(X)

where S is the Ricci tensor of type (0, 2).
Due to [2], on any generalized (k, u)—contact metric manifold M?"1(¢, &7, g)
we have the following:

(Vxh)Y = ((1-r)g(X,9Y) = g(X,hY))¢
(1.13) — n(Y)((1 = k)¢X + ohX) — un(X)phY,
(1.14) (Vxo)Y = (9(X,Y)+g(X,hY))¢ —n(Y)(X + hX),
(1.15) Qo—9Q = 2Q2(n—1)+pho

Lemma 1. [3] Let M3 be a contact metric manifold on which Q¢ = ¢Q. Then M3
is either Sasakain, flat or of constant &-sectional curvature k < 1 and constant ¢-
sectional curvature — K.

By definition the Weyl conformal curvature tensor C is given by

L 1 9Y.2)QX —g(X, Z2)QY

(L16) (X7 = RXY)IZ—— | oy e e
+m [9(Y, 2)X — g(X, Z2)Y]

and

(1.17)

DX.Y)Z = (TxS)(¥.2) = (Vy $)(X. 2) = 5gs [X()a(Y. Z) = Y ()g(X. 2)

where ) denotes the Ricci operator, i.e. S(X,Y) = g(QX,Y) and r is scalar curvature
[7]. The following is a well-known theorem of Weyl [16].
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Theorem 2. [16] A necessary and sufficient condition for a Riemannian manifold
M to be conformally flat is that C' =0 forn >3 and D =0 for n = 3.

It should be noted that if M is conformally flat and of dimension n > 3, then
C = 0 implies D = 0.

For every 3-dimensional Riemannian manifold C' = 0. So, the curvature tensor R
of 3-dimensional Riemannian manifolds can be written the following formula:

RX,Y)Z = g(Y,Z2)QX —g(X,2)QY +g(QY, 2)X — g(QX, 2)Y
(1.18) —% (9(Y, Z)X — g(X, 2)Y).

Substituting Y = Z = ¢ to (1.18), and using (1.9) on M? we obtain
1 1
(1.19) Q:§(T—2H)I+§(6/€—r)n®£+,uh.

We see that on M3, the scalar curvature r is equal to

(1.20) r=2(k—p).

Using (1.19)and (1.20) in (1.18) we obtain

RX,Y)Z = -(k+pg(Y,2)X-g(X, Z2)Y]+(264p)[g(Y, Z)n(X)E-9(X, Z)n(Y)E
+n(Y)En(Z2)X —n(X)n(2)Y] + plg(Y, 2)hX — g(X, Z)hY
(1.21) +g(hY, 2)X — g(hX, Z)Y].

2 Generalized (k, j1)- contact metric manifolds

Let M?"t1(¢.£n,9) be a generalized (k,p)-contact metric manifold. Then, from
(1.21), it follows of (1.13), (1.10), (1.8), (1.5) and (1.3) that
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(VwR)(X,Y)Z ~Wr+Wu)[g(Y, 2)X — g(X, 2)Y]
+2Wr +Wp)g(Y, Z)n(X) — g(X, Z)n(Y)]¢
+n(Y)n(Z)X —n(X)n(Z2)Y
+2k + ) [{9(Y, Z)g(W + bW, 6 X )-g(X, Z)g(W + hW, ¢Y )} £
Hn(V)X —n(X)Y }g(W + hW, ¢2)
—{9(Y, Z)n(X) — 9(X, Z)n(Y)} (W + ¢hW)
+{g(W + AW, ¢Y) X — g(W + hW, ¢ X )Y }n(2)]
+(Ww)[g(Y, Z)hX — g(X, Z)RY + g(hY, Z)X — g(hX, Z)Y]
+u[—{(1 = k)g(W, ¢X)
(2.1) +9(W,ho X)In(2)Y —n(X)g(hoW, 2)Y
+(1 = k)n(X)g(oW, Z2)Y
+un(W)g(ehX, Z)Y + {(1 — k)g(W, ¢Y)
+g(W, h¢Y ) In(Z)X + 4n(Y)g(heW, Z) X
—(1=k)nY)g(eW, 2)X — un(W)g(ohY, Z2)X
HA —k)g(W, ¢X) + g(W, h¢ X)}g(Y, Z)&
+9(Y, Z)n(X)hoW — (1 — k)g(Y, Z)n(X)pW
—ug(Y, Z)n(W)ophX — {(1 - k)g(W, ¢Y)
+9(W,hoY)}g(X, 2)€ — g(X, Z)n(Y )hoW
+(1 = k)g(X, Z)n(Y)oW + ug(X, Z)n(W)phY.

Taking W, X, Y, Z orthogonal to £ and then using (1.2), (1.3), we obtain from (1.5)
that

P*(VwR)(X,Y)Z) = (Wr+Wp)g(Y,2)X —9(X,2)Y] —
(2.2) (W)Y, 2)hX — g(X, Z)hY +
+g(hY, Z)X — g(hX, Z)Y).

Definition 3. A contact metric manifold M?"+1(¢,£,n,q9) is said to be locally ¢- sym-
metric in sense of Takahashi if it satisfies

(2.3) ¢*(VwR)(X,Y)Z) =0,

for all vector fields X,Y, Z, W orthogonal to €.

Definition 4. If Ricci tensor of M is parallel, then M is called Ricci-symmetric.
Hence in view of (2.2) and (2.3) , we state the following:

Theorem 5. A 3- dimensional generalized (k, i1)-contact metric manifold M3 (4,£,1,9)
is mot locally ¢-symmetric in the sense of Takahashi.

Corollary 6. If k and pu are constants, a 3-dimensional generalized (k, p)-contact
metric manifold is locally ¢-symmetric in the sense of Takahashi.
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Theorem 7. A 3-dimensional Ricci-symmetric generalized (k, p)-contact metric man-
ifold is a 3-dimensional (k, u) manifold.

Proof. From (1.20) we get by virtue of (1.11) (a), (b) that
(2.4) &(p) = 0.
From (1.19)we have
(2.5) S(X,Y) = —pg(X,Y) + pg(hX,Y) + (26 + p)n(X)n(Y).

By virtue of (1.13) and (1.8), we obtain from(2.5) that

(VzS)(X,Y) = Zp{g(hX,Y) - g(X,Y)} + (2(Zk) + Zp)n(X)n(Y) +
+(26 +p)l9(Z, dX)In(Y) + g(hZ, 6 X)n(Y) +
(2.6) +9(Z,0Y)n(X) + g(hZ, oY )n(X)] + p(1 — £)g(Z, Y )n(X)

+12g(hX, Y )n(Z) + p(1 — w)[9(Z, o X )n(Y) + g(hZ, pX (Y )]
+1g(oZ, hY )n(X).

From (1.20) we have
(2.7) ar(2) = 20(Zr) — (Zn).
Since the manifold M? under consideration is Ricci-symmetric, we have
(2.8) dr(Z) = 0.
Setting X =Y = ¢ in (2.6) and again using parallel of Ricci tensor S we obtain
(2.9) (Zr) =0,
for all Z.i.e.,x is a constant. Hence (2.7) , (2.8) and (2.9) yield
(2.10) (Z) =0,

i.e., pt is a constant. Thus one says generalized (k, pt)-contact metric manifold is (k, u)-
contact metric manifold. O

Again, in view of (2.9),and (2.10) we obtain from and (2.2) that
¢*(VwR)(X,Y)Z) =0,
for all vector fields X, Y, Z, W orthogonal to £. Hence we have the following :

Corollary 8. A 3-dimensional Ricci-symmetric generalized (k, p)-contact metric man-
ifold is locally ¢-symmetric in the sense of Takahashi.
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3 Generalized (k, p)-contact metric manifolds

This section deals with a 3-dimensional generalized (k,u)-contact metric manifold
satisfying some conditions.

Definition 9. The Ricci tensor S of a Riemannian manifold M is to be cyclic-parallel
if

(3.1) (Vz9)(X,Y) + (VxS)(Y, Z) + (VyS)(Z,X) =0,

for all vector fields X,Y, Z.

Theorem 10. If in a 3-dimensional generalized (k, p)-contact metric manifold M
if the ricci tensor is cyclic-parallel then it is a 3-dimensional (k,p)-contact metric
manifold.

Proof. From (3.1), it follows that dr(Z) = 0 and hence (2.7)yields
(3-2) Z(r) = Z(p),

for all Z.
If the Ricci tensor S of M is cyclic parallel then replacing X and Y with £ in (3.1),
we can write

(3.3) (V29)(&,€) + (VeS)(€, 2) + (Ve5)(Z,€) = 0.
From (2.6) and using (1.11)we obtain
(3-4) (V28)(€,€) =2Z(k), (VeS)(€:2) = 0= (VeS)(Z,8).

Substituting (3.4) in (3.3) we get

for all Z. i.e.,k is a constant.Hence (3.2) yields
(35) (Zu) =0,

i.e., p is a constant. This completes proof of theorem. O
For the case M is non-Sasakian and n > 1 C. Ozgiir proved the following result.

Theorem 11 ([6]). Let (M?"* g) be a non-Sasakian (k,u)-contact metric man-

ifold. If the Ricci tensor S of M is cyclic parallel then M is either k-contact or

_1<#2+4n#)_

k= 4 n

Hence, we have the following corollary,

Corollary 12. If in a 3-dimensional generalized (k, u)-contact metric manifold M
the Ricci tensor is cyclic-parallel then it is locally ¢-symmetric in the sense of Taka-

hashi.
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Definition 13. The Ricci tensor of a contact metric manifold is said to be n-parallel
if it satisfies

(3.6) (Vz5)(¢X,0Y) =0
for all vector fields X, Y, Z.

This notion of Ricci-n-parallelity was first introduced by M. Kon [12] in a Sasakian
manifold.

Theorem 14. In a 3-dimensional generalized (k,p)-contact metric manifold M3
(0,£,1,9), the Ricci tensor is n-parallel if and only if the following relation holds :

(3.7) (Zwg(X,+hX,Y) = n(X)n(Y)] = p*g(6hX, Y )n(Z) = 0.
Proof. From (2.5) we get

(3.8) S(0X,¢Y) = —plg(X,Y) + g(hX,Y) = n(X)n(Y)].

In view of (2.5), (3.8) can be written as

(3.9) S(¢X,9Y) = S(X,Y) = 2ug(hX,Y) — 2kn(X)n(Y)].
From (1.14) we have
(3.10) VxoY = g(X + hX,Y)E —n(Y)(X + hX) + ¢(VxY).

Again we have
(3.11) (Vz28)(0X,0Y) =V25(¢X,0Y) — S(Vz¢X,$Y) — S(¢X,VzoY).

Using (3.8), (3.10), (1.8) and (1.13) in (3.11),we obtain by straightforward calcu-
lation

(Vz9)(0X,9Y) = —(Zw[g(X +rX,Y)—n(X)n(Y)]
—kplg(X, 0Z)m(Y) + g(Y, ¢Z)n(X)] + p°g(oh X, Y )n(Z)
(3.12) +S(Z, Y )In(X) + S(hZ, oY )n(X) + S(¢ X, Z)n(Y)

+S(@pX,hZ)n(Y) — S(¢X,hZ).
From (2.5) we get

(3.13) S(Z,6Y) = —ug(Z.6Y) + pg(hZ,6Y),
(3.14) S(hZ,0Y) = pg(ShZY) + p(1 — r)g(Z, 6Y),
(3.15) S(6X,Z) = —ng(¢X. Z) + png(9hX, Z),

(3.16) S(9hX. Z) = pg(6hZ, X) + u(1 — r)g(Z. 6X).

Using (3.13)-(3.16) in (3.12) we obtain our relation. ]
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Again, by virtue of (3.9) and (3.10) we can easily obtain from (3.11) that

(Vz5)(0X,0Y) = (Vz9)(X,Y) =2(Zp)g(hX,Y) = 2(Zr)n(X)n(Y) —
—2p[(1 = k){9(Z, 0 X)n(Y) + 9(Z, ¢Y )n(X)} +
(3.17) +9(h¢Z,Y)n(X) — ng(6hX,Y)n(Z)] +

+2klg(¢Z + ohZ, X)n(Y) + g(¢Z + ohZ,Y )n(X)].
Thus, we have the following result:

Theorem 15. In a 3-dimensional generalized (k,p)-contact metric manifold M3
(¢,€,m,9), the Ricci tensor is n-parallel if and only if the following relation holds :

(VzS)(X,Y) = 2(Zu)g(hX,Y)+2(Zx)n(X)n(Y)
+2u[(1 = k){9(Z, X In(Y) + g(Z, Y )n(X)}
(3.18) +9(Z, b X)(Y) + g(h¢ Z, Y )n(X) — ng(ph X, Y )n(Z)]

—26[g(¢Z + ohZ, X)n(Y) + (¢Z + ohZ, Y )n(X)].
We prove the following Theorem:

Theorem 16. If the Ricci tensor of a 3-dimensional generalized (k, p)-contact metric
manifold M? (6,£,m,9) is n-parallel then it is a (k, )-contact metric manifold.

Proof. Let { e; : i = 1,2,3} be an orthonormal basis of the tangent space at any point
of the manifold. Then setting X =Y = ¢; in (3.18) and taking summation over 4, 1
<1 < 3, we get

(3.19) (Zr) = 2(Zk).

From (2.7) and (3.19), it follows that
(3.20) (Zp) =0 for all Z,
and hence p is constant.

Again putting Y = Z = ¢; in (3.18) and taking summation over i, 1 < i < 3, we
get

dr(X) = 4(€r)n(X),

which yields by virtue of (1.11) (a) that
(3.21) dr(X) =0 for all X.

From (3.19) and (3.21) we have
(3.22) (Zk) =0 for all Z.
Thus & is constant. This completes proof of theorem. O

Using (3.20) and (3.22) in (2.2), we can state the following :
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Theorem 17. If the Ricci tensor of a 3-dimensional generalized (K, p)-contact metric
manifold M3 (¢,£,m,9) is n-parallel then it is locally ¢-symmetric in the sense of
Takahashi.

Again in view of (3.20) and (3.22) we obtain from (3.18) that

3
VzIQI* = 229((VZQ)% Qei) =0
i=1
which implies that
(3.23) |Q|* = constant.

By virtue of (3.21) and (3.23), we can state the following :

Theorem 18. Let M3 (¢,£,1,9) be a 3-dimensional generalized (k, p)-contact metric
manifold with n-parallel Ricci tensor. Then we have the following:

(i) The scalar curvature r of M is constant,

(i) The square of the length of the Ricci operator QQ of M is constant, that is,

|QI* = constant.

The above Theorem 16 generalized the corresponding results of M. Kon [[12]] in
a Sasakian manifold.

Next, using(3.20) in (3.7) we obtain by virtue of (1.10)that either 4 =0 or k = 1.
If kK = 1, then the manifold is Sasakian. If ¢ = 0 , then (1.15) yields (for n = 1)
Qo = $Q. Consequently by virtue of Lemma 1, we can state the following :

Theorem 19. Let M3 (¢,£,n,9) be a 3-dimensional generalized (k, iu)-contact metric
manifold with n-parallel Ricci tensor. Then M? is either Sasakian, flat or of constant
&-sectional curvature Kk < 1 and constant ¢-sectional curvature -k.

Theorem 20. [13] Let M?"*1 (4,6 m,9) be contact Riemannian manifold such that
(i)R(X,§).S = 0,and
(1)R(X,Y)E = (kI + ph) (n(Y)X —n(X)Y), (x, 1) € R?.
Then the manifold is either
(i) locally isometric to E"T1(0) x S™+1 or
(i) an Einstein-Sasakian manifold, or
(iii) an n— Einstein manifold if k®>+u?(k—1) # 0.

Theorem 21. Let M3 (¢,£,1,9) be a 3-dimensional generalized (k, p)-contact metric
manifold satisfying the relation R(§,X).S = 0. Then the manifold is either flat or
Sasakian.

Proof.

0 = (R(&X)-9)(Y,2) = R(&,X).S(Y, 2) -
(3.24) —S(R(¢, X)Y, Z) — S(Y, R(¢, X)Z)

from which

(3.25) S(R(¢,X)Y, Z) + S(Y,R(¢, X)Z) = 0.
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From this equation, setting Z = £ we get
(3.26) S(R(E,X)Y, )+ S(Y,R(&,X)E) =0.
Using (1.9) and (2.5) in (3.26) we obtain
262 + pk + 2 (5 = D]g(X,Y) + (pr + p*)g(hX,Y) —
(3.27) —[2r% + i+ 2 (5 = Dn(X)n(Y) =0,
which yields

(3.28) 26% + pr + (v — 1) =0,

(3.29) (e +p) =0.

If h =0, then (1.10) implies that k = 1 and hence the manifold is Sasakian. From
(3.29), we have either y =0, or K = —p.If y = 0, then (3.28) implies that x = 0.

Again k = —pu, then also (3.28) gives K = p = 0. Thus we have either kK = =0
or kK = 1.If Kk = p = 0, then (1.21) implies that manifold is flat. If £ = 1,then manifold

is again Sasakian. This completes proof of the Theorem. O

Theorem 22. [1}] Let M*"*1 (¢,£,n,9) be contact metric manifold with harmonic
curvature tensor and & belonging to the (k, p)- nullity distribution. Then M is either

(i)an Einstein-Sasakian manifold, or

(ii)an n— Finstein manifold, or

(i) locally isometric to the product of a flat(n + 1)—dimensional manifold and an
n-dimensional manifold of positive constant curvature equal to 4, including a flat con-
tact metric structure forn = 1.

Theorem 23. A 3-dimensional conformally flat generalized (k,p)-contact metric
manifold is either Sasakian or flat contact metric manifold.

Proof. From (2.6) and after some calculations we obtain

(3.30) Ew)[g(hX,Y) — g(X, V)] + &(p)n(X)n(Y)
SOX(R)(Y) — (205 + 1) — prlg (X, 6Y)
+(p* — 2K)g(p X, hY)

= SlE(X,Y) ~ X))
Setting ¥ = ¢ in (3.30)and using (1.7) we have
(3.31) X(x) = 0.

This equation says that  is constant. Now, using k is constant and (1.2)(c) we
get

(3.32) hgradp =0

Suppose that X is different from £. From (3.32) we have
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(3.33) 0 = g(hgradu, X) = g(hX, gradu).

Setting X = hX (3.33) and using (1.10) and some calculations, we get

(3.34) (k= DX (1) + n(X)E(R)] = 0.

From(1.11) and (1.20) we obtain

(3.35) £(p) = 0.

Therefore, (3.34) reduces to

(3.36) (k—=1)X(p) =0.

So either k =1 or X (u) = 0. For the first case M is Sasakian. From (3.35) we can

deduce that p is constant for the second case. So, M becomes (k, i) contact metric

manifold. From [14] M is flat. Our theorem is thus proved. O
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