Leafwise, transversal and mixed 2-jets of bundles
over foliated manifolds

Adelina Manea

Abstract. In [3] we introduced the spaces J!rand J*!7 of the leafwise
and transversal first order jets of a bundle (E, w, M) where M is a foliated
manifold. In this paper, taking E = Jbx, respectively E = J!7, and
using the theory from [3], we define the leafwise, transversal and mixed
second order jets of the bundle . We also prove some relations between
these kinds of second order jets.
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1 Introduction

Let (E,m, M) be a fiber bundle, dim M = m, dim E = m + n. Weconsider that the
indices 1, j, ... take the values 1, ...,m and the indices a, (3, ... take the values 1,...,n.
In [6] is defined the 1-jet of a local section as it follows:

Definition 1.1. We said that two local sections ®, ¥ € T', (7) are I-equivalent at x
if ® (z) = ¥ (z) and if in some adapted coordinate system (z?,y*) around ® (z),

(1) QW 00) ()= QW2 g,

for i = 1,m and a = 1,n. The equivalence class containing ® is called the 1-jet of the
section ® at z and is denoted j1®.

The 1-jet manifold of m is the set
Jr={jl®|zeM,®eT,(m)}.

Given an atlas of adapted charts (U,u) on E, where u = (z%,y), the collection
of charts (U',u') is a (m +n + mn)-dimensional C*-atlas on J'm, where U' =
{ji® € J'7 | ®(z) € U} and the functions
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(1.2) u' = (2',y", 20,
are defined by z* (j1®) = 2' (z), y* (j2®) = y* (P (v)), 2* (jL®) = %ﬁé) (x). More-
over, (J17T,7T1, M) and (Jlﬂ', 1,0, E) are bundles, where the surjection submersions
m o Jir— M, T ! J'm — E are defined by m; (j;@) =z and m (j;q)) =P (x).
Now, let M be a m-dimensional foliated manifold, with dimension of foliation
equal to p. In the following, we shall consider that the indices a, b, .. take the values
1,...,m — p and the indices u, v, .. take the values m —p+1,...,m.
In some adapted local coordinates (x®,2%) on M, the usual notation for the
adapted basis on M is {6%&, ai}’ with

T

59 . d
(1.3) Sxe  Oza _t“@7

where t¥ are local differentiable functions on M given by the orthogonality of struc-

tural and transversal bundles of M (see for instance [9]). Let (x%, z*,y*) be the

adapted coordinates on E and T',, (7) be the space of local sections of 7 at € M.
In [3] there is the following definitions:

Definition 1.2. We say that two local sections ®, ¥ € I, (7) are leafwise 1-equivalent
at x € M if ®(z) = U (x) and if, in some adapted coordinate system (2%, z*,y*)
around P (z)

O(y*o®) . 9y oV)

(1.4)

for every u = m — p+ 1, m . The equivalence class containing @ is called the leafwise
1-jet of ® at x and it is denoted jL1®.

Definition 1.3. We say that two local sections ®,¥ € T, (7) are transversal 1-
equivalent at © € M if ®(z) = ¥ (z) and if, in some adapted coordinate system
(z2, 2", y®) around P (x)

d(y*o®)
oxo

0 (y* o W)
ox?

(1.5) (x) = (),

for every a = 1, p. The equivalence class containing ® is called the transversal I-jet
of ® at x and it is denoted jL1®.

Obviously, the both notions defined above have geometrical meaning, as we proved
in [3]. We also proved that:

Proposition 1.1. Let ®,¥ € T, (7) be two local sections of bundle w. Then the
following assertions are equivalent:

a) j;@ = j,¥;
b) jLl® = jL1W and jH1d = L0,
The spaces

Jhir = {jL1® |2 € M,® €T, (1)},
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Jlr={ji'® |z e M, ® T, (n)},

of all leafwise, respectively transversal 1-jets of m have differentiable structures with
local adapted coordinates defined by:

(L6) Wt = (2%, 2,y 22),
with 2¢ (j1®) = 2% (x), 2% (j410) = 2 (2), y° (j510) = y* (@ (),

. 0(y*od
g (e) = 2 ),

z
respectively

(1.7) ubt = (2% 2", y”, 29,

with 2@ (jp'®) = 2 (2), 2" (j3' @) = 2" (2), y* (72" @) = y* (@ (2)),

d(y*o®)

2 () = 2

(z).

Moreover, these manifolds have fiber bundles structures given by the following maps:
at s Jb e — My wd (ji’lfb) =2,

for every jbl® € Jhlx,
ab Jhlr — M rt (ji’lé) =z,

for ji1® € Jhlr.

2 Second order jets

We present the notion of 2-jet of a local section of the bundle (E, 7, M) following [6].

Definition 2.1. Two local sections ®, ¥ € T',, (1) are 2-equivalentat x € M if & (z) =
¥ (z) and if, in some adapted coordinate system (z‘,y*) around ® (x) we have

(2.1) QW 00) ()= QW20 ),
P(yro®) . 0 (y*o¥)
Oxidxs (z) = Oxidx’ Ok

for every 4,5 = 1,m and a = 1,n. The equivalence class containing ® is called the
2-jet of ®at x and it is denoted j2®.

The 2-jet manifold of 7 is the set

Jr={ji®|zeM,®el,(n)}.
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Given an atlas of adapted charts (U,u) on E, where u = (z%,y*), the collection
of charts (U27u2) is a (m+n+m(7"27+1)n)—dimensional C>-atlas on J?m, where
U? ={j20 € J?r | ®(z) € U} and the functions
2 T, o L«
(22) u- = (ﬂf Y 7Zi azij)igja
o , , . A(y*od

are defined bny’ (]%q)) = z'(z), y* (]3@) = y* (P (x)), 2% (]ifb) = % (x),
2 (j2®) = %(I). Moreover, (J2m,my, M) and (J?m, w0, E) are bundles,
where the surjection submersions ms : J?1m — M, 2,0 : J?m — E are defined by
T (j2®) =z and T2 (j2@) = @ (a).

We can consider also the repeted 1-jet of a local section ® at a point z: j1 (j1<I>).

For this one, we have to remark that every section ® € ', () define a section j'® €
I'; (m1). It is known from [6] that:

Proposition 2.1. The map i1 : J?m — J'7 defined by
i1 (J7®) = j, (5'@),
is an embedding.

Let be &, ¥ € T, (7). Taking into account proposition 2.1, from the injectivity of
i1,1, results:

Remark 2.1. Two local sections ®,¥ € T', (7) are 2-equivalent at © € M iff the
sections j1®, j1W € ', () are l-equivalent at z.

The idea of repeted jets will be used in the following sections, where we shall intro-
duce the leafwise, transversal, respectively mixed second order jets as some repeted
first order jets.

3 Leafwise second order jets

In this section we consider the following bundles over the foliated manifold M:
(Jl’17r7 t, M), (Jt’lw,wf, ), (.]171', T, M) and we study the leafwise first order jets
of some of their sections. We give the following definition:

Definition 3.1. We say that two local sections ®, ¥ € I', (7) are leafwise 2-equivalent
at * € M if the sections j41®, jH1¥ € T, (wﬁ) are leafwise 1-equivalent at x. We
denote jl! (jl’l@) by jL2® and we call it the leafwise 2-jet of ® at x.

Using the definition 1.2 , the above definition could be expresed by:
e =20 e gyt (V) =5yt (1M1Y) &

o (ya Ojl,lq)) o (ya ojlvllll)

Gy ® =gV — = (7)) = = (%),
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0 (zg oj“(I)) 0 (zfj ojl’1W)
B — (z) = R Ta— (z),

and from the definitions of the adapted coordinates (6), y®o0j"1® = y*o®, 22051 =

a(g °®) it results:
xr

Proposition 3.1. Two local sections &,V € I, (7) determine the same leafwise 2-jet
at x € M iff

B.) o=y, LW o8 () T o b))
forallu,v = m—p+1,m, u<wv.
The leafwise 2-jet manifold of 7 is the set
JHPr = {20 |2 e M,® T, ()}.

Given an atlas of adapted charts (U,u) on E, where v = (2%, 2%, y®), the collection
of charts (Ul’27ul’2) is a (m +n +p@n)—dimensional C>-atlas on J“27, where

Ub2 = {jL?® € J'"?1 | ® (z) € U} and the functions

(32) ub? = (xa,xu’ya’zg,zgv)ugv ’

are defined by z? (jff(b) =z (2), y® (j:lfq)) =y (P (x)), 2& (ji’z@) = 78(%6;2@ (z),

9% (y* o @)

2 (177®) = —5 o (@),

Moreover, (J"2m,7h, M) and (J"?r,7h o, E) are bundles, where the surjection sub-
mersions 7 @ JU2r — M, 7rl2’0 : JW21r — E are defined by (ji’2<1>) = z and
T o (j4?®) = @ (), respectively.

Example 3.1. If E is the trivial bundle M x R, the proposition 3.1. gives exactly
the definition [2] of the leafwise 2-jet of a differentiable function on M at a point z.

Remark 3.1. From the definition 3.1, the map
FLI (2N Jl,lﬁll’il (ji’2‘1)) _ ji’l (jl,lq)) 7

is injective . It is not surjective because not every section of 7rll is a prolongation of
a section of .

Definition 3.2. Two local sections ®, ¥ € T, (1) are I-t 2-equivalent at © € M if the
sections j"'®, j*'W € ', (7)) are leafwise 1-equivalent at z. We denote j4! (j'®)
by jLt® and we call it the I-t 2-jet of ® at x.

Using the definition 1.2, the above definition could be expresed by:

Jg'® =gt e gyt () = gt (1Y) &
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o (ya ojt’l(I)) o (ya ojt’I\II)

e jatﬁlq) = jgl\llv Ozv (CE) = v (:E) )

0 (25 0j"'®) D (25 0 jH1W)

(z) = (x),

Oxv Oz
and from the definitions of the adapted coordinates (7), y®oji1® = y*o®, 2% 0j1d =
S(y¥od) . .
Sz > it results:

Proposition 3.2. Two sections @,V € T'y, () determine the same I-t 2-jet at x € M

iff
(33) jt'o = jttw, e = iy, O (‘M) (2) = =2 (‘M) (2).,

" Ozv Jxo = oz Jxo

forallu= m—p+1,manda=1,m —p.
From the propositions 1.1 and 3.2, we can say that:

Remark 3.2. Two sections ®, ¥ € T',, (1) determine the same -t 2-jet at € M iff
they determine the same 1-jet at x and they satisfy the conditions

(3.0 oo (M) )= o (M) @),

ox® it ox?

Let be ®, ¥ € I', (7). They induce the local sections j1®, j'¥ € I', (7). From
the definition 1.2, these local sections determine the same leafwise 1-jet at x iff the
following conditions are satisfying:

0 (y*oj'®) 9 (y* o j10) 0 (220 j'®) 0 (220 j'W)
x

S R — —

Taking into account the definitions of local coordinates (2), the above conditions are
equivalent with the following ones:
(3.5)
Oy*o®) + Oy o) . P(y*o®) . 0(y"o¥)
ozt (z) = oxv (z), ozt oxt (z) = Ozt oxt (@),

foralu=m—p+1,mand i =1, m.

5 ® = 5o ¥,

Considering the particular cases i = v = m —p+ 1, m, respectively i = a =
1,m — p in relations (14), we obtain:

Py o®) . P(y*oV)
(3.6) OxuOdx? z) = OxvOx? (),

Py o®), Py oV
(3.7) Ozudzre (@) = Oxvdze ()

Using relation (3) 52 = 5% + %32, in (16) and taking into account relations (15),
result exactly relations (13). So, we can conclude that the conditions (14) assure the
conditions (10), (12) from propositions 3.1 and 3.2. The reverse is also true, hence we

have:
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Theorem 3.1. Two local sections ®, ¥ € T, () are satisfying jL* (j*@) = jL* (51 ¥)
if and only if they determine the same leafwise 2-jet and the same [-t 2-jet at x.

4 Transversal second order jets

In this section we study the transversal 1-jets of the sections of the bundles (Jl’17r7 i, M) ,
(Jtrr, 7t M), (J'm, 7, M). We give the following definition:

Definition 4.1. We say that two local sections ®,¥ € T, (7) are transversal 2-
equivalent at x € M if the sections j51®, j*1W € ', (7!) are transversal 1-equivalent
at 2. We denote ji* (j©1®) by jL2® and we call it the transversal 2-jet of ® at .

Using the definition 1.3 | the above definition could be expresed by:

07 =370 e gyt (1710) = gyt (1) &

§ (y*oj'o)
ox®

§ (y*ojhtw)

-t,1 _ st
<:>.]a: q)_];v \I’a 5£Ea

(z) = (),

) (zg‘ Ojtvlfb)
ox?

) (zfj‘ o jt’1W)
ox?

(z) = (),

and from the definitions of the adapted coordinates (7), y®oji1® = y*od, 2201 =
§(y“od)
ox®

, it results:

Proposition 4.1. Two local sections ®, ¥ € T, (7) determine the same transversal
2-jet at x € M iff
52 (y® o @) 52 (y* o W)
4.1 b1 = jhly, 2 2 =—"
( ) ]’I‘ ]r ? 61_@6:1;17 (‘T 6:1:@6:1;() (IE) ?

foralla,b= 1,m —p.

2 «@ 2 « 2 e
Rzemark 4.1. The conditions 56%62‘3) () = 66;1{16;‘5) (z) does not assure 65;_3{152_3)) (z) =
5 (yow)

5ut5.a (1), s0 it is not sufficiently to demande a < b. Indeed, we have

oo (o e 9
Sze’ §xb |  \ sz Sxzb ) 9z’

% (z) = a(g;(;xp) (z), so the condition ji1® = jL1W, to obtain

and we shall need
in relations (15) a < b.

The transversal 2-jet manifold of 7 is the set
J2r = {jl?® |z e M,® T, (n)}.

Given an atlas of adapted charts (U,u) on E, where u = (22, 2%, y®), the collection
of charts (U*?,u"?) is a (m+n+ (m — p+ 1)(m — p)n)-dimensional C*°-atlas on
J42m, where U2 = {jL2® € J'2r1 | ® () € U} and the functions
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(4.2) ub? = (2%, y°, ze, 20,

(s 7 o (4 @ o (s O(y*od
are defined by 2 5];’2@) =2’ (z), y* (jL2®@) = y* (P (v)), 2& (jL*®) = % (),
28 (jL2®) = 6555%51?) (). Moreover, (J*2m, 7§, M) and (J"?r, 75 o, E) are bundles,
where the surjection submersions w4 : J"*1 — M, n} ;- J"?1 — E are defined by

7 (j22®) = x and wh ; (jL2®) = @ (x).

Remark 4.2. From the definition 4.1, the map
it b — Jt,lﬂ.i’z-t (j;,Q(I)) _ j;,l (jt,lq)) ’

is injective. It is not surjective because not every section of 7! is a prolongation of a
section of 7.

Definition 4.2. We say that two local sections ®, ¥ € T, (7) are t-I 2-equivalent at
x € M if the sections j01®, j41W € T, (wll) are transversal l-equivalent at z. We
denote ji! (j41®) by jL'® and we call it the t-I 2-jet of ® at z.

Using the definition 1.3, the above definition could be expresed by:
i =g e gyt (V) = gt (M) &

) (y"‘ ojlvlq))
ox®

é (y(” ojl’1W)

Qg a1
S j =57, 520

(z) = (),

§ (28 0 jh1@)

ox?

§ (29 0 j010)

ox?

() = (x),

and from the definitions of the adapted coordinates (6), y®0j"1® = y®o®, 2205010 =
I(y*od)

S it results:

Proposition 4.2. Two sections &, € T, (7) determine the same t-1 2-jet at x € M

if

. . . . é 0(y*od 1) O(y® oW
(4.3) '@ =0, e = L, <(y)> (z) = ((y)) (z),

ox? Oz T b oz

forallu= m—p+1,manda=1,m —p.
From the propositions 1.1 and 4.2, we can say that:

Remark 4.3. Two sections ®, ¥ € I'; (7) determine the same t-1 2-jet at z € M iff
they determine the same 1-jet at = and they satisfy the conditions

(@9 e (P2 0= 5 () .

Proposition 4.3. Let be ®, ¥ € ', (7). We have the equuvalence

' =gV e gyt = gyt



Leafwise, transversal and mixed 2-jets 95

Proof. The equality jL!'® = jL!'W is equivalent with the relations (19) from propo-
sition 4.2 and for the equality jL/® = jL'¥ we have the equivalent conditions (12).
We have to prove the equivalence between the relations (13) and (20). Taking into
account the relation (3), it is known that

{5 a]atg 0

Sxe’ dzv | Qv Oxv’

Oyot) (1) _ Ay ow)

v 4=~ (), for all v = m —p+ 1, m, which

and jL1® = jL1U assures
ends the proof.

Remark 4.4. The previous proposition says that the 1-t 2-jet of ® at x contains
exactly the same sections like the t-1 2-jet of ®at x. That means that the 1-t 2-jet and
the t-1 2-jet are equivalent notions, and in the following we shall call it the mized 2-jet
of a section. We denote by jL*® the mixed 2-jet of ® at z.

The mized 2-jet manifold of w is the set
Jhir = {jl'® |z € M,® € T, ()} .

Given an atlas of adapted charts (U,u) on E, where u = (2%, 2%, y%), the collection
of charts (U, ul') is a (m + n 4+ mn + p(m — p)n)-dimensional C*-atlas on J"'r,
where UMt = {jL'® € J''r | & (z) € U} and the functions

(4.5) ubt = (% x y®, 20,2822,

i (Lt i gt o (s 5(y®o
are defined by z* (j4'®) = o' (x), y* (j1'®) =y (P (2)), 25 (j4'®) = 242 (),
22 (j_,l;tCI)) = % (z) 2%, (ji’tCP) = 5% (%) (x). Moreover, Jl’tw,wé’t,M)

and (Jl’tw7 ’ﬂ'é’tm E) are bundles, where the surjection submersions wé’t CJbtr — M,

Wé’fo : Jhtr — E are defined by 75" (j4'®) = x and Wé’ﬁ] (jhi®) = @ (2).

Let be ®, ¥ € I', (7). They induce the local sections j'®, j'¥ € T', (7). From
the definition 1.3, these local sections determine the same transversal 1-jet at x iff the
following conditions are satisfying:

5(y°‘0j1(1)) 5(y0‘oj1\11)
oz oz

§ (280 j'0)
oz

§ (220 j'W)
dx®

5o ® =450, (z) = (), (z) = ().

Taking into account the definitions of local coordinates (2), the above conditions are
equivalent with the following ones:

(4.6)
, Gy 0y o ®) §(y*o V) 6§ (0(y*eo®) 6 (O(y*eo¥)
1 jig JW0®) oW Oy o®) . _ 8 (Do)
Jo Jo T T (z) oz (@), oz ozt (@) oz ozt (@),
foralla=1,m—pandi=1,m.
Considering the particular cases ¢ = u = m — p+ 1, m, respectively ¢ = b =

1,m — p in relation (22), we obtain:
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(48) 5; (W) (@) = &ia (8(%19;\1/)) ().

Using relation (3) % = % + t?%, in (24) and taking into account relations (23),
result exactly relations (17). So, we can conclude that the conditions (22) assure the
conditions(17), (19) from propositions 4.1 and 4.2. The reverse is also true, hence we
have:

Theorem 4.1. Two local sections ®,V € T, () are satisfying ji* (j1®) = jL* (51 W)
if and only if they determine the same transversal 2-jet and the same mized 2-jet at
x.

Now we can give the main theorem of this paper:

Theorem 4.2. Two local sections ®,¥ € T, (1) determine the same 2-jet at x if and
only if they determine the same leafwise, transversal and mized 2-jet at x.

Proof. From the remark 2.1, we have j2® = j2U & jl (j1®) = ;1 (j1¥).
JFrom the proposition 1.1, jl (j1<IJ) = ji (]1\11) & jbt (leD) = jbt (jllll)and
JLt (j1@) = jit (7'¥). Now, the theorems 3.1 and 4.1 assure:

gt (1) =gt (10) & g2 = P, e = gt

JEt (i) = i (10) & jLPe = 2, jhie = Lt

and proposition 4.3 ends the proof.
As a consequence, we have:

Theorem 4.3. The following map:

@ JPr — JW2r x Jhtr x Jb,
defined by

v (12®) = (5:°@, 57" ®, 5 @),

for all j2® € J%x, is injective.
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