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Abstract. Aim of the present paper is to study the generalization of
mixed super quasi-constant curvature. In this paper, we have defined
a new type of quasi-constant curvature, called a generalized mixed su-
per quasi-constant curvature. The existence of generalized mixed super
quasi-constant curvature has been verified by theoretical as well as by an
example. It is proved that a mixed super quasi-umbilical hypersurface of
a manifold of constant curvature is a manifold of generalized mixed super
quasi-constant curvature. Further, it is proved that a manifold of general-
ized mixed super quasi-constant curvature is a mixed super quasi-Einsten
manifold. We have also introduced a sufficient condition to be a mixed su-
per quasi-Einstein manifold. Finally, we construct an example of a mixed
super quasi-Einstein manifold in a general form.
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1 Introduction
An n-dimensional Riemannian manifold M is said to be an Einstein manifold if
(1.1) S(Y.Z) = ~g(V. 2),

where S, r and g denote the Ricci tensor, scalar curvature and the Riemannian metric
respectively. In 2000, M. C. Chaki and R. K. Maity [4] introduced the concept of quasi-
Einstein manifold. According to them [4], an n-dimensional Riemannian manifold is
said to be a quasi-Einstein manifold if the Ricci tensor S has the form

(1.2) S(Y,Z)=ag(Y,Z) + bw(Y)w(Z),

where a,b are non-zero scalars and w is a 1-form associated with a vector field p by
w(Y) = g(Y,p).

The quasi-Einstein manifold is generalized by several authors under the different
conditions on Ricci tensor S. These generalizations are the generalized quasi-Einstein
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manifold [6, 7, 5], mixed generalized quasi-Einstein manifold [1], super quasi-Einstein
manifold [3, 9], mixed super quasi-Einstein manifold [2], nearly quasi-Einstein mani-
fold [8, 10], pseudo quasi-Einstein manifold [13] and the mixed quasi-Einstein manifold
[11].

The idea of generalized quasi-Einstein manifold is given by U. C. De and G. C.
Ghosh [6]. In generalized quasi-Einstein manifold the Ricci tensor has the form

(1.3) S(Y.2) = ag(¥, 2) + k(Y )w(Z) + cA(Y)Y A(Z),

where w and A are the 1-forms defined by w(Y) = ¢(Y, p) and A(Y) = g(Y, ) such
that g(p, ) =0, p and p are unit vector fields. In 2011, U. C. De and S. Mallick [7]
proved the existence of generalized quasi-Einstein manifold with some examples.

In [1] Bhattacharya, De and Debnath extended the condition of quasi-Einstein
manifold and defined a mixed generalized quasi-Einstein manifold. In such a devel-
opment U. C. De and A. K. Gazi [8] introduced a nearly quasi-Einstein manifold
satisfying the condition

(1.4) S(Y,Z) = ag(Y, Z) + bD(Y, Z),

for a tensor field D of type (0,2). The same authors [10] also discussed the existence
of such manifold with quasi-constant curvature.

The super quasi-Einstein manifold is introduced by M. C. Chaki [3] and studied
by P. Debnath and A. Konar [9]. Debnath and Konar [9] considered the conformally
flat and conformally conservative property and construct some examples on super
quasi-Einstein manifold.

In 2008, A. Bhattacharya, M. Tarafdar and D. Debnath [2] defined a mixed super
quasi-Einstein manifold. If the Ricci tensor S of a Riemannian manifold M satisfies
the condition

S(Y,Z)=ag(Y,Z) + bw(Y)w(Z) + cAY)A(Z)

(1.5) +dw(Y)A(Z) + w(Z)A(Y)] + eD(Y, Z),

then M is called a mixed super quasi-Einstein manifold. Further, we know that if the
Riemannian curvature tensor R of type (0,4) has the form

(16) R(X7 Y, Z, U) = k[g(}/a Z)g(X7 U) - g(X7 Z)g(Y7 U)];

then manifold is said to be of constant curvature k. The generalization of this manifold
is the manifold of quasi-constant curvature and in this case the curvature tensor has
the following form

R(X,Y,Z,U) = fi[g(Y, Z)g(X,U) — g(X, Z)g(Y,U)]
(L.7) + fa[g(Y, Z)w(X)w(U) — g(X, Z)w(Y)w(U)
+ (X, U)w(Y)w(Z) — g(Y, U)w(X)w(Z)].

In 2004, U. C. De and G. C. Ghosh [6] introduced the concept of generalized quasi-
constant curvature. A Riemannian manifold is said to be a manifold of generalized
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quasi-constant curvature if the curvature tensor satisfies

R(X,Y,Z,U) = filg(Y, Z)g(X,U) —
+ falg(Y, )W(X)W(U) 9(X, Z)w
(1.8) +9(X, U)w
+ f3lg(Y,

In 2008 Bhattacharya, Tarafdar and Debnath [2] defined a new type of quasi-constant
curvature called the mixed super quasi-constant curvature as follows:

R(X,Y,2,U) = hilg(Y, 2)9(X,U) — g(X, Z)g(Y,U)]

+ f2lg(V, Z)w(X)w(U) = g(X, Z)w(Y)w(U)
+9(X, Dw(Y)w(Z) — gV, U)w(X)w(Z)]
+ f3lg(Y, 2)A(X)A(U) — g(X, Z)A(Y)A(U)
+9(X, U)A(Y)A(Z) — g(Y, U)A(X)A(2)]

(1.9) + falg(V, Z2{w(X)AU) + w(U)A(X)}
—9(X, 2){w(Y)A(U) + w(U)A(Y)}
+9(X, U{w(Y)A(Z) + w(2)A(Y)}
—9(Y, U){w(X)A(Z) +w(Z2)A(X)}]

By such generalization of quasi-constant curvature, we are motivated to study the
generalized mixed super quasi-constant curvature. In this paper, we have introduced
the concept of generalized mixed super quasi-constant curvature and the existence of
such a curvature has been verified.

Definition 1.1. A non-flat Riemannian manifold is said to be a manifold of general-
ized mixed super quasi-constant curvature if the curvature tensor R of type (0,4) has
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the following form:

R(X,Y,2,U) = hlg(Y, 2)9(X,U) —
+ falg(Y, Z)w(X)w(U) = g(X, Z)w(Y)w(U)
+9(X, V)w(Y)w(Z) = g(Y, U)w(X)w(Z)]
+ f3lg(YV, 2)A(X)AU) — (X, 2)A(Y)A(U)
(Z)

+ f4[9(Y, Z){w(X)A(U
—9(X, 2 {w()A(U) + w
+9(X,U{w(Y)A(Z) +w
—g(Y,U){w(X w
+ [5[D(Y, Z)g(X

U

(1.10) —Fg(Y7 Z)D(X,

where f;, (1 < ¢ < 10) are the scalars, w and A are the 1-forms, D is a tensor field of
type (0,2) satisfying the following

(1.11) w(¥)=g(Y,p), AY)=g ., n), glp,n)= g(p, p) =g, p) =1,

' D(X,p)=0, D(X,u)=0, trace(D)= (e27 e) =

for X,Y, Z, U being arbitrary vector fields.

2 Existence of generalized mixed super quasi-constant
curvature

In this section, we have discussed the hypersurface of a Riemannian manifold and the
existence of the generalized mixed super quasi-constant curvature defined by (1.10)
has been proved in two different ways. Let (M, J) be a hypersurface of (M,1,9),
for g being induced metric on M,, ;1. If H, A and £ denote the second fundamental
tensor, a tensor of type (1,1) and a unit normal vector field respectively then we have

(2.1) 9(Ae(Y), Z) = g(H(Y, Z),§).
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Let H¢ be a symmetric tensor of type (0,2) associated to A¢ such that
(2.2) 9(A¢(Y), Z) = He(Y, Z).

Now, we define a new type of hypersurface called a mixed super quasi-umbilical
hypersurface.

Definition 2.1. A hypersurface is said to be a mixed super quasi-umbilical hyper-
surface if the second fundamental tensor H¢ has the form

H(Y,Z) = a19(Y, Z) + aow(Y)w(Z) + azA(Y)A(Z)

(2.3) + as[w(Y)A(Z) + w(Z)A(Y)] + asD(Y, Z),

where, a;, 1 < i <5 are the scalars, w and A are the 1-forms and D be a tensor field
of type (0,2) satistying (1.11).

Remark 2.2. Some conditions on «;, 1 < i < 5 give the following categories of the
hypersurface.

(¢) If a; = 0 for 1 <4 <5 then hypersurface is called geodesics.

(#3) If a; = 0 for 2 <4 < 5 then hypersurface is said to be umbilical.

(491) If o; = 0 for i # 2 or i # 3 then hypersurface is known as cylindrical.

() If @; = 0 for 3 < i <5 then hypersurface is called quasi-umbilical.

(v) A hypersurface is said to be generalized quasi-umbilical if o; = 0 for ¢ = 4,7 = 5.
(vi) A hypersurface is known as mixed generalized quasi-umbilical if as = 0.

(vit) If gy = 0 then hypersurface is called super quasi-umbilical.

(viii) If o; = 0 for 2 < i < 4 then hypersurface is called nearly quasi-umbilical.

Let the hypersurface be a mixed super quasi-umbilical hypersurface then equations
(2.1), (2.2) and (2.3) together yield

H(Y,Z) = a1g(Y, Z)§ + aow(Y)w(Z)E + az A(Y)A(Z)E
Faw(Y)AZ) + w(Z)AY)E + asD(Y, 2)E.

(2.4)
According to [12] the Gauss equation for the hypersurface is given by

(25) R(X,Y,Z,U) = R(X,Y,Z,U) + g(H(X,U), H(Y, Z)) — g(H(Y,U), H(X, Z)),

where R denotes the curvature tensor of the hypersurface.

Let us suppose the manifold is of constant curvature then by using (1.6) and (2.4)
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in (2.5), we have

R(X,Y,Z,U) = filg(Y, 2)9(X,U) — 9(X, Z)g(Y,U)]
+ falg(Y, Z)w(X)w(U) = g(X, Z)w(Y )w(U)
+9(X, V)w(Y)w(Z) — g(Y, U)w(X)w(Z)]
+ f3l9(Y, 2)A(X)A(U) — 9(X, Z) A(
+9(X, U)AY)A(Z) —
+ falg(Y, Z){w(X)A(U
—9(X, Z){w(YV)A(U)
+ 9(X, U){w(Y)A(
—g(Y, U){w(X)A(
+ f5[D(Y, Z)g(X
+g(Y, Z)D(X,U

where
fi=(k+a)]), fa=a0s, fy=aias, fi=aias,  fs=aias,
foe = aas, fr=azas, fs=aas,
fo=0ai+asas fio=ai.

Thus, we can state

Theorem 2.1. A mized super quasi-umbilical hypersurface of a manifold of constant
curvature is a manifold of generalized mized super quasi-constant curvature.

Again, we have the following

Theorem 2.2. A manifold of generalized mixed super quasi-constant curvature is a
mixed super quasi-Einstein manifold.

Proof. By substituting X = U = ¢;, 1 < i < n and summing over 4, equation (2.6)
leads to
S(Y. Z) = ag(Y, Z) + Bu(Y)w(Z) +vA(Y)A(Z)

(2.7) +8[w(Y)A(Z) + w(Z)A(Y)] + €E(Y, Z),
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where

a=m-1fi+fatfs, B=0-2)f2+fo, 7=O—-2)fs+fo,
60=(m=-2)fs, eEY,Z)=[n-2)fs+fs+ fF]DY,Z) - froD(TY, Z)
such that D(Y,Z) = g(TY, Z).

for a tensor field T of type (1,1). O
Also, from the theorems (2.3) and (2.4), we conclude the following

Corollary 2.3. A mized super quasi-umbilical hypersurface of a manifold of constant
curvature is a mized super quasi-FEinstein manifold.

Now, we will construct an example of generalized mixed super quasi-constant
curvature to verify the definition given in (1.10).
Let us define a metric g by

(2.8) ds® = e (dz")? + (da?)? + (dz®)? + (da*)>.
The non-zero components of the christoffel symbols of second kind Fj- . are given by

1
27

1 2
2 x
', =—-¢e".

1 _
(2'9) FIQ - 9

The non-zero components of the curvature tensor R;;;n are given by

1 =2
(2.10) Ri201 = Ra112 = Zem

For the non-zero components of the curvature tensor R;jxp, equation (1.10) reduces
to

Rig21 = fi [911922 - 912921] + f2[922w1w1 — g12w1Ww2 + g11wawa — gzlwlwz]
+ f3 [922A1A1 - g12A1A2 + 911A2A2 - 921A1A2]
+ fa[2g20w1 A1 — gr2(w1 Az + w2 A1) + 2911w A2 — go1 (w1 Az + waAy)]
+f5 [D22911 — Di2g21 + D11go2 — D21912]

(2.11) 4 fe[Daawiwi — Digwiwa + Dyjwows — Dajwiws]
+ f7[Da2A1 A1 — D12 A1 Ag + D11 As Ay — Doy Aq Ag]
+ fs[2D22wi A1 — Dia(wi1As + waAi) + 2D11wa Ay — Doy (w1 As + waAy]
+ f9 [W1w1A2A2 — wiwa A1 Ay + wowa A1 Ay — W1W2A1A2]
+ fi0[D11D22 — D12D21].

If we set

(2.12)

w1:A1:\/e?, w2:1:A2,

D11 = —€x2, D22 = 612, Dlg =V 612, D21 = =V €m2

fo=fs=—fo, fs=f0, fo=—fr, fr= i[l —8fs(e”” + 1)), fo is arbitrary,
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and using the values of g;; from (2.8), the right hand side of (2.11) reduces to ieﬁ,
which is equal to right hand side of (2.10). Thus, it satifies the condition of generalized
mixed super quasi-constant curvature.

Hence, we can state

leleorem 2.4. A 4-dimensional Riemannian manifold equipped with a metric ds® =
e® (dxh)? + (dr?)? + (dz?)? + (dx*)? is a manifold of generalized mived super quasi-
constant curvature.

3 Mixed super quasi-Einstein manifold

As the Theorem 2.4 explained that a manifold of generalized mixed super quasi-
constant curvature is a mixed super quasi-Einstein manifold. In this sequence, we
have introduced a sufficient condition for the existence of mixed super quasi-Einstein
manifold which is different from the condition given in [2].

Theorem 3.1. A sufficient condition for a Riemannian manifold to be a mixzed super
quasi- Finstein manifold is that the Ricci tensor S is of the form

S(Y, 2)S(X,U) = S(X, 2)S(Y,U) = A[S(Y,U)g(X, Z) + S(X, Z)g(Y,U)]

) + BlolY, 2)a(X,U) — g(X, 2)g(Y,U)] + f:S(X, U)D(Y, 2),
for a tensor field D of type (0,2).

Proof. Let the Riemannian manifold satisfies the condition (3.1).
Putting X =U = p in (3.1), we get

S(Y,Z)=k1g(Y,Z) + kaw(Y)w(Z) + ksw(LY )w(LZ)

(32) F hfw(V)e(L2) + w(Z)o(LY)] + ks D(Y, 2),
where
by — f29(PvP)7 , = —f2 k= 1 7
S(psp) S(p,p) S(p,p)
kie =T k= fy and S(Y,Z) = g(LY, 2).

S(p,p)’

We take w(LY) = A(Y) for 1-form A then (3.2) can be written as

S(Y, Z) = kig(Y, Z) + ksw(Y)w(Z) + ks A(Y)A(Z)

3.3
(3:3) T haw(Y)A(Z) + w(Z)A(Y)] + ks DY, 2),
which is same as (1.5). Hence, a Riemannian manifold satisfying (3.1) is a mixed
super quasi-Einstein manifold.

This completes the proof. (I

Further, in the same sequence we will construct an example of mixed super quasi-
Einstein manifold in general form as follows:
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Example 3.1. Let us define a metric g by
(3.4) ds* = f(x?)(dz)? + (dz?)? + (dz®)* + (dz*)?,

for a non-vanishing arbitrary function f.
The non-zero components of the christoffel symbols of second kind 'y, are given by

1f(@?)
2 f(2?)
where f’ denotes the derivative of arbirary function f with respect to 2.

The non-zero components of the curvature tensor R;;rn and the Ricci tensor R;; are
given by

1
(3.5) F%Q = and F%l = _gf/(IQ)a

— _ 1 " x2 _ l(f/(xz))Q
Ri201 = Ro112 = 2f (z%) 1 f@2)
(3.6) R = %f”(f) - zll(ff((fﬁ))) ;
1 1 "2 l(f/($2 )2
B = 5y 570~ 17w

For the non-vanishing components of the Ricci tensor R;j, the condition of mixed
super quasi-Einstein manifold given in (1.5) reduces to

(1)R11 = ag11 + bwiwy + cA1 Ay + 2dwi Ay + eDayq,

(37 (1) Ryo = agoz + bwows + cAs As + 2dwy Ag + eDas.
If we take
I'(2?) 1 1 1 1
3.8 ="  b=_, =—2, d= , _ 7
B8 = evien T T T T e
o= VI, =[5 A= T
VI@?)
(3.9)
Ay = G A e
W NG NI )
(3.10) Diy = —f'(2?), Doy = f'(2?).

then we can easily verify that the equation (3.7) holds good for both the conditions
(¢) and (i17).

In particular, If we take f(22) = e® then (3.5), (3.6), (3.8), (3.9) and (3.10) reduces
to

1 1,2
(3.11) I, = 3 I = —5¢"
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1 2
x
Ri221 = Ra112 = 1€

(3.12)

)

1,
Ruzze , R =

e

1 1
Ver! T

(3.13) a=—

4 16 4
(314) w1 = Al = ewzv w2 = 17 A2 = + \/2 +4 ew2 - + 17
et

ex®

(315) D11 = 76w2, DQQ = BIQ.

By the help of (3.12), (3.13), (3.14) and (3.15), it can be again verify that the equation
(3.7) holds for both the conditions () and (i4).

Hence, this is an example of mixed super quasi-Einstein manifold.

Thus, we have

Theorem 3.2. Let M be a 4-dimensional Riemannian manifold equipped with a
metric ds?> = f(z%)(dz')? + (dz?)? + (dz?®)? + (dx*)®. Then it is a mized super
quasi- Finstein manifold.

4 Discussion and conclusions

In this paper, we have generalized the work of Bhattacharya, Tarafdar and Debnath
[2] and tried to extend the concept of quasi-constant curvature on a Riemannian
manifold. We have proved the existence of generalized mixed super quasi-constant
curvature by theoretical as well as by an example. In 2008 Bhattacharya, Tarafdar
and Debnath [2] introduced a sufficient condition to be a mixed super quasi-Einstein
manifold. We have also introduced a sufficient condition to be a mixed super quasi-
Einstein manifold, which is different from [2]. Finally, we have constructed an example
of mixed super quasi-Einstein manifold in a general form in terms of a non-vanishing
arbitrary function. These investigated manifolds are very important in the study of
general relativity; in particular, they are relevant in the study of rotating universe,
space-time and the study of perfect fluids.
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