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Some geometrical properties of a five-dimensional
solvable Lie group

Mansour Aghasi and Mehri Nasehi

Abstract. In this paper we consider the unimodular solvable Lie group
Gp. As it is stated in [9], in 1980, Bozek has introduced G,, for the first
time. In [9] Calvaruso, Kowalski and Marinosci have studied geodesics
on this Lie group when it has arbitrary odd dimension. Our aim in this
paper is to investigate four other geometrical properties i.e. homogeneous
Ricci solitons, harmonicity of invariant vector fields, left invariant con-
tact structures and homogeneous structures in two cases Riemannian and
Lorentzian on this Lie group with dimension 5. This survey shows that,
the space-like energy on the Lorentzian Lie group G2 does not have a
critical point and there is no left invariant almost complex structure on
G2 x R.

M.S.C. 2010: 53C50, 53C43, 53C15, 53C30.
Key words: Homogeneous Ricci solitons; harmonicity of invariant vector fields; left-
invariant contact structures; homogeneous structures; spatially harmonic.

1 Introduction

For any integer n > 1, the unimodular solvable Lie group G, is as follows;

eto 0 . 0 )
0 e“r ... 0 x
G, =
0 0 - e z,
0 o .- 0 1
where (1, 21, , Tp,us, -+ ,U,) € R* and ug = —(u1+- - ~+uy,). In [9] Calvaruso,

Kowalski and Marinosci have studied geodesic vectors for this Lie group. They proved
that the space (G, g) where g is the Left-invariant Riemannian metric, admits 2n+1
linearly independent homogeneous geodesics through the origin 0. In [13] Chavosh
Khatamy introduced the tangent bundle T'G),, for this Lie group and then investigated
the exact form of its geodesic vectors.

In this paper we consider some other geometrical properties of this Lie group in
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2 Mansour Aghasi and Mehri Nasehi

dimension 5. One of these properties is Ricci solitons. As it is introduced in [7], a
Ricci soliton is a pseudo-Riemannian manifold (M, g) which admits a smooth vector
field X, that satisfies the following property;

(1.1) Lxg+p=2Xg

where Lx is the Lie derivative in the direction of X, p is the Ricci tensor and A is a
real number. A Ricci solition is said to be a shrinking, steady or expanding, if A > o
, A=o0 or \ < o, respectively.

In section 2, we consider the Bozek example in dimension five. In [6], Calvaruso and
De Leo investigated the curvature properties of four-dimensional generalized sym-
metric spaces. Here we generalize their calculations for G5 with dimension five in
two Riemannian and Lorentzian cases. We show that G is not a homogeneous Ricci
soliton by using [7], where the authors have investigated Ricci solitons on Lorentzian
Walker three manifolds. In section 3, we study harmonicity properties of invariant
vector fields on G2 using [5] and [10], where they have studied harmonicity proper-
ties of invariant vector fields on three- dimensional Lorentzian Lie groups and four
dimensional generalized symmetric spaces. In section 4, we state left invariant con-
tact structures on Gy using [11] which has an example that presents a contact metric
Lorentzian structure in the exact form on R® and also [12], where the full classifi-
cation of invariant contact metric structures on five dimensional Riemannian gener-
alized symmetric spaces are obtained. In this section we also show that there does
not exist a left-invariant almost complex structure on G x R by using the relation
between contact and complex structures in [11]. Finally in section 5 we state homoge-
neous structures on Go, using [8] and [1], where they have determined homogeneous
structures on arbitrary sphere of Kaluza-Klein type and on homogeneous Lorentzian
three-manifolds.

2 Homogeneous Ricci solitons on G,

Bozek example states that for n = 2, Gs is;

eto 0 0 x9
. 0 et 0 it
Gy = 0 0 e“2 a4
0 0 0 1
where (zg, 21,22, u1,u2) € R® and ug = —(u1 + ug). Considering the vector fields

U, = %,a =1,2and X; = e% 8?::' ,i=0,1,2, the set {Xg, X1, X2,U;,Us} is a basis
for the Lie algebra G of the Lie group G5 and the Lie bracket is introduced as follows;

L] | )(0 ){1 )(2 DH L6

Xo | 0o 0 0 X, X
X, | 0 0 0 -Xi -Xi
Xy | 0 0 0 —-Xo —Xo
Uy | -Xo X1 X 0 0
Uy | -Xo X1 X» 0 0
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In the Riemannian case
The solvable unimodular Lie group G5 can be equipped with the following left-
invariant Riemannian metric with a > 0;

2

2
g= 26_2%’ (dz:)? +a Z dugdug.

i=0 a,B=1

So the scalar product (,) on the Lie algebra G is;

Gl Xo X1 Xy U Us
Xo | 1 0 0 0 0
X, | 0O 1 0 0 0
X, | o 0 1 0 0
U, o 0 0 a &
U, | 0O 0 0 & a

We can construct an orthonormal frame field {ey, es, €3, €4, €5} with respect to g;

48

49

50

51

U1 U2 Ul U2
el 0, €2 1, €3 2, €4 Ja  va’ es5 \/37a+ o
and we get;
2 -2 -2
2.1 e1, €9, €5 = ——ea, es,e5] = ——es3.
(2.1) 1 [e2, e5] NeTie [e3, e5] e

e1,e5] = Ner

Considering Koszul’s formula 2¢(V.,e;, ex) = g([ei, e;], ex)—g([e;, ex], e:)+9([ex, €], €;5)

the nonzero connection components are;

\V4 _ =2 _ 2 _ 2
(2 2) e1€1 = 265 Ve €5 = Werha! Ve,02 = /3265
. —2 2
Ves€5 = 5762 Ves€s = /3565 Ves€s = 553

By using R(X,Y)Z = V|x y)Z —VxVyZ+VyVxZ we can determine the curvature
components;

4 4

R(es,er)e3 = 3a€1 R(es,e1)es = —3.61
4 4

R(61’62)€1 - 3ae2 R(€3,€2)e3 = —37162
4

R<€5,€2>65 = R(€5,€3)65 = —3*63.

4
302
Since R(X,Y, Z, W) = g(R(X,Y)Z,W) we have;

4 4
R3131 = Ri212 = +— Rs151 = Rag32 = Rszs2 = Rszsz3 = —5—.
3a 3a
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o

Applying the Ricci tensor formula p(X,Y) = eig(R(X,e;)Y,e;), we get;

i=1

oo

=4 0 0 0
0 —i 0 0
(Pij=10 0 -3 0 0
0 0 0O 0 0
4
0 0 0 0 —3
which is diagonal with eigenvalues r; = 34a rog =713 = % ,r4=0and rs = —%.

5

For an arbitrary left-invariant vector field X = Z K;e; on G5 we have;
i=1

2K, 2Ky o o 2Ky 2Ky o o 2Ky 2K
Vaa VAT VT T AT VB T T B Ve
using the relation (Lxg)(Y,Z) = ¢(Vy X, Z) + g(Y,VzX) we have;

Ve, X =

4K _ 2K,
E 0 0 0 3a
0 - 0 o0 Zz
Lxg= 0 3“ —4Ks ﬁ
V3a V3a
0 0 0 0 0
_ 2K, 2K 2K3 0 0

V3a  V3a  V3a

In the Lorentzian case
The solvable unimodular Lie group G5 can be equipped with the following left-
invariant Lorentzian metric with a > 0;

2
Z Ui (da;)? — a(du12 + duz2) + 3aduidus
i=0

and the scalar product (,) on the Lie algebra G is;

(Y ] Xo X1 Xo U U
Xo | 1 0 0 0 0
X | o 1 0 0 0
Xy | o 0 1 0 0
Uy | 0 0 0 -a 3
Uy | 0 0 0 32 —qg

We can construct a pseudo-orthonormal frame field {e1, e, 3, €4, €5}, where;
U, U, Uy U,
Va Va7 Ve Ve
Then the metric g is with signature (4, +, +,+, —) and we have;

(23) [61,64] = %61, [62,64] = %62, [63,64] = \_/7263.

er =Xo, e=X;, e3=X3 e=
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Hence the connection components are;

_ =2 —_ 2 — 2
(24) velel - !(21*64 vele4 - \éael v6262 - @64
v6264 = %62 vege?) = ﬁeél v63€4 = ﬁ@g
and the curvature components can be determined as follows;
4 4
R(eg, 61)63 = —€1 R(€4, 61)64 = ——€1
a a
4 4
R(el, 62)61 = —€2 R(eg, 62)63 = ——€9
a a
4 4
R(eq,ea)eq = —562 R(eq,e3)eq = —geg.
Therefore;
4
R3131 = Ri212 = p Ry141 = R3232 = Ry242 = Ryzaz = -
and the Ricci tensor is;
i 0 0o o0 o0
0o -2 0 o0 o0
(p)ij=0 0 =2 0 0
0o 0 o0 -9
0 0 0 0 0
which is diagonal with eigenvalues r1 = % , g =713 = —% ry = —%2 and r5 = 0.
5
For an arbitrary left-invariant vector field X = Z K;e; on G5 we have;
i=1
—2K, 2K, 2K, 2K, 2K, 2K,
Ve X - ve X = - Ve X = -
) \/a e4+—\/ael 2 \/a€4 \/562 5 \/564 \/&63
and the Lie derivative in the direction of X is;
4Ky _ 2Ky
e 0 0 o 0
0 —ﬁé 0 ﬁé 0
Lxg=| o0 0 4K 2K
2K, 2K, 211\(/3a Oa 0
Va Va Va
0 0 0 0 0

Proposition 2.1. The solvable unimodular Lie group Go is not a homogeneous Ricci
soliton in both Riemannian and Lorentzian cases.

Proof. In the Riemannian case by the Ricci soliton formula (1.1), we get the following
system of differential equations;

4K 4 _
+a. = A

ﬁfﬂﬁf%fo

V3a ~ V3a V3a
(2.5) A=0

—4K5_i:)\

V3a 3a

A= 4
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6 Mansour Aghasi and Mehri Nasehi

From the first and the third equations in (2.5) we get K5 = —\/% and the first and
the last equations in (2.5) give us K5 = —\/%. So a = 0 which is a contradiction.
The calculation in the Lorentzian case is similar. (]

Remark 2.1. A pseudo-Riemannian manifold (M,g) is in class A if and only if
the Ricci tensor is cyclic-parallel, i.e. Vxp(Y,Z)+ Vyp(Z,X)+ Vzp(X,Y) =0 or
equivalently it is a Killing tensor , i.e. Vxp(X,X) = 0 and it is in class B if and only
if its Ricci tensor is a Codazzi tensor, i.e. Vxp(Y,Z) = Vyp(X, Z), where

Vipjk = — Z(ejBijtptk + exBiktptj),
t

B;;1 components can be obtained by the relation V.., e; = ZsjBijkek and py are
k
tensor Ricci components. For more detail see [4].

Proposition 2.2. The solvable unimodular Lie group Ga belongs to class A in both
Riemannian and Lorentzian cases.

Proof. In the Riemannian case B;ji’s are;

-2 2 2

Byis = Ner Bags = e B3szs = Ner

SO lell = v2p22 = V3p33 = V4p44 = V5p55 = 0 as desired. In the Lorentzian case
B;ji’s are;

-2 2 2
Biyy=—= Boyy=— DBsyy=—
114 Ja 224 Ja 334 a
and in a similar manner they belong to class A. ]

Here we remind the following theorem from [2].

Theorem 2.3. A pseudo-Riemannian manifold (M",g) of dimension n > 4, is con-
formally flat if and only if its Weyl curvature tensor vanishes, that is

(2.6) R(X,Y,2,W) = L (9(X, Z)p(¥, W) + g(Y, W)p(X, )

- g(Xv W)p(Ya Z) - g(Yv Z)p(X7 W))

- m(g()ﬁ Z)g(Y, W) —g(Y, Z)g(X,W))

where X, Y, Z, W are vector fields and T is the scalar curvature.

Proposition 2.4. The solvable unimodular Lie group Gs is not conformally flat in
both Riemannian and Lorentzian cases.

Proof. Since the scalar curvature is 7 = Z ple;, e;)(see [3]. p. 43), in the Riemannian

3

case T = _3—1; ( 1141 the Lorentzian case 7 = =16) using (2.6) we have Ris12 = 5= # 7=
( Ri212 = 5, # ). So in both cases G2 is not conformally flat.
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3 Harmonicity of invariant vector fields on G,

In this section we investigate the harmonicity of invariant vector fields on the Lie
group Gs.
In the Ri5emannian case

Let V = Z Kie; be a left-invariant vector field on G2, where {e;} is an orthogonal

i=1
frame field, then (2.2) yields;

—2K, 2K 2K, —2K5 2K;5 —2K5
Ve, V=—=e+—=c1, Ve,V =—=e+——=¢, V,V=—"TFe+t—¢
V3a ° V3a ! ’ V3a ° V3a 2 ¢ V3a ° V3a °
and with calculation V¢, Ve,V and Vy,_ .V fori=1,---,5;
—4 —4
Ve, Ve,V = §(K161+K565), Ve, Ve,V = %(K262+K565),

—4
VQSVGBV = 37@([(363 + K5€5).

5
Since Vy_ .V =0, using V*VV = Zai(veiveiv — VveieiV) we get;

i=1

e; €i

—4
V*VV = 370,(K161 + Koes + Kzez + 3K5€5)

In the Lorentzian case
5

Let V = ZKiei be a left-invariant vector field on Gs, where {e;} is an pseudo-

i=1
orthogonal frame field, then (2.4) gives;

9K, 2K, 9K,  —2K, 9Ky  —2K,
AV Vit WP M SRS v/ Vi S i SN v Vi DS M
) \/a 64+\/&€1 5 \/&644- \/5 [H) s \/a€4+ \/a es
Hence;
—4 —4
Velvelv = T(Klel + K4€4)a Vezvezv = 7(K282 + K4€4),

Ve, Ve, V = _74(1(363 + Kyey)
and for 1 =0,---,5 since Vy,_ .,V =0 we get;
V*VV = %(Klel + Kaes + Kses + 3K e4).
In both Riemannian and Lorentzian cases the following theorem is applicable, but

we only prove it for the Riemannian case. The proof of the Lorentzian case is very
similar.
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8 Mansour Aghasi and Mehri Nasehi

5
Theorem 3.1. Let V = Z Ke; be a left-invariant vector field on the Lie group Ga,

i=1
then V defines a harmonic map if and only if V = Kyey.
Proof. Let V.= Kyey. Since both V*VV and tr[R(V.V,V). ZEZ (Ve,V,V)e

are zero, V defines a harmonic map. In the other direction, if V* VV = 3, i (Kiey +
Kses + Kzes + 3Kses5) = 0 and tr[R(V.V,V).] =0, then V = Kyey. O

Proposition 3.2. In both Riemannian and Lorentzian cases the left-invariant vector
5

field V = ZKiei is an invariant harmonic vector field on the Lie group Gy if and
i=1
only if K5 = K4 = 0.

Proof. Since in the Riemannian case V*VV = _4V + ( cKaeq+ §—5K5e5) and in the
Lorentzian case V*VV = 74V + ( Kses + = K4e4) using V*VV = AV, we can
complete the proof. O

Let (M, g) be a compact pseudo-Riemannian manifold and ¢® be the Sasaki metric
on the tangent bundle TM, then the energy of a smooth vector field V : (M, g) —
(TM, g°) on Gy is;

-1 1
(3.1) E(V) =""200l(M,g) + f/ | VV || dv
2 2 Ju

(see [5]). Since G is not compact we suppose that D is its relatively compact domain
and calculate the energy of V|p.

Proposition 3.3. Let V be a a smooth left-invariant vector field on Go, the energy
of V|p in the Riemannian case is;

2|V |? | 4KZ 2
= 2 —_— —_
Ep(V)=(2+ 3 + 2 3aK4)volD

and in the Lorentzian case is

2| VP2 4K4

2
+ K5)v0lD
a

Ep(V)=(2+——

where Ep (V) denotes the energy of V|p.

Proof. In the Lorentzian case we have;

5
IVV = eig(Ve, Vi Ve, V) =

i=1

4K? 4K2Z 4AK? 12K}
+ + + .
a a a a

By replacing || V ||= K? + K3 + K3 + K2 — K2 in the relation (3.1) we can complete
the proof. We can prove the Riemannian case in a similar manner. O
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Recall that for a Lorentzian Lie group Ga, a left-invariant vector field V' is spatially
harmonic if and only if Xy = §V, where § € R and for

divV = Z 9(Ve,V,ei)

and
(VV){(VyV) =D eig(VvV,Ve,V)ei
)/EV iS;
(3.2) Xy = —V*VV = Vy Vi V — divV.Vy V + (VV) LV V).

(see[10]). Also a time-like vector field is called a unit time-like vector field when its
norm is equal to —1.

Proposition 3.4. Let V' be a unit time-like vector field on the Lorentzian Lie group
Go, then V is not spatially harmonic.

Proof. For a unit time-like vector field V', we have;

VvV = Ky (2Ere, + 254 )+ K2(2K2 eq + _ZK“ez) + K3 2\%3 e4 + _2K463)

Va Va ©1 Va 4T T ; NG
= ZK\}GZQ 61—2K\;§(4 62—2K\;§(4 €3+(7\2/IE<1 +2552 +25£ )64,
_ 2 2 2
VUV = Vo (M5 - 2, - ke 1 (4 2 2 e

_AR2 2 2 2 A2 a702
— K ( 4K1+4;(2+4K3)61+K2<4K1 452 4K3)

AK?—4K2-4K? —4K?—4K2-4K?
+K3(%)63 +K4(%)64 ,

€2

5

) 2K,y
divV =Y " g(Ve,V,e;) = ——,
=1 \/a

(VV)t(VvV) _ Kl(4K§+4K12—4K§—4K§)61 n K2(4K§—4K12+4K§+4K§)€2

a a
AK2 - 4K?44K244K2
+ KS( 4 1:; >+ 3 )

€3,
using the relation (3.2), we get;

Ksez+

S 44+8K2 —8KZ2-8K2+4+8K?
XV (+ 1 2 3+ 4)

- a

4—8K}+8K3+8K3 )

4-8K}+8K3+8K3 )
a

Kiei+( Kaea+( "

124+8K2+8K?2 4 8K2_8K2-8K248K? —8K24+8K24+8K?2
+(7; 3)K464: EV—F( 1 2a 2 4)K161+(—1 2 2 3)K262

—8K24+8K248K2 8+8K24+8K?2 4

Therefore, V' is spatially harmonic if and only if we have the following system of
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equations;
Ks=0
K} +K}=K:+K? or K =0
(3.3) K?=K3}+ K32 or Ky=0
K?=K3:+ K? or K3=0
K,=0

Since V is unite time-like, K? + K3 + K3 + K3 — K2 = —1. On the other hand
(3.3) gives us K4y = K5 = 0 and hence K? + K3 + K2 = —1. Now if K; = 0 or
K? 4+ K} = K2 + K3 occur, there is a contradiction(because K;’s are real constants).
]

For the Lorentzian Lie group G> consideration of the space like energy of its unit
time-like vector field is meaningful. As it is mentioned in [5] the space-like energy
of the unit time-like vector field V' on the Lorentzian manifold M is the integral of
the square norm of the restriction of VV to the distribution V+. If V is a critical
point of the space-like energy, then it is spatially harmonic. So we have the following
corollary.

Corollary 3.5. The space-like energy of the Lorentzian Lie group Go does not have
a critical point.

4 Left invariant contact structures on G,

An almost contact structure on a (2n + 1)-dimensional smooth manifold M consists
of a triple (p,&,n), where ¢ is a (1,1)-tensor, £ is a nowhere vanishing vector field
and 7 is a 1-form, such that

n€ =1, ¢*=—-id+n®¢,

and ¢ has rank 2n( see [12]). If the 1-form 7 satisfies n A (dn)™ # o then 7 is called
the contact form.

Theorem 4.1. The Lie group Gy does not admit a left-invariant contact structure
in both Riemannian and Lorentzian cases.

Proof. Let {e!,--- €5} be the dual to the basis {e1,- -, es}. In the Riemannian case
using (2.1), we get;

—9 2 .
det = ——el Ne®, de? = ——e? Neb, de® = eSNe® det =0, de® =0.

V3a V3a

and in the Lorentzian case using (2.3), we obtain;

2
V3a
-2 2 2 .
det = —=el net, de? = ——=e? Net, de = 763 Net Lde* =0, de® =0.
a

Va Va
Hence for all indices i,j = 1,--- , 5 in both cases de? Ade? = 0. So for any left-invariant
5
differential 1-form n = Z c;e’ since dn A dny = 0, the Lie group Gy does not carry a

i=1
left-invariant contact structure, where cq,--- ,cs are real constants. O
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Since an almost contact structure (¢, &,n) on a manifold M?"+1 admits an almost
complex structure on M?"*! x R, by the definition J(X, f4) = (pX — f¢{,n(X)%4),
we have the following corollary.

Corollary 4.2. There does not exist any left-invariant almost complex structure on
G2 x R.

5 Homogeneous structure on Gs

A homogeneous pseudo-Riemannian structure on a connected pseudo-Riemannian
manifold (M, g) is a tensor field T of type (1,2) such that the connection V=V —T
satisfies;

Vg =0, VR =0, VT =0

where V is the Levi-Civita connection of g and R is its Ricci curvature tensor field.
More exactly, T' is the solution of the following Ambrose-Singer equations;

(5.2) (VxR)yz =[Tx,Ryvz] — Rryvz — Ryry 2z,
(5.3) (VxT)y = [Tx,Ty] — Tryvy.

For more detail see [1]. Since G2 is the special linear group, it is connected (see[14].
p.15). Hence it makes sense to define a homogeneous structure on it.

Proposition 5.1. A homogeneous Riemannian structure on the five-dimensional Lie
group Go is;

— 4 4
T=——¢! ® el Ae? + — —
Vv3a ( ) Vv3a v3a

and a homogeneous Lorentzian structure on Lorentzian Lie group Go is;

2@ (e Ne) + e3 @ (e3 ned),

—4 4 4
T=—e@Ene )+ —=2@ (2 Net)+ —=2 @ (3 Net).
a a

Va va Va
Proof. Let T,, := %ZTi’;ej A ek, where e; A eg(X) = g(e;, X)er — g(ex, X)e;. Then
ik
fori,j,k,s =1,---,5 the first equation of Ambrose-Singer equations (5.1) implies that

TZ; = —TZ.J}C and T} = T3 = T3 =T} = T3 = 0. If we replace this relation in (5.2),
we get V., R(e;,ex)e; = Te,R(ej,ex)ej or To e, = Ve,ep that implies Ty — TP, =

Ty — T3 =T —Ts = \/% and since Ty = —TP,, Ty, = —Ti, T3, = —Ts-, we have
~TL =Tk =T5 = \7—3% By (5.3) it can be shown that the other components are

zero. The homogeneous Lorentzian structure can be obtained in a similar way. O
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