On the conformal change of a special class of
(av, B)-metrics

L.I. Piscoran, C. Barbu and B. Najafi

Abstract. In this paper we will study the flag curvature; the E-curvature
and some metric properties of a special class of («a, §)-metrics, obtained
by conformal change. More precisely, starting with the («, 8)-metric in-
troduced by us in [13], we will use the conformal change described in [5] to
obtain a new ap(b?, g)—metric family. Then, we will investigate the above
mentioned properties of this new class of metrics.
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1 Introduction

In Finsler geometry, one of the great difficulties is to find analogies with the results
of Riemannian geometry. The conformal transformations in Riemannian and Finsler
geometries play an important role, not just for this two types of geometries, but also
for the process of geometrization of physical theories. As we know, the flag curvature,
is a natural extension of the sectional curvature from Riemannian geometry, and play
an important role in the theory of geodesics in Finsler geometry. Also, we know that
the flag curvature for such a metric, arises from the second variation of arc length in
Finsler geometry and for this reason, the study of the flag curvature is very important.
In paper [13], we introduced the new («, 8)-metric:

(1.1) F=oa(s*+s+a)

where a € (1,+00) is a positive scalar and s = g Furthermore, in [14], [15], [16],
we have continued our investigation on this new class of (a, §)-metric and we have
found more interesting properties for this class of metrics. In this paper we will use
the Hashiguchi conformal change for our metric, obtaining in this way a new class
of (a, 8)-metric and then we will investigate its properties and we will find the flag
curvature and E-curvature for this new class of metrics. The flag curvature is worth to
be study in Finsler geometry because it is the generalisation of the sectional curvature
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of Riemannian geometry, so is a very important geometric tool. The E-curvature is
another unique Finsler quantities and is also called mean Berwald curvature.

In 1976, Hashiguchi, in [5], introduced the conformal change of Finsler metrics, given
by:

(1.2) F=e'@F

Acording to [22], the conformal change of two Finsler manifolds can be given as
follows:

Definition 1.1. Let (M, L) and (M, L), be two Finsler manifolds. The two associated
metrics g and g, are said to be conformal if there exists a positive differential function
o(z), such that §(X,Y) = 2@ g(X,Y). Equivalently, g and § are conformal iff L2 =
€29 2. In this case, the transformation L — L is said to be a confromal transformation
and the two Finsler manifolds (M, L) and (M, L) are said to be conformal related.

In 1984, Shibata, in [19], extended the notion of S-change to a general case in
Finsler geometry. In the following lines we will recall some definitions and properties
regarding the general (a, §)-metrics.

Definition 1.2. ([2]) Let F be a Finsler metric on a manifold M. F is called general
(o, B)-metric, if F can be expressed on the form: F = a¢(b?, g)7 b = ||ﬁ||i, where «

is a Riemannian metric and 3 = b;(z)y’ is an one-form with [|3]|, < bo; s = g and
#(p, s) is a C*° function.

Proposition 1.1. (/2]) For a general (o, §)-metric

b2, é)

(1.3) F = ag(t?, =

the fundamental tensor is given by:
Gij = paij + pobib; + p1(biarys + bjou,i) — sprayicy,
where p = ¢(¢ — s¢2), po = PPaz + P22, p1 = P2(P — s¢2) — 5PPaa.

Moreover,
det(gi;) = 0" (b — s¢2)" (¢ — 52 + (b° — 57)da2)det(aij);
det(g”) = p~t {a" + b +moa " (b'y’ +b7y') +maTy'y )

where g = (gi;)~", a¥ = (a;;) ", b' = a'by,
B P22 _ (0= 502)¢2 — 5PP2

b—shrt (02— 9)pn’ " G652+ (B — 2)bma)

_ (59 + (0% = 5%)p2)((¢ — 5p2) P2 — sPp2)
% (¢ — sp2 + (b2 — 5%)p22)

Proposition 1.2. (/2]) Let M be an n-dimensional manifold, F = oqu(bQ,g) is a
Finsler metric on M for any Riemannian metric o and 1-form 3, with ||B||, < bo, if
and only if ¢ = ¢(b, s) is a positive C* function, satisfying:

¢ — s >0, ¢ — sp2 + (b* — 5%)pao
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when n > 3 or
¢ — 562 + (0° — 5?)¢p22 > 0

when n = 2, where s and b are arbitrary numbers with |s| < b < by

Proposition 1.3. (/2]) For an general (a, B)-metric F' = ag(b?, g) its spray coeffi-

cients G* are related to the spray coefficients Gt,, of a, by

%

G' = G, + aQsh + {O(—2aQs0 + 700 + 207 Rr) + aQ(ro + 50) } yE+

+{¥(—2aQso + roo + 20 Rr) + oIl(rg + s0) } b — &*R(r" + ")

where p s
J— 2 p— 1 .
Ryl —
o— (¢ — 502)d2 — sPpPao o 22 .
20(¢p — sPa + (b2 — 52)aa)’ 2(¢ — spg + (b — %) ¢22)’
(¢ — 502) P12 — 501022 201 s¢+ (b2 — s
4 II= o=t _ 27T 2
(14) @ 502)(6 — 362 7 (7 — Dom) '~ 5

Remark 1.3. In order to compute the spray coefficients G, the authors of paper [2],
obtained: G* = G 4+ G%, where

(15) GZQ = Gza + OéQSé + © {720&@80 + ’I"()Q} yg + U {720[@50 + Too}bi

(1.6) GY = g"{Ay+ B+ C(ri+s)} = p  {Dy' + Eb' + F(r' + s")}
with
A= (2091 — 5192 — s99P12)(r0 + 50);
B = a(¢162 + d¢12)(ro + s0), C = —a?peu;
D=A+(As+a 'Bb> +a7'Cr)ng + {A+a 'Bs+a ?C(ro + s0) } m;
E = B+ (aAs+ Bb’ + Cr)n+ {aA+ Bs+a 'C(ro + so) } mo;
F=0C,

D = {[2(¢ — s¢2) + sp22 - pt] $1 — (¢ — 5¢2) - pt - P12} (0 + 50)
(¢ - 5¢2>¢2 — 50022
¢ — s¢2 + (b? — 52) a2

¢rar

E =

¢(¢ — S¢2) _ 5¢¢22
{‘b — s¢2 + (b* — 5%) a2 b12 ¢ — sp2 + (b? — %) paa ¢1} (ro + s0)
I P22
¢ — sda + (b2 — s2) o

01 a’r,
2
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s¢+(b*—s) po

where p = P () P Also, we know:
rig = 5(biy +bj)s s = 5y —bjp);  sj = asn,
55 = bisz- = sijbi; T = rijbi;
ro = ijj; S0 = Sjyj, Too = Tijyiyj-
Here b;); denotes the coefficients of the covariant derivative of § with respect to a.

Let’s recall now some properties about the flag curvature of the general («, 8)-metric,
as are presented in [20]

Proposition 1.4. (/20]) Suppose general (a, B)-metric, F = ap(b?, g) is a projec-
tively flat Finsler metric, then its projectively factor P, is given by:

p_ 207 (¢ — 562) Gl ym + $2(2bm G2 + 100) + 201 (10 + 50)
B 2F

where G™ denotes the spray coefficients of a, oo = ri;y'y’, ro = bIrijyt, so = b sy

Remark 1.4. In computations, the authors of [20] used for this general («, 8)-metric,
the following formulas:

kayk
2F

for the projectively factor of this kind of metric, and

(1.7) p=

P2 _ Pomy™

(1.8) K=——

for the flag curvature of this («, 8)-metric.

Jacobi equation of the Finsler manifold (M = Qx F') can be written in the scalar

form as follows(see [1]):
d*v

where & = v(s)n' is a Jacobi field along v : 2° = z%(s), 1" is the unit normal vector
field along v and K is the flag curvature of (M, F'), which describes the shape of the
space. According to ([1]), the flag curvature for the Finsler manifold (M, F'), tell us
how curved is the space at a point. The importance of the flag curvature in physics is
huge. One of its applications is in the solving of the Jacobi equation how we already
underlined in the above lines.
According to Z. Shen, ([17]) the E-curvature, is the most important non-Riemannian
quantities in Finsler geometry. A lot of geometers investigates the E-curvature and
they found interesting results in this respect. Some important research paper about
the E-curvature are: ([17], [21], [3]).
The E-curvature is defined as follows (see [17]): E, = E;jdz'®dz?|, : T,M®T,M — R
0? {86’"‘}

(1.10) =1 O o™
' 2 0yioyd | Oym
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The E-curvature is closely related with the flag curvature. For a two dimensional
plane P C T, M and a non-zero vector y € T,M, the E-curvature is defined by:

F3(y) By (u, u)
gy(ya y) - gy(u, u) — gy(yv u)?

E(va) =

with P = span {y,u}.
Considering that g is a closed and conformal 1-form, i.e.,

(].1].) bz\] = Cyj,

M. Gabrani and B. Rezaei, found the following important theorem regarding the
E-curvature for general («, 8)-metrics (see [4]):

Theorem 1.5. ([{]) Let F = a$(b?, g), be a general (a, B)-metric on an n-dimensional
manifold M. Suppose that B, satisfies (1.11). Then, F is of isotropic E-curvature if
and only if

(112)  (n+ 1)(E - sBy) + (8 — s*)(Hy — sHo) = p(a) (n + 1)(6 — )

where p(x) = %, E and H, are defined by:

P2+ 2501 50+ (b* — s%)¢2

. E =
(1.13) 27 5

P22 — 2(¢1 — s012)
2[¢ — spo + (b — 5%) 2o
In this paper we will use the indices 1 respectively 2 in derivations, with respect

to b2, respectively s.
Finally, let’s recall the following:

(1.14) H=

Theorem 1.6. ([4]) Let F = ag¢(b?, g), be a general (c, B)-metric on an n-dimensional
manifold M. Suppose that 8, satisfies (1.11). Then, the E-curvature of F is given by:

c (1
Ei; = 3 {a [(n+ 1)Eos + 2(Ha — sHas) + (b* — s*) Haaa| bib;

S
- = [(n+ 1)Eos + 2(Ha — sHas) 4+ (b* — s*) Haoa| (biy; + bjy:)

1
+ 5 [(n + 1)82E22 — (n + 1)<E — SEQ) + 82(b2 — 82)H222 + (382 — bg)(Hg — SHQQ)} YilYj
1
(0%

+ [(n + ].)(E — SEQ) + (b2 — 82)(H2 — SHQQ)] aij}

Corollary 1.7. ([4]) Let F = a¢(b?, g), be a general (a, B)-metric on an n-dimensional
manifold M. Suppose that 3, satisfies (1.11). Then, F is of vanishing E-curvature if
and only if:

(1.15) (n+1)(E — sEy) + (b* — s%)(Hy — sHay) = 0
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2 Preliminaries

The («, 8)-metrics were introduced in Finsler geometry by Matsumoto [9]. This kind

of metrics are composed by a Riemannian metric a, a 1-form 8 and the C*° function

¢(s), on a manifold M. Such an («, 8)-metric could be puted in the following form:
F=a¢(s); s= é

@

A classical example of this kind of metrics is the Funk metric, which can be expressed

as follows:

s+4/1— (b2 —s2)

1— b2

and § =< z,y >. The Funk metric is a projectively

F =ap(t?,s) =a

<z,y>
oyl o
flat Finsler metric with G* = Py*, where P represents its projective factor which is

given by:

where b = |z|; a = |y|; s =

2 12
P—l \/|y|—(\x| I = <z,y>?) <zy>
T2

L—|af 1~ |af”

=

Its flag curvature is K = —
Every Finsler metric F on M induces a spray G = y/°

a?si - 2Gi(m,y)8%i, as follows:

i L 9g;i 99k j ok
6' (o) = 3" {255 ) = Sk @) o
where g;;(z,y) = 5 [F?] .., (z,9).
For a vector y = y'5%|, € T,M set Ry(u) = Riu*5%|,, where u = u'5%|, and
R: = R!(z,y) is given by:

oGt PG ;PG G aG

() I : : T
B, ok Y OxI Oy * Oyioyk Oyl Oy*

It is easy to observe, that R, (y) = 0.
Assuming that G is induced by a Finsler metric F, then R, is self-adjoint with respect
to gy, i.e., gy(Ry(u),v) = gy(u, Ry(v)). For a tangent plane P C T,M and a vector
y € P — {0}, the flag curvature K(P,y) is defined by:

gy (Ry(u), u)
9y(Y,y) gy (u, u) — gy (y, w)gy (v, u)

K(Pv y) =

where u € P such that P = span {y, u} . Interesting and important results regarding
the flag curvature in Finsler geometry, were obtained in: [10], [11], [12], [17], [18].

3 Main Results

Starting now, with the metric (1.1), we will transform it using Hashiguchi conformal
transform (1.2), in a (b2, £)-type metric, where we will chose for the Hashiguchi

[e%
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transform, o(z) = b%. So, we get the following (o, 3) general family of metrics:

(3.1) F=a(s*+s+ a)eb2

We are ready now, to give the following:

Proposition 3.1. For the (b2, %)—metric (8.1), the fundamental tensor is given by:
Gij = paij + pobib; 4 p1(bjcry; + bjoyi) — sproyiay;,

where p = 62b2(32+s—|—a)(a—32), po = e’ (6s2+65+2a+1), p1 = 2’ (a—4s>—3s?).
Moreover,

det(gi;) = 0" (¢ — s2)" (¢ — 52 + (b? — 5%)ao)det(aij);
det(g") = p~* {a" + nb'b + o by + Vy") +ma Yy}
where g9 = (gi5) ), a¥ = (az;)~", b = aib,

2 _ 483 4+ 352 —a
32— 202 —a’ " (s2+s+a)(a— 3%+ 202)’

’[’]:

(—s3 +2b%s + b2 + as)(a — 3s* — 4s°)
(s2+ s+ a)?(—3s2+2b% + a)

m=

Proof. After tedious computations, using Proposition 1.3, we get the desired result.
|

Proposition 3.2. The general (o, 8)-metric (3.1) is a Finsler metric on M, for any
Riemannian metric a and 1-form (3, with ||B]|,, < bo, if and only if ¢ = #(b?,8) is a
positive C* function, satisfying one of the following two conditions:

1)—Va<s<a

202 +a

2
)s < 3

for |s| < b < by.

Proof. We will impose the conditions from Proposition 1.4, namely

¢ —5¢2 >0, ¢ — 5+ (b2 - 82)(2522

when n > 3 or
¢ — Ssps + (b2 — 82)¢22 >0

when n = 2, where s and b are arbitrary numbers with |s| < b < by. For the first
condition, we get e’ (a — s%) > 0 and for the second one, we get —3s% + 2b% 4+ a > 0.
Solving this two inequalities, we get the desired result. O



On the conformal change of a special class 111

Proposition 3.3. For the («a, 3)-metric (3.1), the spray coefficients G*, are related
to the spray coefficients of a, by:

G' = G + aQs) + {O(—2aQsy + 190 + 20*Rr) + afd(rg + so) } yE
+ {¥(—2aQs0 + ro0 + 20°Rr) + all(ro + so) } b" — &*R(r" + s°)

where
2 ST+a
Q= 2t R=2ltsta
@ _ —45%-3 s2+a
T 2(s?+s+a)(—3s2+a+202)?
(3.2) U= (-3s+a+2b*)"1,
_ b(—4s°—3s%+a)
=2 (—s2+a)(—3s24+a+2b2)>
_ _ (seb2(sz+s+a)+b2—sz)ﬂ
Q=4b o (o1 ta) .
Proof. After computations, using Theorem 1.5, we get the result. O

Remark 3.1. For the metric (3.2), the spray coefficients can be obtained as follows:
G' = G} + G5, where

2s+1

a— s?

—4s%-3s°+a B (2s+1)8 o yi
2(s2+s+a)(—3s2+a+20b?2) — 2700y

+ (=35> +a+2b°)7" {—2a(i8+ !

Gy =G+ aof Vst +
_752)80 + 7"00} b’
Gt = g" {Ay + Bbi+ Clri+ s0)} = p~ { Dy’ + BY + P + 51}
with
A= 4e2b2b(754 — 5%+ sa+a®)(ro + so),
B= a4be2bz(s2 +s+a)(2s+1)(ro + so),
C = —a22(e")%(s2 + s + a)2b,
F=C,

2

D= YT [e2b2b(256 + 355 + (2a + 4b%)s* + (60 — 4a)s® + (3b? — 6a?)s>
+ (2ab® + a?)s — ab® + 243 + 4a2b2} (ro 4+ s0) + p - a®r

o2V (s> + s+ a)%b 9
o
—3s2 +a+2b2

)

E=p-arg+sy) +4

262 3 2 2
where p = 22 (_487;5%13'?2%(; +5+9) These quantities were obtained using (1.5) and

(1.6) from Remark 1.4 and using Maple 13, after tedious computations.
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Proposition 3.4. Suppose that the (b?, %)-metric (3.1), is a projectively flat general
Finsler metric. Then its projectively factor is given by:

a Ha— 3Gy + (s + %)(QmeZ’ +700) + 2ab(s% + s+ a)(ro + o)

3.3) P=
(3.3) s24+s+a

where G, denotes the spray coefficients of a, roo = 14;y'y? ; o = bIri;yt, so = b sy

Proof. The proof is direct, using Proposition 1.4 for the general («, 8)-metric (3.1).
O

Theorem 3.5. The flag curvature of the general («, 8)-metric (3.1), is given by:

B 4042(33+52—i+s(a+1)+%)(53+82+s(a+1)+%)62b2—1/-04
N (2 + s+ a)?

34) K

b

where v = 2¢’ (352 +2s+1+a).
Proof. First, we transform our metric (3.1), in the following way:

<xz,y >2

lv] + <2,y > +aly))e’

onz(82—|—s—|—a)eb2:(

where a € (§,+00) is a scalar, and we made the following notations: b = |z]; a = |y|;

5= <Tz’/\y> and 8 =< xz,y >. Next, we compute:

<z,y >3

2
Fuyt =2 <a,y> (@+1) |y + [y + o +2<z,y>?%)

2 < x,y >3
Pyk = 2elol” <zy>2<zy>(a+l) |y|—|—|y|2+T|y

e‘””|2(2 |y|3 (a+1)+6y <z,y >S4 <zy > \y|2)

+2 <2,y >+

2 k
—Pry

Now, using K = P 5 we complete the proof, obtaining (3.4). O

Theorem 3.6. Let F' be the general (a, 8)-metric given in (3.1) on an n-dimensional
manifold M. Suppose that B, satisfies (1.11). Then, F is of vanishing E-curvature if
and only if:

(n+1) { 12bs® + (64ba + 24 + 32b%)s7 4 (39 + 365> + 12ba)s5 4 p - s°
2(=3s2+a+2b2)%(s? + s + a)?
(—5a — 28ba® — 100b%a + 2b% + 8b%)s* + v - 83
2(=3s2 +a+2b2)%(s2 + s+ a)?
1
(—3s2 4+ a+2b2)%(s®2 + s +a)? I
+ (8b%a® + 2a® + 4ab® + 16b°a)s + 4b°a® + 2a°b* + 8b°a® + a®] }+

4ba® — 4b%a® — 3a” + 48b°a + 12ab?)s>

T3

s3(4ba — 4b3 — 3)

(3.5) +(b* — 52)(24<_382 T a+ 202)3

) =0,



On the conformal change of a special class 113

where
= (—64ba? — 128b%a + 24b® + 18),

v = (16ab* — 12a + 64b°a + 8a® — 48b3a + 32b%a?).
Proof. Imposing the condition (1.15):
(n+1)(E — sE) + (b* — s*)(Hy — sHyg) = 0

after tedious computations in Maple software package, we get:

7 1 — 2bs% + 2ba
 —3s2+4a+ 22
B 1 —85%h — 12bs* + (—16ba — 4)s> + (4b — 3 4 4ba)s® + 8ab(a + 2b%)s + a + 4b%a
2 (=352 +a+2b2)(s2 + s+ a)
and replacing in (1.15), we get the desired result. O

Using now Theorem 1.5, we are ready to give the following important result:

Theorem 3.7. Let F be the general (o, 8)-metric given in (8.1) on an n-dimensional
manifold M. Suppose that B, satisfies (1.11). Then, the E-curvature of F is given
by:

s3(4ba — 4b3 — 3)
(=357 + a + 2073

1
B = - {a {(n +1)Eq +2(24

2 ) + (b2 - 52) - ,UJ:| blb]

s3(4ba — 4b% — 3)
—3s2 4+ a + 2b?)3

—% [(n 1) By +2(24 )+ (b2 — 82) — 4 :

1
-(biyj + bjyi) + 3 [(n + 1)52E22 —(n+1)(E —sEs) + s2(b? — 82> — i

s3(4ba — 4b% — 3)

3s% — b?)(24
B = e ey

)] YiY; + é [(n—i— 1)(E — sFEy) + (b2 — 82) . V] aij}

(4ba—4b>—3)(a+2b2+352) U — 94 s (4ba—4b>—3)

_ S
where = 72 (352 rat2bo)t , (325 atabt)® and

1 —85°b — 12bs* + (—16ba — 4)s> + (4b> — 3 + 4ba)s® + 8ab(a + 2b?)s + a + 4b%a_

E

2 (—3s2+a+20%)(s2+s+a) ’
B 1 —40bs* — 48bs® 4 3(—16ba — 4)s> + 2(4b® — 3 + 4ba)s + 8ba(a + 2b°)
72 (=382 +a+20?)(s2+s+a)
43 (—85°b — 12bs* + (—16ba — 4)s> + (4b> — 3 + 4ba)s? + 8ba(a + 2b)s + a + 4ab3)si

(=3s2+a+2b2)2(s2 4+ s+ a)

1 (—85°b — 12bs* + (—16ba — 4)s® 4 v + 8ba(a + 2b%)s + a + 4ab®)(2s + 1)
2 (=382 4+ a+20%)(s?2 + s+ a)?

—160bs3 — 144bs? + 6(—16ba — 4)s + 863 — 6 + 8ba+

1
Fap = -
270 (—3s2+a+20%) (s> +s+a)
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6 (—40bs* — 48bs® 4 3(—16ba — 4)s* + 2(4b> — 3 4 4ba)s 4 8ba(a + 20%))s
(—=3s24+a+2b2)2(s2+s+a)

(—40bs* — 48bs® + 3(—16ba — 4)s? + 2(4b> — 3 + 4ba)s + 8ba(a + 2b%))(2s + 1) n
(—3s2 4+ a+2b%)(s? + s+ a)?

436 (—85°b — 12bs* + (—16ba — 4)s> + v + 8ba(a + 2b%)s + a + 4ab?)s? B
(=3s24+a+2b2)3(s2+ s+ a)

6 (—85°b — 12bs* + (—16ba — 4)s3 4 v + 8ba(a + 2b)s + a + 4ab3)s(2s + 1) N
(—3s2 +a+2b%)%(s2 + s+ a)?

43 —85%b — 12bs* + (—16ba — 4)s® + (4b3 — 3 + 4ba)s® + 8ba(a + 2b%)s + a + 4ab® L+
(—3s2+a+2b%)2(s2+s+a)

N (—85°h — 12bs* + (—16ba — 4)s> + v + 8ba(a + 2b%)s + a + 4ab®)(2s + 1)2 B
(—3s24+a+20%)(s?+s+a)?

B —85°h — 12bs* + (—16ba — 4)s> + (4b% — 3 + 4ba)s? + 8ba(a + 2b%)s + a + 4ab®
(=352 +a+2b%)(s2+s+a)?

where v = (4b3 — 3 + 4ba)s>.

)

Proof. The proof can be done using Theorem 1.5 and making all the computations
in Maple for the metric F' given in (3.1). After tedious computations the results
presented above can be obtained. O

4 Conclusion

In this paper we have continued our investigation on the new introduced (c, 8)-metric
(1), from [7]. Using the Hashiguchi transform we transform metric (1.1) and we
investigate the new general (a, $)-metric obtained. We also find the flag curvature
and the projective factor for this new metric. A special attention was given to the
computation of E-curvature of this new general («, 3)-metric. The flag curvature
and the E-curvature for a general (o, 8)-metric worth to be studied because of their
importance, not only in Finsler spaces theory, but also in mathematical physics. In
our future paper we will investigate the flag curvature and E-curvature of another
(a, B)-metrics families.

References

[1] V. Balan, KCC and linear stability for the Parkinson tremor model, Topics
in Contemporary Differential Geometry, Complex Analysis and Mathematical
Physics, Eds: S. Dimiev and K. Sekigawa, World Scientific, 2007.

[2] C. Yu, H. Zhu, On a new class of Finsler metrics,Diff. Geom. and its Applica-
tions, 29, 2, (2011), 244-254.

[3] Y. Chen, W. Song, Spherically symmetric Finsler metric with isotropic E-
curvature, J. Math. Res. Appl., 35, 5 (2015), 561-567.



On the conformal change of a special class 115

[4]

[5]

(6]

M. Gabrani, B. Rezaei, On general («, B)-metrics with isotropic E-curvature,
J. Korean Math. Soc., (in press), DOI: http://doi.org/10.4134/JKMS.j170277,
(2018).

M. Hashiguchi, On conformal transformations of Finsler metrics, J. Math. Kyoto
Univ. 16, 1 (1976), 25-50.

S-1. Hojo, M. Matsumoto and K. Okubo, Theory of conformally Berwald Finsler
spaces and its applications to («, 8)-metrics, Balkan J. Geom. Appl., 5, 1 (2000),
107-118.

H. Izumi, Conformal transformations of Finsler spaces, I, Tensor, N. S.; 31

(1977), 33-41.

H. Izumi, Conformal transformations of Finsler spaces, II, Tensor, N. S., 34
(1980), 337-359.

M. Matsumoto, The Berwald connection of Finsler space with an (o, B)-metric,
Tensor (N,S), 50 (1991), 18-21.

B. Najafi, Z. Shen and A. Tayebi, On a projective class of Finsler metrics, Publ.
Math. Debrecen. 70 (2007), 211-219.

B. Najafi, Z. Shen and A. Tayebi, Finsler metrics of scalar flag curvature with
special non-Riemannian curvature properties, Geom. Dedicata. 131 (2008).

B. Najafi and A. Tayebi, Finsler metrics of scalar flag curvature and projective
invariants, Balkan J. Geom. Appl., 15, 2 (2010), 90-99.

L. I. Pigcoran and V. N. Mishra, Projectively flatness of a new
class of («a,B)-metrics, Georgian Math. Journal,26 (1), 133-139, DOI:
https://doi.org/10.1515/gmj-2017-0034, (2019).

L. I. Pigcoran and L. N. Mishra, Projective change for a new class of («, 3)-
metricsMathematica Aeterna, 6, 6 (2016), 885 - 894.

L. I. Piscoran and V. N. Mishra, S-curvature for a new class of (a, B)-metric,
Revista de la Real Academia de Ciencias Exactas, Fisicas y Naturales, Serie A.
Matematicas, 111, 4 (2017), 1187-1200.

L. I. Pigcoran and V. N. Mishra, Variational problem for a new class of («, 3)-
metric, FILOMAT, 32, 2, (2018), 643-652.

Z. Shen, Differential Geometry of Spray and Finsler Spaces, Kluwer Academic
Publishers, Dordrecht, 2001.

Z. Shen, Projectively flat Finsler metrics of constant flag curvature, Transactions
of the American Mathematical Society, 355, 4 (2003), 1713-1728.

C. Shibata, On invariant tensors of B-changes of Finsler metrics, J. Math. Kyoto
Univ., 24 (1984), 163-188.

W. Song, X. Wang, A new class of Finsler metrics with scalar flag curvature, J.
of Math. research with applications, 32, 4 (2012), 485-492.

A. Tayebi, A. Nankali, E. Peyghan, Some curvature properties of Cartan spaces
with mth root metrics, Lith. Math. J., 54, 1 (2014), 106-114.

N. L. Youssef, S.H. Sbed, A. Soleiman, A global theory of conformal Finsler
geometry, Tensor N.S., 69 (2008), 155-178.



116 L.I. Pigcoran, C. Barbu and B. Najafi

Author’s address:

Laurian-Ioan Pigcoran

Department of Mathematics and Computer Science,

North University Center of Baia Mare, Technical University of Cluj Napoca,
Victoriei 76, 430122 Baia Mare, Romania.

E-mail: plaurian@yahoo.com

Catalin Barbu

”Vasile Alecsandri” College, Bacau,

str. Vasile Alecsandri nr. 37, 600011 Bacau, Romania.
E-mail: kafka_mate@yahoo.com

Behzad Najafi

Department of Mathematics and Computer Sciences,
Amirkabir University, Tehran, Iran

E-mail: behzad.najafi@aut.ac.ir



