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Abstract. In this paper, Seiberg—Witten—like equations are defined on
four and six dimensional manifolds without being dependent on the self-
duality concept. Then, by giving a global solution to these equations on
the 4—manifolds, their similarities with the well—known Seiberg-Witten
equations are shown. Finally, on the 6—manifolds not only a global solu-
tion is given, also a bound is given to the solutions of these equations.

M.S.C. 2010: 5A66, 53C27, 34140.
Key words: Spin and Spin® geometry, Seiberg-Witten equations

1 Introduction

The Seiberg—Witten equations used in topology, geometry and mathematical physics
were firstly introduced by E. Witten in [12]. These equations consist of two parts.
The first of these equations is known as the Dirac equation in the literature and it is
sufficient for the manifold to have the Spin®—structure to be identifiable. However,
in order to be able to define the second equation called the curvature equation, it is
necessary to define the concept of self—duality as well as having the Spin®—structure of
the manifold. The definition of Seiberg—Witten equations is based on the self—duality
in the sense of hodge in 4— dimensional manifolds, but this is not possible in manifolds
different than 4. To overcome this, mathematicians and physicists have proposed the
concept of the generalized self—duality [1, 3, 2, 8]. In this paper, Seiberg—Witten—like
equations are defined without using the concept of self—duality as in [5, 6]. Moreover,
these equations are not only defined in 4—dimension, also a global solution is given
to them on the Kéhler manifolds and similarities with the classical Seiberg—Witten
equations are shown. In addition, these equations are defined on the 6—dimensional
manifold different than the equations costructed by §. Karapazar in [3]. This type of
identification allows to obtain a bound on the obtained equations and to give a global
solution on them.

In this paper, we begin with a section introducing some basic facts concerning
Spin¢—structure and K&hler manifolds. In section 4, on 4—dimensional manifolds
Seiberg—Witten—like equations are defined without using self—duality concept and
the similarities with the classical Seiberg—Witten equations are indicated. In section
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5, Seiberg—Witten—like equations are defined on 6—dimensional manifolds without
using self—duality concept and a bound is obtained for the solution of these equations,
Fianlly, a global solution is given to them on the Kéahler manifold with respect to
negative and constant scalar curvature of M.

2 Some basic materials

2.1 Spin°—structure and Dirac operator

Let M be an orientable Riemannian manifold with an open covering {Uy }aeca. Then,
there exist transitions functions gag : Uy N Ug — SO(n) for TM. If there exists
another collection of transition functions

Jap : Ua NUg — Spin®(n)

satisfied X o gog = gap where X : Spin®(n) — SO(n) and the cocycle condition
Gap(x) 0 gay(x) = gavy(x) on Uy NUs N U, then M is called Spin® manifold. On
the Spin® manifold, one can construct Pso(n); Pspine(n) and Ps1 principal bundles by
using principal bundle construction lemma [10]. Also, by using Pg: principal bundle
one can construct determinant line bundle

(21) L= PSpinC(n) x;C= PSI XU(1) C
where
(2.2) 1:U,NUg — Spin‘(n).

Moreover, an associated complex vector bundle S = Pgpine(n) Xx, Apn can be con-
structed by considering spinor representations

K @ Spin©(n) — Aut(A,,)

n
2

where A,, = C2?. If the dimension of M even, then S spinor bundle splits into two
pieces S = ST @ S~ [7]. The sections of the complex vector bundle are called spinor
fields. On the complex vector bundle S one can define Hermitian inner product as
follows:

(,) :T(S) x I(S) C

N
([ 7'(/J]7[ v(b]) — <¢’¢>:$¢
(2.3)

By using Hermitian inner product defined in (2.3), one can associate each spinor ¥
to an endomorphism of S by the formula

yy*:§ — S
(1) — <\II,T>\IJ.

Following bundle homomorphisms are useful while studying on spinors. Extended
map of x, is defined by

(2.4) k:TM — End(S).
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The Clifford multiplication with k is defined as:
X -0 = k(X)(7)

where X € I'(TM) and ¥ € I'(S).

A spinor covariant derivative operator V4 is obtained by using an A : TPg1 —
iR, iR—valued 1—form in the principal bundle Pg: and Levi—Civita connection V on
M as follows

VAT = dU(X) + 5 ¥ wy (X)n(er) - wle;)(F) + AX) T

1<J
where ¥ € I'(S) and X € I'(T'M). In the following Dirac operator is defined.

Definition 2.1. Let e = {ey, e, ..., €2, } be any local orthonormal frame on U C M.
Then the local expression of the Dirac operator Dy : I'(S) — I'(S) is
2n
D4(T) = Y k(e;)VAD.
i=1

where ¥ € T'(S) and A € Q(M,iR). Dirac operator decomposes into D4 = D} @ D
in the case of dimension of M is even.

By using &, another bundle map p, associated each 2—form to an endomorphism
of S, can be defined on the orthonormal frame {ej, e, ..., €2, } as follows

p:AN*(T*M) — End(S)

n=met ned = p(n) =3 mir(e)ne;).
1<J 1<J

Also, p can be extend to a complex valued 2—forms [11], such that
p: A*(T*M)®C — End(S).

In addition, p can be defined on the half spinor bundles S*. The half—spinor bundles
S* are invariant under p(n) for all n € A%(T*(M)). That is,

p(n) () € ST, Vi) € ST
p(n)(¥) €S™,  VpeS.

Then, we obtain the following maps by restriction p*(n) = p(n)| , p~(n) = p(n)

In this case
pT  A2(T*M) ® C — End(ST)

is expressed as follows:
pt(n) =p*( > nijet Nel) = > nir(ei)r(e;)-
i<j 1<J
Note that, the space of iR—valued 2—forms A%(M, iR) is a subbundle of A%(M, iR)®

C. We consider the subbundle W = p* (AQ(M, ZR)) of End(S) to define curvature
equation.
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In order to be able to give a global solution for the Seiberg—Witten—like equation
defined without self—duality on n—dimension, the manifold must be endowed with
SU (n)—structure. That is guarantees the existence of a Hermitian metric compatible
with the complex structure of a Hermitian manifold. On the Hermitian manifold one
can construct canonical Spin®—structure and by using this structure spinorial bundle
can be defined with a spinorial connection. Also, Dirac operator is associated to a
such connection. As a result Seiberg—Witten—like equation without self—duality is
defined on such manifold and a global solution can be given to them with respect to
the negative and constant scalar curvature.

In the following, before the global solution is given, a short brief of the Kéhler
manifolds is introduced.

2.2 Kahler Manifolds

On the 2n—manifolds endowed with SU(n)—structure, there exist an almost complex
structure J defined by,

J:TM — TM, J?=—1I,.

A smooth manifold endoved with an almost complex structure is called an almost
complex manifold and donated by (M, J).
The almost complex structure J acts on the space of 1—forms as follows:

J:T*"M — T*M
w — J(W)(X) :=w(JX)
where w € T'(T*M) and X € I'(T'M). Moreover, J acts on the complexification of
the cotangent bundle of M as:
J T*MpC — T*M@rC
wWRz > (Jw) ® z.
Since J? = —I, +i are eigenvalues of J. Then T*M ®g C is the direct sum of

T*M @p C = AV (M) @ A% (M),

where
AYOYM) = {ZeT*M@rC|JZ =iZ},
AN M) = {ZeT*M®xC|JZ=—iZ}.
The space of r—forms is given as:
AM) = X A
a+b=r

where AP4(M) = span{z A ylz € A*(AYO(M)),y € AP(A%1(M))} is the space of
(a,b) type complex forms. Finally, Kihler manifold is defined as follows.

Definition 2.2. Let (M, J) be an almost complex manifold. Then, a Riemannian
metric g is called Hermitian metric if it is compatible with the almost complex struc-
ture J :

g(JX,JY) = g(X,Y)

where X, Y € T'(TM).
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The associated smooth 2—form ® defined by
(I)(va) = g(Xa JY)

is called the Kéhler 2—form and satisfies ®(JX,JY) = &(X,Y). If ® is closed then
M is called Kédhler Manifold and the metric on M is called a Kéhler metric.

3 Dirac Operator on the Kahler Manifolds

Let M be n—dimensional Kahler manifold. Since the structure group of any Kéhler
manifold of dimension n is U(n), it admits a canonical Spin®—structure given by:

PSpin“(n) = PU(n) XF sznc(n)

where F' : U(n) — Spin®(2n) is the lifting map [7]. The associated canonical spinor
bundle then has the form:
S = QO%*(M).

where Q*(M) is the direct sum of Q(M)%1 & Q(M)*2 @ ...e Q(M)%, i € N.
There are two ways to include a spinorial Levi—Civita connection on S
The first of these is obtained by the extension of the connection to forms and
the latter is obtained via Spin€—structure. In this work, we mainly focused on the
canonical Spin®—structure with the following isomorphism:

S = Q%+ (M).

On this bundle, we described Dirac operator defined on S and we give the relation
with the Dirac—type operator defined on Q%* (M)

In the case of Kdhler manifold endowed with a canonical Spin®—structure, there
is a spinorial connection V4 on the associated spinor bundle S induced by an unitary
connection 1—form A on the determinant line bundle £ together with the spinorial
Levi—Civita connection V. Also, on the associated spinor bundle one can describe
Dirac operator as follows:

Let {e;} i = 1,...,2n be a local orthonormal frame on M. Then the Dirac operator
D4 is given by:

2n
(3.1) Dy=) e VA
=1

Moreover, by considering Kihler manifolds with Q°*(M) associated spinor bundle
the Dirac type operator is defined as follows
Let

(3.2) 9: Q0" (M) — QU (M), 97 QO (M) — QO (M)

respectively given by:

NE!

L(Z)* A VZ

=1

i=1
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where V is the extension of the Levi—Civita connection to Q%*(M) and ¢ is the
contraction operator. Since S =2 Q%*(M), one has

(3.3) Da, =V2(0 +3)

where Ay is the Levi—Civita connection of the line bundle L = Q?(M) of the canonical
Spin®—structure. Also, the curvature of the connection 1—form A is given by

(3~4) FAO = Z'pric
where pric(X,Y) = g(X,J o Ric(Y)) and Ric: TM — TM denotes the Ricci tensor.

4  Seiberg-Witten—Like Equations :

Definition 4.1. Let (M, g) be a n—dimensional Spin® manifold. Then Seiberg—Witten
like equations for the pair (A, W) is given by

D,V = 0, Dirac Equation
1
(4.1) pT(Fa) = 3 (Pw) " Curvature Equation

where F4 is the curvature of A and (\I/\I/*)+ is the orthogonal projection of WW¥* onto
W = pT(Q?(M,iR)). In the local orthonormal frame {ey, ..., e, },

(We)" = Projw (ve*)
< T (e ned), wu* >

el Aed).
Z5 (ot (eineiy ot (einen) K )

4.1 Seiberg—Witten—Like Equations on R*
In R*, since w;; = g(Ve;, e;) is vanished, VAW described as follows:
VAU = d¥ + LAV

By considering the following Spin®(4)—structure

K(v) = [v?v)* 7(011)]

where v : R* — End(C?) is defined on generators {e1, e, e3,e4} by the followings:

st =[5 o]t =]y O e=]2 Jlaea=[0 4]

one has the explicit form of the Dirac operator as follows:

S v = (G o) + G2 Ay (52 4 Au),
31}2 + A1y = (g% + A21/12) - % + Az + 1(87/)1 + A47/11)
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Also, the curvature 2—form of A is obtained as follows

[ iF g +iF34 Fi3 — Foq + iF14 + iF23] = 3 (1e11? = lwal?) p1da
—F13 + Faq +iF14 + iF33 —iF1g — iF34. P S(=1w1l? +1wal?) |’

where Fj; = (%‘;‘j — gﬁ;‘), i <j, 1,5 =1,...,4. By analyzing these two matrix, one
gets:

Fio+ I3 = —%(W’lﬁ_ WJZD
Fiy+Fs = —%(1@/}2*—@1)
Fiz—Fyy = (1 — tathy).

Notice that these equation sets are the same as in the classical equation sets [11].

4.1.1 A Global Solutions to the Seiberg—Witten—Like Equations on the
2— Dimensional Kahler Manifold

In this section, a global solution to the Seiberg—Witten—like equations without
self—duality is given on the 4—dimensional Kahler manifolds with respect to negative
and constant scalar curvature of M. Let ®(X,Y) = ¢g(X,JY) be the Kéhler form
on the 2—dimensional Kéahler manifold endowed with a canonical Spin®—structure
and {e1,es = J(e1),e3,eq4 = J(es)} be a local orthonormal frame with the dual basis
{e',e?,e3,e*}. Then the explicit form of the Kihler 2—form is

d=c'Ne?+e3net

Here ® acts as an endomorphism in the spinor bundle ® : S — ST and has the
eigenvalues £2i. Then, the spinor bundle ST splits into ST = S*(2i) & ST(—2i) &
Q%2(M) ® QO(M) where St (k) = {¥ € S: ®¥ = kV¥}, (k = £2i) are the corre-
sponding subspaces. Let Wg be a spinor in ST(—2i) = Q%%(M) corresponding to a

constant function 1, in the chosen coordinates ¥y = . By using ¥y, one has

1

(owi)* _ {-% ‘1)]

2 0 3
Theorem 4.1. Let (M,g,J) be 4—dimensional Kahler manifold. Then for a given
negative and constant scalar curvature s, (Ag, ¥ = /—sWy) is the solution of the
Seiberg— Witten—lile equations without self—duality.

Proof. Since ¥ = /—sW¥y € Q%°(M) and ¥y is the spinor field corresponding to the
constant function 1, by using (3.3), one gets Dy, = 0. Then, it is remaining that
satisfying the curvature equation. According to the local coordinates, matrix form of
the almost komplex structure J and the Ricci tensor can be given respectively by:

0 -1 0 O Riy Rz Riz R
|1 0 © . |Ro1 Ro2 K2z Ru
T=1o 0 o —1| "= |Ry Rs Rss Rss
0 0 1 O R41 R42 R43 R44
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Since J o Ric = Rico J, the reduced form of the Ric is obtained in the following way:

0 -1 0 0 Ri1 Ris Ris Rus 0 -A D -C
1 0 0 0 Ro1 Ros Ros Roy _ A 0 C D
0 0 0 -1 R31 R3s Rsz3 Rss o -D -C 0 -B
0 0 1 O Ry Ryo Rz R ¢ -D B 0

where R11 = R22 = A, R14 = 7R23 = D, R24 = R13 = C, R33 = R44 = B. Then,
one can obtain the explicit form of p,;. as follows:

Pric = —Aer Nea+ D(ex Nes+ea Aeg) +Clea ANes —ep Aey) — Beg Aey.
By using Ric in (3.4), one gets p(Fa,) = ip" (pric). The explicit form of p(Fa,) =
ip+(pric) is:
A+ B 0
0 —-A-B

Since s = tT(RZC) = (Rll + R22 —|—R33 + R44) = (2A+ 2B) = S, ier(pric) - %(W\IJ*)JF
is satisfied. This means pT(Fa,) = 1(0U*)*.

Remark 4.2. (4g, ¥ = /—s¥)) is the solution of both the Seiberg—Witten equations
without self—duality and classical Seiberg—Witten equations.

O

5 Seiberg—Witten—Like Equations on 6—Manifolds

Let r : RS — End(C?) be the Spin®—structure given as in [3]:

I were]
| won[1 111

where k(e;) : RS — End(C*) is defined on generators {ey, s, €3, ..., e }. In the follow-
ing, a bound to the solution of the Seiberg—Witten—like equations is obtained.

oroo
~ooo
[
|
-
oso0o
lcoo
s~ooo

os. 00
I ——

[SR=NoES
oo« o
coo-

1

r(e2) =

coor
coroO

K(er) = {

oo

0

wlea) = [

0

0
-1

0

0

0 0
: ]  les) = [3
1 —

0

coowr
-
oroo
coowr
osoo
coso
cool

Lemma 5.1. Let (M, g) be a compact oriented smooth 6—dimensional Riemannian
manifold endowed with the Spin®—structure given in [3]. Then, following equalities
are hold

1. (o(V)V, ¥) = 3|

2 (o(®), o(¥)) =30t
where ¥ € T'(S1) and o(¥) € Q%(M, iR).
Proof.
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U1
1. Let ¥ = :/62 € I'(ST). Taking Hermitian inner product of (o(¥)¥, W) is
3
Y4
obtained as:
(@)@, O) = 3(Jvul* + |vof* + [ths]* + [l + 200012 [1ha]? + 2|1 [* |95 ]?

+2|1£1|2|¢4|2 + 2[12||1hs ] + 2[12]?|1ha]® 4 2[103]?[1ha]?)
3|

2. A straightforward computation gives

(o(0), o(¥)) = 3]
|
Theorem 5.2. Let (A, V) be a solution of DIV = 0, p*(Fa) = %(\II\I'*)+ over
a compact oriented smooth 6—dimensional Riemannian manifold M with a negative

constant scalar curvature s. Then, at each point, the following inequality is satisfied:

§|\P($)|2 < —Sminsy Smin — mZTl{S(m) m e M}

Proof.
0< AP = 2((VA)'VAT, T) — 2(VAT, VAD)

< 2((VA)*'VAD, ¥
= 2(AA0,T), (D3V = A ¥ + 20 + 1dAD)
= D3V - 50— LdAv, T),
= <fg\11 dAD, T),
= —2|U]2 - (dAY, D), (dA\Il—p (F )T)
M

Since 0 < —$[W[2 — 3|w|4, L |W[? < —s. O

Theorem 5.3. Let (A, ¥) be a solution of Da¥ = 0, pT(Fa) = %(\IJ\II*)+ over a
compact oriented smooth 6—dimensional Riemannian manifold M. If §|\If|2 < —s,

then, |Fa| < i|s|

Proof.
|Fal? = gﬂ Fa))
L \1/\1/* \1/\1/*) )
Hlaty ot

= |Fal= L0 < Bl
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5.1 A Global Solution to the Seiberg—Witten—Like Equations
on 6—Manifolds

In this section, a global solution to the Seiberg—Witten—like equations without
self—duality is given on the SU(3)—manifolds.

The existence of the SU(3)—structure guarantees the existence of the ® standard
symplectic form, the ¢ standard complex volume form and the complex structure J.
® standard symplectic form is denoted by

(5.1) d=clrne?+e3net +eSne

where {e!, ..., €%} is the dual basis of the standard basis of {ey, ..., es}. Also, standard
complex form is given

(5.2) b= (er +ie?) A (2 +iet) A (e° +ieb)

and the complex structure J is given as

(53) J(el) = €3, J(eg) = €4, J(65) = €g.

Standart 2—form & acts as an endomorphism in the spinor bundle S, as follows
(5.4) d:S—S.

This endomorphism has the eigenvalues {£3i, +-i}. According to these eigenvalues the
spinor bundle S splits into S = S(37) & S(¢) ® S(—i) @ S(—37) where the corresponding
subspaces given by S(k) = {¥ € S: @V = kV}, (k = 34,4, —%, —3i). More explicitly

the subbundles ST and S~ are given in [3] as:

St = S()®S(—3i) 2 Q%2(M) @ QOO(M),
ST = S(—4) ®S(3i) =2 Q% (M) @ QO3(M).

Let ¥ be a spinor in ST(—3i) = Q%%(M) corresponding to constant function 1,
in the chosen coordinates

(5.5) U, =

—_ o O O

By using ¥g, one gets

0

o=

0
0

oof—

(W)t

0

[V}
o O O
ool
®w O O O

0
0

Theorem 5.4. Let (M, g, J) be an 6—dimensional manifold endowed with SU(3)—structure.
Then for a given negative and constant scalar curvature s, (Ag, ¥ = 24/—sWUy) is the
solution of the Seiberg— Witten—like equations without self—duality.
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Proof. Since ¥ = 2y/—s¥, € QU0(M) and ¥y is the spinor field corresponding to the
constant function 1, by using (3.3), one gets D4, = 0. Then, it is remaining that
satisfying the curvature equation. Since J o Ric = Rico J, one gets

R 0 Ri3 Ry Ris R
0 Rin —Riy —Riz3 —Rig Ris
Ri3 —Riy  Rass 0 R3s  Rsg
Ry —Ri3 0 R33 —Rss Rzss
Ris —Rig R3zs —Rzs RBss 0
Rig  Ris  Rzs  Has 0  Rss

(5.6)

To achieve this, Ric must be taken as follows:

is 0 0 0 0 0
0 s 0 0 0 0
Jo 0o s 0 0o o0
Rie =19 0 0 s 0 o0
0 0 0 0 -is 0
0 0 0 0 0 —is
Using pric(X,Y) = g(X, J o RicY'), one has
pric = —Riie1 ANea — Rszez Nes— Ris(er Nes—ea Aes)

—Ris(e1 ANeg —ea Aes) + Ria(er Aes +ea Aey)
+R16<61 Nes+ e A\ 66) =+ R36(63 Nes+eq N 66)
—R35(€3 A €g — €4 A 65).

By using Ric in (3.4) with (5.6), one gets pT(Fa,) = ipT (pric) as follows:

Ri1 — R33 — Rss —2iR13 — 2Ry 0 —2Ry5 + 2iR1g 5 o 0 0
2iRy3 — 2R14 —Ri1 + R33 — Rss 0 —2iR35 — 2R36 O 0
0 0 Ri1 + R33 + Rss 0 o 0 3 o |-
—2(R15 + iR16) 2iR35 — 2R36 0 —R11 — R3z + Rss 0 o o -3
Thi +(Fy,) = L O
is means pT(Fa,) = —5—.
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