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Abstract. Generalized Roter type manifolds form an extended class of
Roter type manifolds, which gives rise the form of the curvature tensor
in terms of algebraic combinations of the fundamental metric tensor and
Ricci tensors upto level 2. The object of the present paper is to investigate
the characterization of a warped product manifold to be a generalized
Roter-type (and hence as a special case for Roter type and conformally
flat) manifold. We also present an example by a metric which ensures the
existence of a warped product generalized Roter type manifold but is not
Roter type manifold.
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1 Introduction

Let M be an n (> 3)-dimensional connected semi-Riemannian smooth manifold
equipped with a semi-Riemannian metric g. We denote the Levi-Civita connection,
the Riemann-Christoffel curvature tensor, Ricci tensor, scalar curvature and the space
of all smooth functions on M by V, R, S, k and C°°(M) respectively. The manifold
M is flat if R = 0 and M is of constant curvature if R is a constant multiple of the
Gaussian curvature tensor. For a conformally flat manifold M, R can be expressed
as
R:Jlg/\g+J2g/\S,

where Jq, Jo € C°(M). Especially, M is flat (resp., constant curvature and con-
formally flat) if J; = J = 0 (resp., J; = ﬁ, Jo =0 and J; = —m,
Jo = ﬁ) The manifold M is Roter type (briefly, RT}; see [4, 17]) if R can be
expressed as a linear combination of g A g, g AS and S A S. Very recently, Shaikh et
al. [25] introduced the notion of generalized Roter type manifold. A manifold is said
to be generalized Roter type (briefly, GRT,,) if its curvature tensor can be expressed

as a linear combination of g A g, gA S, SAS, gAS%, SAS?and S? A S?2. We note
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that the name “generalized Roter type” was first used in [25]. For general properties
of GRT,, and its proper existence we refer the readers to see [28] and also references
therein.

The paper is organized as follows. Section 2 is concerned with preliminaries. Sec-
tion 3 deals with warped product manifolds and various curvature relations. Section 4
is devoted to the study of warped products GRT,, and obtained the characterization
of such manifolds (see Theorem 4.1). We obtain the characterization of a warped
product manifold to be RT,, and conformally flat. The last section deals with the
proper existence of such notion by an example with a suitable metric.

2 Preliminaries

Let M be an n (> 3)-dimensional semi-Riemannian manifold and S? be its level 2
Ricci tensor of type (0,2). In terms of local coordinates, the tensor S? can be expressed
as

S3 = g" SiSji.

Similarly the Ricci tensors of level 3 and 4, S3 and S* are respectively defined as
S =g"S5S; and S = g"S%.S;.

Now for two (0,2) tensors A and E, their Kulkarni-Nomizu product ([5], [7], [11],
[18]) A A E is given by

(ANE)iju = AuEjr + Aj By — AinEj — Aj 1By,

In particular, we can define gA g, gAS, SAS, gAS%, SAS? and S% A S? as follows:
(9N Dijrr = 2(gugix — gikgit), (9N S)ijr = gaSik + Sugjx — 9inSji — Sikgiis
(SAS)ijrt = 2(SuSjk — SwSi), (9N S?)iji = 9aSix + Sigik — 9irS5 — Shgit,
(SAS)iju =SS+ 528, — SiS% — %S, (S2AS?)ijm = 2(535%, — 5%.52).

We note that the tensor %(g/\ g) is known as Gaussian curvature tensor and is denoted
by G. A tensor D of type (0,4) on M is said to be generalized curvature tensor ([5],
(7], [11]), if

(©)Dijri + Djire = 0, (44)Dijri = Dyiijs  (949) Dijrg + Djrir + Dyiji = 0.
Moreover if D satisfies the second Bianchi identity, i.e.,
Dijri,m + Djmrii + Dkt = 0,

then D is called a proper generalized curvature tensor, where ‘coma’ denotes the
covariant derivative. If A and B are two symmetric (0,2) tensors, then A A B is
obviously a generalized curvature tensor.

We mention that there are various generalized curvature tensors which are linear
combination of Riemann-Christoffel curvature tensor with Kulkarni-Nomizu products
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of some tensors. One such important curvature tensor is the conformal curvature
tensor C, and is given by

1 K
C=R— ——gANS+ 7———=9Ng.
2t s T =29
We refer the readers to see [27] for details about the various curvature tensors and
geometric structures along with their equivalency.

Definition 2.1. Let M be a semi-Riemannian manifold satisfying the following con-
dition

(2.1) R=NigNg+ NogANS+ N3SAS,

for some Ni, Ny and N3 € C*°(M). The above condition is called a Roter type
condition and M is called a Roter type manifold ([?, 6, 13, 15, 19, 21]) with Ny, Ny
and N3 as the associated scalars.

It may be mentioned that every conformally flat manifold of dimension > 4, as
well as every 3-dimensional manifold are Roter type.

Definition 2.2. Let M be a semi-Riemannian manifold satisfying the following con-
dition

(22) R=LigAg+LogANS+L3SAS+LyghS*>+LsSAS?+ LgS*AS?,

for some L; € C*°(M), 1 < i < 6. The above condition is called a generalized Roter
type condition and M is called a generalized Roter type manifold ([25], [28]) with L;’s
as the associated scalars.

For details about the geometric properties of generalized Roter type manifold we
refer the readers to see [28]. We mention that such decompositions of R were already
investigated in [8], [12], [23] and very recently in [9], [10], [24]. Throughout this paper
by a proper GRT,, we mean a GR1T,, which is not a RT,,, and by a proper RT, we
mean a RT, which is not conformally flat. A GRT,, or a RT, is said to be special if
one or more of their associated scalars are identically zero or assume some particular
values.

Again contracting the Roter type and generalized Roter type conditions Shaikh
and Kundu [28] presented some generalizations of Einstein metric conditions.

Definition 2.3. [1] If in a semi-Riemannian manifold M, S and g (resp., S?, S and
g; %, 8%, S and g; S, S, S2, S and g) are linearly dependent then it is called
Ein(1) (resp., Fin(2); Ein(3); Ein(4)) manifold. The Ein(1l) manifold is known as
Einstein manifold and in this case we have S = %g.

We note that every Ein(i) manifold is Ein(i+ 1) for i = 1,2, 3 but not conversely
[25]. It is well known that every manifold of constant curvature is always Einstein.
Again a RT,, is Ein(2) except N1 = Ny = ﬁ, N3 = 0; and a GRT,, is

L4(H2—K(2))

Ein(4) except Ly = % ( — - (n_l)’?n_Q)), Ly = ﬁ —Luk, Lz = %L4(n—2),
Ls =0, Lg = 0, where x®) = tr(5?).

72(n—1')€(n—2)’
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3 Warped product manifolds

Let (M,g) and (M, 9) be two semi-Riemannian manifolds of dimension p and (n — p)
respectively (1 < p <n —1). The product metric § on M = M x M is defined as

§="@)+0" @),

where 7 : M — M and o : M — M are the natural projections. Generalizing this
notion of product metric, Kruckovi¢ [22] introduced the notion of semi-decomposable
metric g on M as

g=m"(9) + (fom)a™(9),

where f is a positive smooth function on M. Again to construct a large class of
complete manifolds of negative curvature, Bishop and O’Neill [2] obtained the same
notion and named as warped product manifold. We mention that in the literature of
differential geometry the name warped product is more widely used and here we also
use the name ‘warped product manifold’.

Let M be the warped product manifold equipped with the warped product metric
g. If we consider a product chart

.l 2 +1 _ 1 +2 _ 2 n __ . n—
(UxV,az,x,...,xp,xp =y, P =y " =y p)

on M, then in terms of local coordinates, g can be expressed as

Gij fori=a and j = b,
(3.1) gij = f9ij for i =ca and j = 8,
0 otherwise,

where a,b € {1,2,...,p} and o, 8 € {p+1,p+2,...,n}. We note that throughout
the paper we consider a, b, ¢, ... € {1,2,...,p} and o, 8,7,... € {p+ 1,p+2,...,n} and
i,4,k,... € {1,2,...,n}. Here M is called the base, M is called the fiber and f is called
the warping function of M. If f = 1, then the warped product reduces to the product
manifold. Moreover, when (2 is a quantity formed with respect to g, we denote by Q
and €, the similar quantities formed with respect to g and g respectively.

The non-zero local components Ry i, of the Riemann-Christoffel curvature tensor
R, Sji, of the Ricci tensor S and the scalar curvature x of M are given by

(32) Ropea = Eabcda Raabﬁ = fTabgaﬁ7 Raﬂ'y5 = féaﬂ'y(; - fQPéaB*yéa
(3.3) Sab = Sab — (n = p)Tap, Sap = Sap + QJas, and
(3.4) n:E+;f(nfp)[(n—p—l)P—Qtr(T)],

where Gk = gugjr — girg;1 are the components of Gaussian curvature and

Tab = _%(fa,b - %fafb)v tT(T) = gabTabv

of
oxa’

pP= rjczg“bfafb, Q=—fln=p-DP+tr(T), fo=0f=



86 A. A. Shaikh, H. Kundu

For more detail about warped product components of basic tensors we refer the readers
to see [20], [26] and also references therein.

Now from above results we can easily calculate the local components of various
necessary tensors. The non-zero local components of S?, (g A g), (g A S), (SAS),
(g A S?), (SAS?) and (S? A S?) are given as follows:

55) ()52 = Sap + (n = )(S - ) + (n — p)*T3,
. (ii)SZB = %[Siﬁ +2QSq5 + Q2§aﬂ].
(1)(g A @)abed = (N G)abeds
(36) (”)( /\g)aabﬁ - 2f§ab§a,3>
(”Z) (g A g)aﬂ'yé 2(§ A @aﬂ'y&-

(1)(g N S)aabs = =Fap(Sap + QJas) — fgaﬂ( ab — (n—p)Tap),

{ (1)(g A S)avea = (G A S)abea — (1 = p)(G A T)aveas
(3.7)
(i10) (g A S)agys = F(G A S)apys + 2fQGapys.

(1)(S A S)abea = (S A S)abea — 2(71 —p)(SAT)aped
+(n p) (T A T)abcda
()(S/\ S)aab,B = _2( ap + anﬂ)( ab — (TL p)T )
(i11) (S A S)apys = (S A S)apys +2Q(S A Pays + Q%G A Tasys-

(3.8)

(D)(g A 5?)abed = (@A S Vabea + (0= ) (@ A (S - T)) abea
+(n —p)? (ﬁ/\T )abeds
(3.9)8 (i0)(g A S?)aabs = — fgab(Sa,B + 2Qsaﬁ + Q%Fop)
~fgap(S o+ (n— p)S - Tap + (n — p)°T3),
(i) (g A SPaprs = (G A S%)apys +2QG A Sapys + Q2 (G A Dapys-

(1) (S A S*)abea = (S A )abcd +(n—=p)(SAST))abed
+(n = p)* (S AT?)abea — (n = p) (5° AT)abea
—(n=p)>(TA(S-T))aved
+(n = p)(T A T2)apoa, )
(i) (S A %) aabs = =5 (Sab = (n = P)Tap) (S35 + 2QSap + Q*Fap)
—(S aﬁ2+ anﬂ)
(Sap + (n=p)(S-T)ap + (n — p)*T3,),
(”Z)(S A 52)04375 = [(S A SQ)(XB75 + 4Q(S A S)aﬁ“fﬁ
+Q2(5 A Daprs + QG A S)apas
+2Q%(G A S)aprs +2Q°(G A Gapys)-

(3.10)
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(#)(S% A S?)abed = (5 A5 aped + (0= p)2(S-T) A (S - T)) abea
+(n—p)2(T* ANT?)aped + 2(n — p)3(§2 AT?)gbed
+2(n — p)3((S - T?) AT?) apea
+2(n — p)(5° A (S T))abe;

(811) § (#0)(5% A )by = —2(Sagy + (n— p)(S - Tay + (n — p)?T2)

o (825 +2Q80s + Q%an).

(i13) (S? A S%)apys = 72((S? A S%)apys +4Q(S A S)apas

+Q*(G A G)apys +4Q(S?* A S)apys
+2Q*(G A S?)apys +4Q%(G A S)apys]-

From above it follows that the components of gA g, gA S, SAS, g A S% SAS?
and S? A S? are given in a quadratic form of Kulkarni-Nomizu product for base and
fiber part, and quadratic form of the product for the mixed part. So each of them
can be expressed by a matrix. For example, (g A S)abed; (9 A S)aabs and (g A S)agys
can respectively be expressed as

2

A g |S|*S T |T*|S-T i S |52
g 0 tlo |20 0 g —Q —1] 0 — 5
9 A S|S
S T oo 0 0 0 S —7 0] o0 A ng 5
52 0 JoJo] o |o]| o |[] & 0 0| 0 |and L1 12
— s LIJolo
T [22To]o] o [o 0 T [ fp=n)| 0 [0 1T 0 ol o
T? 0 [0]Jo0o [ 0 [0 0 T 0 0o
S.-T 0 0] 0 0 0 0 S-T 0 0 0

Similarly, we can get the matrix representations of the components for the other
tensors g A g, SAS, gAS% SAS?and S? A S2.

4 Warped product generalized Roter-type manifolds

Theorem 4.1. If M™ = M” X s M"P jsq warped product manifold, then M satisfies
the generalized Roter type condition

(41)  R=LigNg+LogNS+L3SASH+LygAS*+ LsSNAS?+ LgS? NS>
if and only if

(i) the Riemann-Christoffel curvature tensor R of M can be expressed as

A g El 5’ T T2 ST

g Ly 2 3 $Lo(p—n) | $Li(n—p)° | ZLi(n—p)
S 2 Ly Ls La(p —n) 1Ls(n —p)* $Ls(n —p)
52 % % Lg %L5(p —n) Lg(n — p)2 L¢(n — p)
T 3L2(p—n) L3(p—n) 3Ls(p—n) Ls(n —p)? —3Ls(n—p)° [ —3Ls(n—p)*
T° | 1L.(n—p)> | ILs(n —p)* | Le(n —p)° | —1Ls(n — p)® Lg(n —p)* Le(n — p)®
ST | fLan—p) | $Ls(n—p) | Le(n—p) | —3Ls(n—p)° [ Le(n—p)® L¢(n — p)°

(i) fﬁ, R being the Riemann-Christoffel curvature tensor of M, can be expressed as

A g S 52

5| e+ 2 4 (Ls+ L@+ (Ls + La)Q+ 1 (La+ QULst2le))
FL2Q+ f2Ly — IF e

S| (Ls+L0)0Q+ L2f3+3L52Q22f+4L5Q3 Ls+ 2Q(fL5f«§2L5Q) fL52+f42L5Q

32 %<L4 + Q(fLstrQQLsQ)> fL52+f42L6Q %
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(i) the following expression vanishes identically on M :

g S 52
7 —Li@ _ [,Q - 2L —L, - 2549 e
5 _ Lsz2 9050 — fLn — 2(fL3;—L5Q) 7%
5° *%*LL%Q*JI[@ *LS*% *%
T | fLap—n) 1) ¢ BEE 4 op,q(p ) | 2nULatlsd) | Lson)
T2 _ <”*P>2(L4f2+fL5Qf+2L6Q2) —=p?ULstile) | _2latnop)?
3.7 7(1L7P)(L4f2+;15Qf+2L6Q2> 7("—P)(.f1}5+4L6Q) 2L6(;_7_n)

Proof. In terms of local coordinates, (4.1) can be expressed as
(4.2) Rijii = Li(g AN g)iji + La(g A S)ijrr + L3(S N S)ijm
+  La(g A S)iji + Ls(S A S?)ijrr + Le(S* A S5?)ijn-
From (4.2) it follows that we can consider the following three cases:
D i=a,j=bk=cl=d;

(I)i=o,j=pB,k=n,1=0;
() i=a,j = a,k=b,l = 0.

Consider the case I: i = a,j = b,k = ¢,l = d in (4.2) and using (3.2)-(3.11), we get

Raped = L1(G A G)abed + La((S — (n = p)T) A (S = (n—p)T)) abed
+La(G A (8= (n—p)T))abea + La(@ A (S — (n—p)S - T + (n — p)*T?)) abca
+Ls(SA(S—(n—p)S-T+ (n—0)*T?))apea

+Lo((S = (n=p)S- T+ (n—p)*T*) A (S = (n = p)S - T + (n — p)*T?))aped-
Now expressing the above in matrix form, we get (i). Similarly setting i = a,j =
B,k =7,1=4d1in (4.2), we get (ii).
Again, by putting i = a,j = o,k =b,l = 8 in (4.2) and using (3.2)-(3.11), we obtain
fTavgap = —2L1 [GarGop — L2 [yab(gaﬂ + QFap) + fGap(Sap — (n — p)Tab)}
_ ~ _ Ls ~ - B
—(Sab — (n — p)Tap) [2L3(Sa6 + QGap) + 75(52/3 +2Q5as + ngaﬁ)}
L ~ ~ ~
_%gab(siﬂ +2QSap + Q@*Gas)

L fGap(Say + (0 = )S - Tup + (n— p)°T32,)
—Ls(Say + (0= p)(S - T + (1 = p)*T2)(Sas + QFas)s

2Lg =2 — ~ ~ _

_76(Sab +(n=p)(S-T)ap + (n— p)°T5)(S25 + 2QSap + Q°Gap)-
Now simplifying above and expressing in matrix form, we obtain (iii). This completes
the proof. O

The above theorem yields the following:
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Corollary 4.2. If M™ = M X § M"7 isa warped product manifold with (n—p) > 3
satisfying the generalized Roter-type condition (4.1), then

(i) the fiber M is generalized Roter type.
(@) the fiber M is Roter type if J; # 0, where

Ji = —%[L4P+L5(t’r'(T)(n_p) +E)
+2Lg (tr(T2)(n - p)2 +(n—p)tr(S-T) + @) } .

(iit) the fiber M is of vanishing conformal curvature tensor if J; # 0 and

(J2)?Lg + Jo(fLs + 4LeQ) n 2Q(fLs + 2LeQ)
f2(J1)? 25 f?

+Ls =0,

where Jy = — % [(fL5 +4L6Q) ((n —p) (tr(T?)(n—p) + tr(S-T)) + ﬁ)
DL+ 2L@) + 2r(T)(n — p)(fLs + LoQ) + 2R/ Ls + LoQ)]

(iv) the fiber M is of constant curvature if J; =0 and Jy # 0.

Corollary 4.3. If M" = M X g M"P js g warped product manifold with p > 3
satisfying generalized Roter-type condition (4.1), then the base M is generalized Roter
type if T can be expressed as a linear combination of g and S.

From Theorem 4.1 we can easily get the necessary and sufficient condition for a
warped product manifold to be Roter type.

Corollary 4.4. If M" = M" X g M7 s q non-flat warped product manifold, then
M satisfies the Roter type condition

(4.3) R=NigNg+ NogANS+ N3SAS
if and only if
A g S T
N g Ny N 1N, p—n
(i) R = % o ]\2[3 2N3(§)—n)) ,
T | 3N2(p—n) [ N3s(p—n) [ N3(n—p)*
A g S
(i) fR=1G [ Nif? + NoQf + Ns@* — IF [ T2 + N3Q |
S L2+ NQ Nj
g S T
(iii) | g | =2f N1 — No@Q | —fNa — 2N3Q | —f(1 + Na(n —p)) —2N3Q(n —p) |=0.
S —Ns —2N3 2N3(p — n)

Proof. The result follows from Theorem 4.1, by setting L, = Ny, Lo = N, L3 = N3
andL4:L5:L6:O. U
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Corollary 4.5. If M™ = M” X f M"7 s q non-flat warped product manifold with
(n —p) > 3 satisfying the Roter type condition (4.3), then

() the fiber is of Roter type.

(ii) the fiber is of vanishing conformal curvature tensor if M is conformally flat.
(i) the fiber is of constant curvature if —2(n — p)Nstr(T) — Nap — 2N3k # 0.

Corollary 4.6. If M™ = M” X f M"7 s q non-flat warped product manifold with
p > 3 satisfying the Roter type condition (4.3), then the base is of Roter type if T, G
and S are linearly dependent with non-zero coefficient of T .

Recently, Deszcz et al. [14] studied the warped product Roter type manifold with
1-dimensional fiber and showed the following;:

Corollary 4.7. [14] If M™ = m X f M? is _a non-flat warped product manifold
satisfying the Roter type condition (4.3), then M realizes a Roter type condition at
those points, where it does not satisfy the Finstein metric condition.

Proof. Since the dimension of Misn— p = 1, from the condition (iii) of Corollary
4.4, we get

(2f N1+ N2Q)g + (f N2 +2N3Q)S + (f(1+ N2) + 2N3Q)T = 0.

Ifat v € M, S # -£-7, then (f(1+ N2)+2N3Q) # 0 at = and T' can be expressed as

linear combination of S and g and hence by Corollary 4.6, M satisfies a Roter type
condition at z. This completes the proof. [l

Now we can easily deduce the necessary and sufficient condition for a warped
product manifold to be conformally flat manifold, as follows:

Corollary 4.8. If M™ = M X ¢ M"’p, 1 <p<n-—11is anon-flat warped product
manifold, then M is conformally flat if and only if

n—2

AN > K Q 1 ~ N 1 ~A 0
(ll)R—{m+m*§P:|gAg+mg/\S,

(ii1) |52y + 7% | Guvas+ 750w San+ 55 Saviias+ £ (555 +1) T = 0.

Ny = L

n—2

Proof. The result follows from Corollary 4.4 by taking N; =
and N3 = 0.

2(n—1l;(n—2) ’

From above we can state the following:

Corollary 4.9. [3] If M™ = M” X f M7 s q conformally flat warped product
manifold, then

(i) for (n —p) > 2, the fiber is of constant curvature.

(ii) for p > 2, the base is of vanishing conformal curvature tensor.

Proof. By contracting the condition (iii) of Corollary 4.8, it follows that T is a linear
combination of g and S, and S is a scalar multiple of §. Putting these in the condition
(i) and (ii) of Corollary 4.8, we get the results. O
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Since for the decomposable manifold the warping function f is 1, we have T' = 0,
P =0 and @ = 0. Thus applying these values in (3.2) to (3.11) we get the non-zero
components of R, S, k, S%, gAg, gAS, SAS, gAS?, SAS? and S2AS?. Consequently,
from Theorem 4.1 we can state the following:

Corollary 4.10. If M™ = M’ x M7 is a decomposable manifold, then M satisfies
the generalized Roter-type condition (4.1) if and only if

A g 5 |52 A Fi S | s? i g 32
— T T pe s [ L1 =
C=_ | g | L | F# | = | g | L | | oL g |20y | Ly | La |_
(1) R= S % s % , (i1) R = 5 % I % , (#i1) S T 2L, s =0.
Ell R I P % L Cill I W T

Note. From the above corollary we can get the necessary and sufficient conditions
for a decomposable manifold to be Roter type by taking Ly = L5 = Lg = 0, and
conformally flat by taking Ly = Ly = Ly = Lg =0, L, = m and Ly = —2
Again from the above results we see that the decompositions of a semi-Riemannian
product generalized Roter type manifold are also generalized Roter type manifold but
the converse is not necessarily true, in general. We also note that the same situations
arise for Roter type and conformally flat manifolds.

Remark 4.1. In this context we state the necessary and sufﬁment conditions of a
warped product manifold to be Einstein. Let M™ = M’ x I M"=P be a warped
product manifold ([1], see also [16]). Then M is Einstein if and only if

()S—(-pT=57 and (i) S=(£-Q)7

5 Examples

Example 5.1: Consider the warped product M = M x ! M , where M is an open

interval of R with usual metric § = (dx!)? in local coordinate x! and M is a 4-
dimensional manifold equipped with a semi-Riemannian metric

g = (dz*)? + h(dz®)? + h(dz*)? + hap(da®)?

in local coordinates (22,23, 2%, 2°), where the warping function f is a function of

z', and h and % are everywhere non-zero functions of 2% and z* _respectively. We
can easily evaluate the local components of necessary tensors of M. The non-zero
components of the Riemann-Christoffel curvature tensor R and the Ricci tensor S of
M upto symmetry are

~ ~ ~ n')2 —2nn’ ~ ~
YR1212 = YR1313 = R1414 = w(()47h), YRo323 = Rausa = — ¥ (n)?,

Rogpa = 1 <—1/1( 2 —2hy" + }1(1:7/)2) ;

S = D) g (e B ),

InZ R 2
~ " 7\2 ~ "2 N2
Spo = 2 g, 2t (2 (6h" + ") + LU () ) :

We can easily check that this manifold is generalized Roter type and Ein(3) manifold.
Moreover:
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(i) if (B)2 —hh" =0, i.e., h = c1e%%" | then it is a Ein(2) manifold, hence Roter type;
(i) if (¢")? — 2" = 0, ie., ¢ = M, then it is a manifold of constant

4(32
curvature, where c; and co are arbitrary constants.

By straightforward calculation, we can evaluate the components of various neces-
sary tensors of M. The non-zero components of the Riemann-Christoffel curvature
tensor R and the Ricci tensor S of M upto symmetry are

N2 _ "
hRi212 = Y Ri313 = Y R1414 = Ris15 = hi/J(f)Tfo,

P Ro323 = P R2424 = Rosas = <—h (f' ) —2fh" + ﬁ) )
Y R3434 = Rys45 = *2 (h2 (f/) + f(h l)2 )
Rssss = 1 {f (—¢ (W) = 2hy" + h(w ) _ h2y (f/)2] )

N2 _ ” 2 ”_ N2
Sh1 = 7(f)f722ff7 Sao =1 (27 + 2(f) 4 Bk hg(h) ,
1\ 2
¥Ss3 = Ss5 = L (2hmb " + M T 20R" + (h) 20 — (ww) ) ’

544=§(2(hf“+h”)+(+/)2+@>.

From these we can easily calculate the components of S2, S3, % and also the com-
ponents of G, gA S, SAS, gAS?, SAS? and S? A S2. We observe that for every f,
h and 1, the manifold is Ein(4) but not of generalized Roter type. We now discuss
the results for particular value of the functions f, h and i step by step as follows:
Step I: If (h/)2 — hh" =0, i.e., h = cree2®” | then M is generalized Roter type and
Ein(3). We note that in this case fiber M is proper Roter type and hence M is a
proper generalized Roter type warped product manifold with proper Roter type fiber.
Step II: Again consider

o) 4 F2f —1) =0, e, f= — e Vel tea) (eiﬁ(z”@’ + 4c1>2 :
16¢7

where ¢; and co are arbitrary non-zero constants. Then the manifold is a Ein(2)

manifold and hence the manifold is proper Roter type. In this case fiber remains also

Roter type. So M is a warped product proper Roter type manifold with proper Roter

type fiber.

Step III: Finally, consider (¢0')? — 2y = 0, i.e., ¥ = %. Then M is of
constant curvature and in this case fiber is also of constant curvature.

If f=(2')2, h = cycos?(x? — 2¢1) and ¥ = €*, then the manifold M is a special
generalized Roter type and is Fin(3). In this case the fiber M is proper generalized
Roter type and is Fin(3). Hence M is a warped product generalized Roter type

manifold with proper generalized Roter type fiber.

6 Conclusions

The present paper is devoted to the study of warped product generalized Roter type
manifolds and obtained the necessary and sufficient conditions for a warped product
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manifold to be of generalized Roter type manifold. As a particular case we obtain
the characterization of a warped product Roter type manifold. It is shown that the
fiber of a warped product GRT,, (resp., RT,, conformally flat) is also generalized
Roter type (resp., Roter type, manifold of constant curvature). We find out the
conditions for which the fiber of a warped product GRT,, is Roter type, conformally
flat or a manifold of constant curvature and the base is a generalized Roter type.
It is also shown that the two decompositions of a GRT,, product manifold are both
generalized Roter type but the product of two generalized Roter type manifolds is
not always generalized Roter type. Finally by suitable metric, the existence of such
case is ensured by an example.

Acknowledgements. The second named author gratefully acknowledges to CSIR,
New Delhi (File No. 09/025 (0194)/2010-EMR-I) for the financial assistance. All the
algebraic computations of Section 5 are calculated with help of Wolfram Mathematica.

References

[1] A. L. Besse, Einstein Manifolds, Springer-Verlag, Berlin-New York 1987.

[2] R.L. Bishop and B. O’Neill, Manifolds of negative curvature, Trans. Amer. Math.
Soc. 145 (1969), 1-49.

[3] M. Brozos-Véazquez, E. Garcia-Rio and R. Vdzquez-Lorenzo, Some remarks on
locally conformally flat static spacetimes, J. Math. Phys. 46, 2 (2005), 022501 (11
pages).

[4] R. Deszcz, On some Akivis-Goldberg type metrics, Publ. Inst. Math. (Beograd)
(N.S.) 74, 88 (2003), 71-83.

[5] R. Deszcz and M. Glogowska, Some examples of nonsemisymmetric Ricci-
semisymmetric hypersurfaces, Colloq. Math. 94 (2002), 87-101.

[6] R. Deszcz, M. Glogowska, M. Hotlo$ and K. Sawicz, A Survey on Generalized
Einstein Metric Conditions, Advances in Lorentzian Geometry, Proceedings of
the Lorentzian Geometry Conference in Berlin, AMS/IP Studies in Advanced
Mathematics 49, S.-T. Yau (series ed.), M. Plaue, A.D. Rendall and M. Scherfner
(eds.), 2011, 27-46.

[7] R. Deszcz, M. Glogowska, M. Hotlo$ and Z. Sentiirk, On certain quasi-FEinstein
semi-symmetric hypersurfaces, Ann. Univ. Sci. Budapest Edtvos Sect. Math. 41
(1998), 151-164.

[8] R. Deszcz, M. Glogowska, J. Jelowicki, M. Petrovié-Torgasev and G. Zafind-
ratafa, On Riemann and Weyl compatible tensors, Publ. Inst. Math. (Beograd)
(N.S.) 94, 108 (2013), 111-124.

[9] R. Deszcz, M. Glogowska, J. Jelowicki and G. Zafindratafa, Curvature properties
of some class of warped product manifolds, Int. J. Geom. Methods Mod. Phys.
13 (2016), 1550135 (36 pages).

[10] R. Deszcz, M. Glogowska, M. Petrovié-Torgasev and L. Verstraelen, Curvature
properties of some class of minimal hypersurfaces in Fuclidean spaces, Filomat
29, 3 (2015), 479-492.

[11] R. Deszcz and M. Hotlos, On hypersurfaces with type number two in spaces of
constant curvature, Ann. Univ. Sci. Budapest E6tvos Sect. Math. 46 (2003), 19—
34.



94

[12]

[20]
21]
[22]
23]
24]
[25]
26]
27]

[28]

A. A. Shaikh, H. Kundu

R. Deszcz, M. Hotlo$, J. Jelowicki, H. Kundu and A.A. Shaikh, Curvature prop-
erties of Gédel metric, Int J. Geom. Method Mod. Phy. 11, 3 (2014), 1450025
(20 pages).

R. Deszcz, and D. Kowalczyk, On some class of pseudosymmetric warped prod-
ucts, Collog. Math. 97 (2003), 7-22.

R. Deszcz, M. Plaue and M. Scherfner, On Roter type warped products with 1-
dimensional fibres, J. Geom. and Phys. 69 (2013), 1-11.

R. Deszcz and M. Scherfner, On a particular class of warped products with fi-
bres locally isometric to generalized Cartan hypersurfaces, Colloquium Math. 109
(2007), 13-29.

A. Gegbarowski, On Einstein warped products, Tensor, N.S. 52 (1993), 204-207.
M. Glogowska, Curvature conditions on hypersurfaces with two distinct principal
curvatures, In: ”PDEs, submanifolds and affine differential geometry”, Banach
Center Publications, 69 (2005), 133-143.

M. Glogowska, Semi-Riemannian manifolds whose Weyl tensor is a Kulkarni-
Nomizu square, Publ. Inst. Math. (Beograd) (N.S.) 72, 86 (2002), 95-106.

M. Glogowska, On Roter-type identities, in: Pure and Applied Differential Ge-
ometry - PADGE 2007, Berichte aus der Mathematik, (Shaker Verlag, Aachen,
2007), 114-122.

M. Hotlo$, On conformally symmetric warped products, Ann. Academic Paeda-
gogical Cracoviensis 23 (2004), 75-85.

D. Kowalczyk, On the Reissner-Nordstrom-de Sitter type spacetimes, Tsukuba J.
Math. 30 (2006), 363-381.

G.I. Kruckovié, On semi-reducible Riemannian spaces (in Russian), Dokl. Akad.
Nauk SSSR 115 (1957), 862-865.

K. Sawicz, On curvature characterization of some hypersurfaces in spaces of
constant curvature, Publ. Inst. Math. (Beograd) (N.S.) 79, 93 (2006), 95-107.
K. Sawicz, Curvature properties of some class of hypersurfaces in FEuclidean
spaces, Publ. Inst. Math. (Beograd) (N.S.) 98, 112 (2015), 165-177.

A.A. Shaikh, R. Deszcz, M. Hotlés, J. Jetlowicki and H. Kundu, On pseudosym-
metric manifolds, Publ. Math. Debrecen 86, 3-4 (2015), 433-456.

A.A. Shaikh and H. Kundu, On weakly symmetric and weakly Ricci symmetric
warped product manifolds, Publ. Math. Debrecen 81, 3-4 (2012), 487-505.

A.A. Shaikh and H. Kundu, On quivelency of various geometric structures, J.
Geom. 105 (2014), 139-165.

A.A. Shaikh and H. Kundu, On generlized Roter type manifolds, arXiv:
1411.0841v1 [math.DG] 4 Nov 2014.

Author’s address:

Absos Ali Shaikh, Haradhan Kundu

Department of Mathematics, The University of Burdwan,
Golapbag, Burdwan-713104, West Bengal, India.

E-mail: aask2003@yahoo.co.in, aashaikh@math.buruniv.ac.in

and kundu.haradhan@gmail.com



