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Construction of bidirectionally coupled systems
using generalized synchronization method

Mitul Islam, Bipul Islam, Nurul Islam and H. P. Mazumder

Abstract. This paper proposes methods for designing bidirectionally cou-
pled systems via generalized synchronization technique. Starting from a
chaotic system we are constructing synchronized bidirectionally coupled
driving and response systems. Numerical simulation results are presented
to prove the effectiveness of the scheme.

M.S.C. 2010: 34D05, 34D06, 37B25.
Key words: Generalized synchronization; unidirectional coupling; bidirectional cou-
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1 Introduction

Pecora and Carroll [9] first introduced the concept of chaos synchronization. After
that it has become an important subject in the field of non-linear science. Different
types of synchronization and control methods, viz.- active control method [1], impul-
sive control method [12], adaptive control method [2], linear and non-linear feedback
control method [8], unidirectionally and bidirectionally coupled systems [4, 5] etc.,
have been applied to chaos synchronization with a varying degree of success in each
case.

1.1 System coupling

A (n 4+ m)-dimensional dynamical system is called:
1) decoupled if it can be decomposed in two dynamical systems of the form

(1.1) X= f(X),Y = g),

the first being n-dimensional and the second m-dimensional.
2) Unidirectionally coupled if it can be decomposed in two dynamical systems of
the form

f(X)

X
(1.2) i
V= g(Y)+ kX, Y),
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where X is n-dimensional, Y is m-dimensional and k(X, Y') is non-zero function of
X and Y. Physically it means that in some parts of the space R**™, the behaviour
of one system is influenced by the behaviour of the other, but the driving system is
completely independent of the response system.

3) Bidirectionally coupled if it can be decomposed in two n-dimensional dynamical
systems of the form

f(X)+ kX, Y)

X
(1.3) _
Y= g(Y)+ k(X Y),

where X is n-dimensional, Y is m-dimensional and k;(X, Y) and ko(X, Y) are
non-zero functions of X and Y.

1.2 Synchronization

If the distance between the states of two dynamical systems converges to zero as the
time tends to infinity, the systems are then said to be synchronized. This type of
synchronization is known as identical synchronization [9]. Kocarev and Parlitz [7]
introduced a new concept of synchronization known as generalized synchronization
(GS). For the following systems,

(1.4) X = f(X) «— Driving system
' Y = g(Y, (X)), <« Response system

where X € R", Y € R™, they developed a condition for the occurrence of gener-
alized synchronization. According to them the system in (1.4) possesses generalized
synchronization between X and Y if there exists a transformation F' : " — R™,
a manifold M = { (X, Y): Y = F(X)},andaset B C R x R™ with
M C B such that all trajectories of (1.4) starting from the basin B converges to
M as time tends to infinity. If F' equals identity transformation, then the general-
ized synchronization coincides with the identical synchronization. In a physical world,
the application of generalized synchronization is more practical than those of identical
synchronization because of the existence of the parameter mismatches and distortions.
Authors like Rulkov et al. [11], Hramov et. al [3], Poria [10] have discussed gener-
alized synchronization of chaos in unidirectionally coupled chaotic systems. Though
most of the natural systems are bidirectionally coupled, still very few studies about
synchronization of bidirectionally coupled systems are seen. In this paper, starting
from a chaotic system, we have constructed bidirectionally coupled synchronized sys-
tems using generalized synchronization method in two ways. For both methods of
construction numerical simulations have been performed to judge their effectiveness.

2 Designing bidirectionally coupled chaotic systems

This section develops on how to design a bidirectionally coupled chaotic system in
the generalized synchronization framework.
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Definition 2.1. Let us consider the following chaotic systems,

X = f(X, Y, t) — Master system

(2.1) .
Y = g(X, Y, t) « Slave system,

where X = (1, z2,..., z,), Y = (v1, ¥2,..., z,)". For a constant invertible
matrix

d11 d12 cee dln

d21 d22 cee d2n
(2.2) D=1 . ) . .

dp1 dpo cor dpp
iflimi—oo || X — DY || = 0, then the two systems given in (2.1) are said to be in

a state of generalized synchronization.

2.1 The first method of synchronization

For the chaotic system X = AX + f(X, t), let us take the drive and response
systems as

(2.3) X = AX + f(X, )+ W
and

(2.4) Y = AY + g(Y, t)+ Vi,
where

Vi = Dg(Y, t) + (DA— AD)Y

(2.5) s ot B
y = f(X, t) + DT'BK(X — DY).

Here X € R, Y € R"*, A is n X n matrix, f and g are both n x 1 matrices. Taking
e = X — DY, one gets from(2.3) and (2.4),
(2.6) ¢ = (A— BK)e,

where K is 1 x n feedback matrix and B is n x 1 suitable matrix [6]. If all the eigenval-
ues of the matrix A — BK have negative real parts, then lim; o || X — DY ||= 0
and the generalized synchronization is achieved between (2.3) and (2.4), with V4 and
V5 being given by (2.5).

2.2 The second method of synchronization

For a chaotic system, X = AX + f (X, t), let us consider a driving system in the
form

(2.7) X = AX + f(X, t) + hi (X, V),
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where X € R, Aisan xn, f and h; are n X 1 matrices. Let the response system
coupled with (2.7) be

(2.8) Y = AY + g(Y, t) + ho(X,Y) + U,

where Y € R | g and hg are both n x 1 matrices. Error between the systems (2.7)
and (2.8) can be defined as e = X — DY , where D is non-singular constant
matrix. Thus the error dynamical system of(2.7) and (2.8) becomes

(2.9) é = Ae

provided

(2.10) U = D' f(X, t)+ h(X, y)] — g(Y, t) — ha(X, t) — AY + D 'ADY.
If real parts of all the eigenvalues of A are negative, then the system (2.9) is asymp-
totically stable at the origin and hence the systems (2.7) and (2.8) are in the state of
generalized synchronization.

3 Application of synchronization techniques

As an application, let us consider the Shimizu-Morioka chaotic dynamical system [4]

T=y
(3.1) y=x— Iy— x2
= —az+ 22
The system is chaotic for the values of the positive parameters A = 0.605 and

a = 0.549.

3.1 Technique 1

The system of equations (3.1) can equivalently be written as X = AX + (X, ©),
where

1 1 0 0 T1 + T2
X = o y A = 1 - 0 s f(X, t) = —X1x3
T3 0 0 -« x?

Using the first method, the driving and the response systems of the forms of (2.3)
and (2.4) are constructed as follows:

2y =22+ dir(y1 + ¥2) + dia{yr — yrys + (1 — Nya} + dis{y? + (1 — @)ys}
Ty =x1 — Avg — 2123 + do1 (y1 + y2) — dooy1ys + dosyi+
(3.2) (daz — di1 — da1 + Ad21)yr — diayz + {(A — a)daz — di3}ys
T3 =—aws+ 27 +dsi(y1 + y2) — dsayrys + dasyi + {(o — 1)dsy + dgo}yn+
(a — N)ds2y2
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where
1 Y1 dipn dip dis
X=|z2|, Y=y, D =|dn do2 d23
x3 Y3 d31  d3z  dss
and
Y1+ Y2
g, t) = —Y1Y3
yi
Also,
Y1 =y2 + Bui(z1 + x2) — Braxixs + 5139&
+ {22 ki(zi — dinyr — dizy — di3y3)}2?:1ﬂ1jbj
(3.3) Yo =y1 — Ay2 — y1ys + Bo1(x1 + 2) — Poow123 + [as]
' S ki — diyr — digya — di3y3)}2?:162jbj
Yz = —ays +yi + Ba1(z1 + x2) — Beeziz3 + Bazwd
+ {22 ki(2i — diyr — dizya — diSyS)}E?:153j6j7
T
by k1 B Pz Bis
where B= |by |, K= |ks| , D! = | Bn B B3 | . The error dynamics
b3 k3 B31  PBa2 P33

of this system as described by (2.6) is

6.1 = —(1 —+ b1k1)61 — b1k262 — b1k363
(34) 6'2 = (1 — bgk)l)el — ()\ + bgk‘g)eg — bgk‘geg
€3 = —bskie; — bskaea — (a4 bsks)es,

where

€1 = 1 — d11y1 - d12y2 - d13y3
(3.5) €2 Tg — d21y1 — da2y2 — da23ys3
ez = x3 — dz1y1 — da2¥y2 — d33y3.

3.2 Technique 11
System of equations (3.1) can alternatively be written as X = AX + f(X, t), where

T -1 -1 0 T1 + 222
X=[z2],A =11 -1 0 |,f(X,t) = [(Q=XNzy—x123
T3 0 0 -« 23

Let us now consider the synchronized driving and response systems as given by (2.7)
and (2.8). Here we take

Y1 Y1+ 2y
Y = |v2],9Y,t) = [(1=Ny2—v1ys3 |,
2
Ys Y1
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Y1 + 2y2 — x1 — 229

hi(X,Y) = (1=M(y2 — 22) —y1ys + 7123 |,
Yi — 21
1+ 229
hQ(X, Y) = (1 — )\).’22 — I1X3
a3t

Using this technique, the driving and the response systems of the forms (2.7) and
(2.8) are constructed as follows

Ty =—x1 — T2+ Y1+ 2y
(3.6) Ty =1 — 22+ (1 = N)y2 — v1y3
Iy =— axs + 1y,

Y1 = Buiy +2y2 — (Edljyj + Ed?jyj)}
+ Bi2{ (1 = Nya — y1ys + Bd1,y; — Bdojy; }
+ Bis{yi — aXds;y;}

Yo = Py +2y2 — (Bdijy; + Xdajy;)}

(3.7) + B22{(1 = Ny2 — y1y3 + Sdijy; — Sdajy;}
+ Bas{yi — aSdsjy;}

Bar{yr + 2y2 — (Bdizy; + Xdzjy;) }

+ Ba2{(1 = Ny2 — y1ys + Bdijy; — Xdajy; }
+ Bss{yi — aXds;y;}.

Y3

The error dynamical system, corresponding to the constructed bidirectionally coupled

drive and response systems, is ¢ = Ae, i.e,
€1 =—e1 — €
(38) 6.2 =€1 — €2
€3 = — aes,
where

e1 =z1 — duy1 — dioy2 — di3y3
(3.9) ea =x3 — do1y1 — da2y2 — dasys
ez =x3 — d31y1 — dz2y2 — d33ys.

4 Results and discussions

Numerical simulations are performed to show the effectiveness of the proposed tech-

1 0 2
niques. Numerical simulation is carried out with D= [0 3 4|, B =(1,2,3)T,K =
5 6 7

(2,1,4) and A = 0.605,« = 0.549. The time evolution of the synchronization errors
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e = (e1,ea,e3)T are plotted in Fig. 1 and Fig. 3 for Technique I and Technique IT
respectively.

T
<o

Fig. 1. Fig. 2. Fig. 3.

The initial synchronization errors are taken as (e1(0), e2(0), e3(0)) = (0.1,0.2, —0.1),
in each case. Figures show that the errors tend to zero as time goes to infinity which
establishes the achievement of synchronization between the constructed drive and
response systems using our techniques.

1 T I I I I B B A B

Fig. 4. Fig. 5. Fig. 6.

Time evolution of the state variables z;(i = 1,2,3), for the drive system, and
yi(i = 1,2,3), for the response system, are plotted in Fig. 2 for Technique I,
taking initial values of the state variables (z1(0),z2(0),23(0)) = (2.2,2.1,2) and
(y1(0),92(0),y3(0)) = (2.1,2.2,—2). A similar approach gives Figs. 4, 5 and 6 for
Technique II. In this case, noticeable behaviour of the trajectories of the state vari-
ables for both the driving and the response systems are observed. Fig. 4 and 5
correspond to the initial values of the state variables (z1(0),x2(0),23(0)) = (3,2,5)
and (y1(0),y=2(0),y5(0)) = (4,1,6) whereas Fig 6 corresponds to the initial condition
(1‘1(0),1‘2(0), 173(0)) = (17 2, 5) and (yl(o)va(O)v y3(0)) = (2’ L, 6)

Acknowledgments. Many thanks to Prof. Dr. Constantin Udriste for pertinent
observations and for achieving a publishable form.

References

[1] H. N. Agiza, M. T. Yassen, Synchronization of Rossler and Chen chaotic dynam-
ical systems using active control, Phys. Lett. A 278 (2001), 191-197.

[2] L. Chen, Synchronization of an uncertain unified chaotic system via adaptive
control, Chaos, Soliton and Fractals, 14 (2002), 643-647.

[3] A. E. Hramov, A. A. Koronovskii, Generalized synchronization: a modified sys-
tem approach, Phys. Rev. E 71, 6; 067201 (2005).

[4] N. Islam, B. Islam, H. P. Mazumdar, Generalized chaos synchronization of unidi-
rectionally coupled Shimizu-Morioka dynamical systems, Diff. Geom. Dyn. Syst.
12 (2010), 114-119.



138

139

140

141

142

143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

Generalized bidirectional synchronization method 61

[5]

[12]

7. Jin, L. Jun-an, W. Xiaoqun, Linearly and nonlinearly bidirectionally coupled
synchronization of hyper-chaotic systems, Chaos, Solitons and Fractals 31, 1
(2007), 230-235.

M. A. Khan, S. Poria, Generalized synchronization of bidirectionally coupled
chaotic systems, Int. J. Appl. Math. Res., 1 (2012), 303-312.

L. Kocarev and U. Parlitz, Generalized synchronization, predictability and equiv-
alence of unidirectionally coupled dynamical systems, Phys. Rev. Lett. 76, 11
(1996), 1816-1819.

J. H. Park, Controlling chaotic systems via non-linear feedback control, Chaos,
Soliton and Fractals 23, 3 (2005), 1049-1054.

L. M. Pecora, T. L. Carroll, Synchronization in chaotic systems, Phys. Rev. Lett.
64 (1990), 821-824.

S. Poria, The linear generalized chaos synchronization and predictability, Int. J.
of Appl. Mech. Eng., 12 (2007), 879-885.

N. F. Rulkov, M. M. Suschik, L. S. Tsimring, Generalized synchronization of
chaos in unidirectionally coupled chaotic systems, Phys. Rev. E, 51 (1995), 980-
994.

T. Yang, L. B. Yang, C. M. Yang, Impulsive Control of Lorenz system, Physica
D, 110 (1997), 18-24.

Author’s address:

Mitul Islam
Department of Mathematics, Jadavpur University, Kolkata 700032, India.
E-mail: mitul.islam@gmail.com

Bipul Islam
Indian Statistical Institute, 203, B.T.Road, Kolkata- 700108, India.
E-mail: islam.bipul@gmail.com

Nurul Islam

Department of Mathematics, Ramakrishna Mission College (Autonomous),
Narendrapur, Kolkata 700103, India.

E-mail: dr.i.nurul@gmail.com

H. P. Mazumder

Honorary Visiting Professor (retd.)

Physics and Applied Mathematics Unit (PAMU),

Indian Statistical Institute, 203, B.T.Road, Kolkata- 700108, India.
E-mail: hpmi2003@yahoo.com



