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Abstract

It is shown that every locally Euclidean 2-parallel submanifold of a space form
has harmonic curvature vector (i.e., is weak biharmonic). In four-dimensional
Euclidean space, in the class of surfaces with flat connection∇, whose one family
of curvature lines consists of geodesics, a surface is weak biharmonic if and only
if it is 2-parallel.

M.S.C. 2000: 53C40.
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§1. Introduction.
Let Mm be a smooth m-dimensional submanifold in a space form Nn(c). For

a function Φ (real or vector valued) on Mm, the operator ∆2 can be defined by
∆2Φ = ∆(∆Φ), where ∆ = gij∇i∇j and ∇ is the covariant differential operator of the
Levi-Civita connection of Mm. A submanifold is said to be biharmonic if for the radius
vector x of its point satisfies ∆2x = ∆(∆x) = 0. According to the derivation formula
for the adapted to Mm orthonormal frame bundle, we have ∇x = dx = eiωi; thus
∇ix = ei, and according to the other derivation formula (see e.g. [Lu 5]) d(∇ix) = dei

can be expressed as ejω
j
i + hijωj . Hence ∇ei = dei − ejω

j
i = hijωj , and therefore

∇j(∇ix) = ∇jei = hij . Then ∆x = gijhij = mH, where H is the mean curvature
vector of Mm. The last formula is known as the Beltrami equation. It follows that a
submanifold Mm in Nn(c) is biharmonic if and only if its mean curvature vector H
is harmonic, i.e., if ∆H = 0.

There is another possibility to introduce ∆DHα by means of the normal curvature
D, and to define submanifolds with harmonic mean curvature vector (or, shortly, weak
biharmonic submanifolds), as those satisfying ∆DHα = 0.

For the second fundamental tensor hij = eαhα
ij there holds ∇hα

ij ∧ ωj = 0, where

∇hα
ij = dhα

ij − hα
kjω

k
i − hα

ikωk
j + hβ

ijω
α
β .(1.1)

is the covariant differential of hα
ij in the Van der Waerden-Bortolotti connection ∇

(i.e., the pair ∇ and normal connection D), denoted also by ∇⊥. Therefore, due
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to Cartan’s Lemma, ∇hα
ij = hα

ijkωk, where hα
ijk = hα

ikj , or in the other notation
∇khα

ij = ∇jhα
ik, are the components of so called (vector valued) third fundamental

tensor; the last equality is the Peterson-Mainardi-Codazzi equation. If ∇(∇khα
ij) = 0,

this third fundamental tensor is said to be parallel, and the submanifold is called 2-
parallel.

The first results about 2-parallel submanifolds were obtained for curves in En, i.e.,
for the case m = 1, c = 0. In [15] there were classified all such curves. In [19] the
results have been generalized to the case c 6= 0.

Independently in [1] all curves with harmonic mean curvature vector in En are
classified. Surprisingly, these are the same curves obtained in [15]; only the spherical
Cornu spirals have not a good geometrical characterization (see [1]).

In the present paper we state and partially solve the problem for submanifolds of
dimension m > 1. The results are summarized in Abstract; a conjecture is formulated
in the final part of the paper as well.

2 Biharmonic and Weak Biharmonic Submanifolds

According to B-Y. Chen [6], a submanifold is said to be biharmonic if ∆H=0. For such
a submanifold, both the tangent and the normal components in (6) must be zero. The
biharmonic submanifolds Mm have been investigated in [13], [8], [9], [14]. It is known
that in many cases they reduce to minimal submanifolds, but in pseudo-Euclidean
spaces they do not (see [7]).

There is another possibility to introduce the Laplacian from the mean curvature
vector H by means of the normal curvature D (or ∇⊥) of a submanifold. Let H =
Hαeα, where eα with α ∈ {m + 1, ..., n} be the basic vectors of the adapted frame
normal to the submanifold, Hα = 1

mgijhα
ij and let hα

ij be the components of the
second fundamental form of the submanifold, defined by ωα

i = hα
ijω

j . Using exterior
differentiation, the structure equations and Cartan’s Lemma lead to

dhα
ij = hα

kjω
k
i + hα

ikωk
j − hβ

ijω
α
β + hα

ijkωk.(2.2)

and, reiterating the process,

dhα
ijk = hα

ljkωl
i + hα

ilkωl
j + hα

ijlω
l
k − hβ

ijkωα
β + hα

ijklω
l.(2.3)

Now for Hα there hold true

dHα + Hβωα
β = Hα

k ωk,

where Hα
k = 1

mgijhα
ijk, and futher

dHα
k −Hβ

k ωα
β = Hα

l ωl
k +

1
m

gijhα
ijklω

l.

Here the left hand side can be interpreted as the covariant differentials DHα and
DHα

k , correspondingly.
The covariant derivatives associated to DHα

k , can be defined only if a certain
tangent frame field is given on the submanifold. Then at an arbitrarily fixed point
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x, where ωi = 0, we should have dei = 0, whence ωi
j must be vanish due to ωk = 0.

Then we infer a linear dependency ωj
i = γj

ikωk and now in DHα
k = DlHα

k ωl one has
DlHα

k = Hα
j γj

kl + 1
mgijhα

ijkl. Here Hα
k can be interpreted as DkHα and we introduce

∆DHα = gklDl∇kHα = gklHα
j γj

kl +
1
m

gijgklhα
ijkl.

Note that a formula for ∆H including ∆DH was derived by B-Y. Chen [6] (see also
[13]).

If ∆DHα = 0, the submanifold is said to have harmonic mean curvature vector,
or more simply we will call it weak biharmonic.

Consider the case when the integral lines of all basic vector fields of the given
orthonormal tangent frame field are geodesic lines of the submanifold. Then for every
fixed value of i we should have dei = hiiωi for a line determined by ω1 = ...ωi−1 =
ωi+1 = ... = ωm = 0, since along this line dei may have only normal component.
Thus γj

ii = 0 for all values of i.
Further, for an orthonormal frame field gkl = δkl, so that gklγj

kl = γj
11 + ... + γj

mm
is zero in the considered case and there holds

∆DH =
m

∑

i,k=1

hα
iikk.(2.4)

On the other hand it is known that a submanifold can have an orthogonal net of
geodesic lines if and only if its Levi - Civita connection ∇ is flat, i.e. if it is intrisically
locally Euclidean.

We introduce in the following the 2-parallel submanifolds. The formula (3) can
be written as ∇hα

ijk = hα
ijklω

l, where we recall that ∇ is the covariant differential
operator of the van der Waerden-Bortolotti connection. According to F. Dillen ([11]),
a submanifold is called 2-parallel if ∇2

h = 0, or component-wise, ∇l∇khα
ij = ∇lhα

ijk =
0, or equivalently, hα

ijkl = 0.

Theorem 1. A locally Euclidean 2-parallel submanifold Mm in Nn(c) is weak
biharmonic.

Proof. Really, from hα
ijkl = 0 and (4) it follows directly that ∆DH = 0. 2

Corollary. Each 2-parallel curve M1 in Nn(c) is biharmonic.

As well, the converse is true. Indeed, for a curve the following Bartels-Frenet
formulae hold1:

dx = e1ds, de1 = (−cx + κ1e2)ds, de2 = (−κ1e1 + κ2e3)ds, de3 = (−κ2e2 + κ3e4)ds,

etc; here i = 1, α ∈ {2, 3, ..., n}. Therefore ω1
1 = 0, h2

11 = κ1, h3
11 = ... = hn

11 = 0,
ω3

2 = −ω2
3 = κ2ds. Now ∇h2

11 = dκ1, so h2
111 = κ1, ∇h3

11 = κ1κ2ds, so h3
111 = κ1κ2;

1Recent investigations ([18]) had shown that the famous Frenet formulae, given for n = 3, c = 0 by
F. Frenet in 1847 and then by J. Serret in 1851, were published already in 1831 (in their preliminary
version, covariantly) and belong actually to Martin Bartels (1769-1836).
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in the same way we can deduce that h4
111 = ... = hn

111 = 0. Hence the 2-parallelity
condition gives a system

κ′′1 − κ1κ2
2 = 0, (κ1κ2)′ + κ′1κ2 = 0, κ1κ2κ3 = 0,

(cf. [19], sect.18), which coincides with the system characterizing in [1] (for the case
c = 0) the curve with harmonic mean curvature vector or, as we have called it, weak
biharmonic curve. This gives the following

Proposition 1. A curve M1 in Nn(c) is weak biharmonic, if and only if it is
2-parallel.

We examine the problem for dimension m > 1. In one direction, we have

Proposition 2. All two and three-dimensional, as well as all normally flat
m-dimensional 2-parallel submanifolds in En are weak biharmonic.

These submanifolds have been classified in correspondingly, [15], [16], [17] (see also
[19]), where it is shown that all of them are locally Euclidean, and hence Theorem 1
applies.

Conversely, arises the question if every locally Euclidean weak biharmonic sub-
manifold in Nn(c) is 2-parallel.

We consider this problem in the Euclidean space E4 (i.e., for c = 0) for surfaces
with flat ∇ - i.e., for both ∇ and D being flat.

3 Surfaces with Flat ∇ in E4

It is known (due to É. Cartan) that in the case of a normally flat submanifold all hα
ij

(i.e., for every value of α) can be diagonalized by an orthogonal transformation in the
tangent space (see [4]). For surfaces this means that we can set hα

12 = 0. The vectors
hα

11eα and hα
22eα are called then the principal curvature vectors and are denoted by

k1 and k2 correspondingly. It is known that the curvature 2-forms of ∇ are now
Ωj

i = −〈ki, kj〉ωi ∧ ωj (see [19], Sect. 12). For a surface the only non-zero here can
be Ω2

1 = −Ω1
2 = −Kω1∧ω2. In the case of flat ∇, when K = 0, the vectors k1 and k2

are therefore orthogonal and can be used for a further adapting of the frame, if they
are, of course, non-zero. Let e3 and e4 be taken collinear to them, so that k1 = k3e3,
k2 = k4e4, k3k4 6= 0. This implies h3

11 = k3, h4
22 = k4 and all other hα

ij being zero.
The system (2) gives now

dk3 = h3
111ω

1 + h3
112ω

2, k3ω4
3 = h4

111ω
1 + h4

112ω
2,

k3ω2
1 = h3

112ω
1 + h3

122ω
2, −k4ω2

1 = h4
112ω

1 + h4
122ω

2,
−k4ω4

3 = h3
122ω

1 + h3
222ω

2, dk4 = h4
122ω

1 + h4
222ω

2.

Thus
k4h3

112 + k3h4
112 = 0, k3h3

112 + k4h4
111 = 0,

k4h3
122 + k3h4

122 = 0, k3h3
222 + k4h4

112 = 0.

From the relations of the first column it follows that there exist some functions λ and
µ on the surface such that

h3
112 = λk3, h4

112 = −λk4, h3
122 = µk3, h4

122 = −µk4.(3.5)
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After substitution into the equations of the second column, they give

h4
111 = −µ(k3)2(k4)−1, h3

222 = −λ(k3)−1(k4)2.(3.6)

We simplify the notations taking k3 = a, k4 = b, h3
111 = ϕ, h4

222 = ψ; then

ω2
1 = λω1 + µω2, da = ϕω1 + λaω2,(3.7)

db = µbω1 + ψω2, −ω4
3 = ab(µb−2ω1 + λa−2ω2).(3.8)

Exterior differentiation leads to the following covariant equations

(dλ− λ2ω2) ∧ ω1 + (dµ + µ2ω1) ∧ ω2 = 0,
(dϕ− λµaω2) ∧ ω1 + (d(λa) + λϕω1) ∧ ω2 = 0,
−(d(µb) + µψω2) ∧ ω1 + (dψ − λµbω1) ∧ ω2 = 0,
[

ab−1dµ− φω2
]

∧ ω1 +
[

a−1bdλ + φω1
]

∧ ω2 = 0,

where φ = 1
2 (ϕba−2λ + ψab−2µ).

Due to Cartan’s Lemma from the first equation we get

dλ = ρω1 + (σ + λ2)ω2, dµ = (σ − µ2)ω1 + τω2.(3.9)

Now the second and third ones reduce to

[dϕ− (aλµ + aρ2λϕ)ω2] ∧ ω1 = 0,
[dψ − (bλµ− bτ − 2µψ)ω1] ∧ ω2 = 0,

and give

dϕ = ϕ̃ω1 + (aλµ + aρ + 2λϕ)ω2,(3.10)

dψ = (bλµ− bτ − 2µψ)ω1 + ψ̃ω2,(3.11)

but the last one implies

τ = a−2b−2ρ + ϕλa−3b2 + ψµb−1.(3.12)

The system of four covariant equations contains four secondary forms dλ, dµ, dϕ, dψ
and two linearly independent primary forms ω1, ω2. The rank of the corresponding
bilinear system is s1 = 4. After using Cartan’s Lemma four new linearly independent
coefficients ρ, σ, ϕ̃, ψ̃ occurre; since the number of these coefficients is equal to s1,
the Cartan test condition is satisfied, the system is compatible and determines the
considered surface with arbitrariness of four real holomorphic functions of one real
argument (see [3], [2]).

4 The Case of Weak Harmonic Surfaces

To continue here with weak biharmonic surfaces M2 in E4, one has to exterior dif-
ferentiate again, find the quantitative hα

iikk and build the condition ∆DH = 0. The
equation (3) gives for α = 3 and i = j = k = 1

dϕ = 3λa(λω1 + µω2)− µa2b−1ab(µb−2ω1 + λa2ω2) + h3
1111ω

1 + h3
1112ω

2,
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so it is seen that h3
1111 = ϕ̃− 3λ2a + µ2a3b−2.

For α = 3, i = j = 1 and k = 2 we infer

h3
1122 = a(σ + 2λ2 − 2µ2)− a−1b2λ2 + µϕ,

and the same expression has h3
2211. This further leads to h3

2222 = a−1b(bσ + 3λψ) +
3aµ2, but α = 4 and

h4
1111 = −ab−1(aσ +3µϕ)−3bλ2, h4

1122 = h4
2211 = −b(σ−2λ2 +2µ2)+a2b−1µ2−λψ,

h4
2222 = ψ̃ − 3bµ2 − a−2b3λ2.

Now the conditions ∆DH3 = ∆DH4 = 0 imply

ϕ̃ = −(2a + a−1b2)σ + Φ̃, ψ̃ = −(2b + a2b−1)σ + Ψ̃,(4.13)

where Φ̃ and Ψ̃ are some algebraic expressions of a, b, λ, µ, ϕ, ψ with constant coeffi-
cients.

We replace these expressions of Φ̃ and Ψ̃ into (13) and then make substitutions of
the latter into (10), (11); the two obtained equations hold, in view of (12).

Exterior differentiation leads now to following covariant equations:

dρ ∧ ω1 + dσ ∧ ω2 + Πω1 ∧ ω2 = 0,
dσ ∧ ω1 + a−2b2dρ ∧ ω2 + Γω1 ∧ ω2 = 0,

(2a + a−1b2)dσ ∧ ω1 + Ξω1 ∧ ω2 = 0,
(2a + a2b−1)dσ ∧ ω2 + Υω1 ∧ ω2 = 0,

where the capital Greek letters denote some algebraic expressions of a, b, λ, µ, ϕ, ψ.
Cartan’s Lemma gives now from the first equation

dρ = αω1 + βω2, dσ + Πω1 = βω1 + γω2.

We substitute this into the other three equations, and obtain

−γ + a−2b2α + Γ = 0, (2a + a−1b2)γ = Ξ, (2b + a2b−1)β = −Υ.

Hence the system needs new differential prolongation which leads to some algebraic
relations among the old coefficients. Due to certain technical difficulties, this will be
not done in the present paper.

Further we restrict ourselves to a particular case.

5 Subcase of surfaces whose one family of curvature
lines consists of geodesics

Let further λ = 0. Then ω2
1 = µω2, thus for the curvature lines determined by ω2 = 0

there hold dx = e1ω1, de1 = ae3ω1, so that these lines are geodesics.
From (9)-(12) it follows that now ρ = σ = 0, τ = ψµb−1, dϕ = ϕ̃ω1, dψ =

−3µψω1 + ψ̃ω2. The covariant equations are
(

dµ + µ2ω1
)

∧ ω2 = 0, dϕ ∧ ω1 = 0
−bdµ ∧ ω1 + (dψ + 2µψ) ∧ ω2 = 0, (bdµ− ψµω2) ∧ ω1 = 0.(5.14)
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They contain three secondary forms dµ, dϕ, dψ, and the rank of the corresponding
bilinear system is s1 = 3. The Cartan’s Lemma gives dµ = −µ2ω1 + b−1ψµω2 and
the expressions above for dϕ and dψ. Hence the number of new coefficients ϕ̃, ψ̃ is
less than s1 and a new differential prolongation is needed. The equation containing
dµ gives by exterior differentiation trivial identity, but the other for dϕ and dψ give

dϕ̃ ∧ ω1 = 0,
[

dψ̃ + (4ψ̃µ + 3b−1ψµ)ω1
]

∧ ω2 = 0.

Here s1 = 2 and after using Cartan’s Lemma, two new coefficients occur. Hence the
system is compatible and determines the considered surface with arbitrariness of two
real holomorphic functions of one real argument.

We further look for the weak harmonic surfaces among the considered ones. We
have

h3
1111 = ϕ̃ + a3b−2µ2, h3

1122 = h3
2211 = −2aµ2 + µϕ, h3

2222 = 3aµ2

h4
1111 = −3ab−1µϕ, h4

1122 = h4
2211 = −2bµ2 + a2b−1µ2, h4

2222 = ψ̃ − 3bµ2.

Therefore ∆DH3 = ∆DH4 = 0 lead to

ϕ̃ = µ2a(1− a2b2)− 2µϕ(5.15)

ψ̃ = b(2a2b−2 − 1)µ2 + 3ab−1µϕ.(5.16)

We substitute these expressions into the previous equations and then exteriorly dif-
ferentiate the latter. The equation dϕ = ϕ̃ω1 gives then b−1µψ(ϕ − aµ) = 0. Then
either (i) µ = 0 or (ii) ψ = 0 or (iii) ϕ = aµ = 0.

(i) If µ = 0 then ψ̃ = 0; thus dψ = 0 and ψ = ψ0 = const.; also ϕ̃ = 0 from (15),
and hence ϕ = ϕ0= const. Moreover, ω2

1 = ω4
3 = 0. From (5) and (6) it follows that

the components of the third fundamental form, except two, are equal to zero. But
two last ones are h3

111 = ϕ0 , h4
222 = ψ0 , hence constants. Thus the surface is trivially

2-parallel and turns to be a product of two plane Cornu spirals.
(ii) If µ 6= 0, ψ = 0, then also ψ̃ = 0, due to (14), and (16) gives ϕ= 1

3a(a−2b−2-2)µ.
From this, we infer by differentiation

dϕ = −1
9
a(8− 8a−2b2 − a4b4)µ2ω1.

Now (15) implies

ϕ̃ = −1
3
a(a2b−2 + 2a−2b2 + 3)µ2.

Substitution into dϕ = ϕ̃ω1 leads to

b6 + 2a2b4 − 17a4b2 − 3a6 = 0,

which shows that between a and b there is a relation b = κ0a, where κ2
0

is a positive
solution of the equation

x3 + 2x2 − 17λ− 3 = 0.

Elementary calculations show that this equation really has a positive solution between
3 and 4. Let us substitute b = κ0a into the equation db = −µbω1; the result is
da = −aµω1. This shows that there must be the equality ϕ = −aµ, but using here
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the obtained above expression for ϕ the result is a contradiction κ2
0
a−4 = −1. Hence

the surface in the case (ii) does not exist.
(iii) If µψ 6= 0, then necessarily ϕ = aµ; but this gives by differentiation ϕ̃ω1 =

ϕω1µ + a(−µ2ω1 + b−1ψµω2), and thus a result which contains a contradiction: here
the coefficient of ω2 cannot be zero!

Hence the surface in the case (iii) also does not exist.
As a result the following statement can be formulated.

Theorem 2. In E4 in the class of surfaces with flat connection ∇̄, whose one
family of curvature lines consists of geodesics, a surface is weak biharmonic if and
only if it is 2-parallel.

The Proposition 2 and Theorem 2 let us assume the following
Conjecture. A locally Euclidean submanifold Mm in En is weak harmonic if and

only if it is 2-parallel.

To verify this conjecture a lot of work has to be done. First the case of general
surfaces with flat ∇ in E4 must be finished; the case m > 2, n > 4 is not completely
studied as well.

Note that in the classical case of surfaces M2 in E3 the conjecture is true, and
can be verified by taking a = 0 in the formulas above. Then ϕ = 0 and from (10)
ϕ̃ = 0, but the first relations of section 3, right-hand column, give ω2

1 = −bh4
122, thus

in (7) λ = 0 and due to (9) ρ = σ = 0. Further, (16) reduces to ψ̃ = −bµ2, from (12)
τ = b−1ψµ, and as a result dψ = −3µψω1 − bµ2ω2. This by exterior differentiation
implies µ(3ψ2 − b2µ2) = 0. Here µ = 0 gives (i) as before, but µ 6= 0, ψ = ± 1√

3
bµ

leads to a contradiction, like (iii).
We conclude with an announcement, that in E3 there exist surfaces with K 6= 0,

which are weak biharmonic, but not 2-parallel. By means of the Cartan’s theory it
can be shown that these exist with arbitrariness of two real holonomic functions of
the real argument.
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