Real hypersurfaces of non-flat complex planes with
generalized £—parallel Jacobi structure operator

Th. Theofanidis

Abstract. The aim of the present paper is the classification of real hy-
persurfaces M, whose Jacobi structure operator commutes with the shape
operator, in a subspace of the tangent space T, M of M at a point p. This
class is large and difficult to classify, therefore a second condition is im-
posed: the Jacobi structure operator is generalized £ —parallel in the same
subspace of the first condition. The notion of generalized £—parallel Ja-
cobi structure operator is introduced and studied for the first time and is
weaker than {— parallel Jacobi structure operator which has been studied
so far.
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1 Introduction.

An n - dimensional Kaehlerian manifold of constant holomorphic sectional curvature
¢ is called complex space form, which is denoted by M, (c). A complete and simply
connected complex space form is a projective space CP™ if ¢ > 0, a hyperbolic space
CH™ if ¢ < 0, or a Euclidean space C" if ¢ = 0. The induced almost contact metric
structure of a real hypersurface M of M, (c) will be denoted by (¢,&,7,9).

Real hypersurfaces in CP™ which are homogeneous, were classified by R. Takagi
([13]). The same author classified real hypersurfaces in CP", with constant prinicipal
curvatures in [14], but only when the number g of distinct principal curvatures satisfies
g = 3. M. Kimura showed in [8] that if a Hopf real hypersurface M in CP™ has
constant principal curvatures, then the number of distinct principal curvatures of M
is 2, 3 or 5. J. Berndt gave the equivalent result for Hopf hypersurfaces in CH"
([1]) where he divided real hypersurfaces into four model spaces, named Ay, Aq, Ag
and B. Analytic lists of constant principal curvatures can be found in the previously
mentioned references as well as in [9], [11]. Real hypersurfaces of type A; and As
in CP™ and of type Agp, A1 and As in CH™ are said to be hypersurfaces of type A
for simplicity and appear quite often in classification theorems. Real hypersurfaces
of type A; in CH™ are divided into types A; o and A; 1 ([9]). For more information
and examples on real hypersurfaces, we refer to [11].
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A Jacobi field along geodesics of a given Riemannian manifold (M, g) plays an
important role in the study of differential geometry. It satisfies a well known differ-
ential equation which inspires Jacobi operators. For any vector field X, the Jacobi
operator is defined by Rx: Rx(Y) = R(Y, X)X, where R denotes the curvature
tensor and Y is a vector field on M. Ry is a self - adjoint endomorphism in the
tangent space of M, and is related to the Jacobi differential equation, which is given
by V4(VsY) + R(Y,4)% = 0 along a geodesic v on M, where 4 denotes the velocity
vector along v on M.

In a real hypersurface M of a complex space form M,(c), ¢ # 0, the Jacobi
operator on M with respect to the structure vector field &, is called the structure
Jacobi operator and is denoted by Re(X) = R(X, ¢, )¢ = IX. Conditions including
this operator, generate larger classes than the conditions including the Riemannian
tensor R(X,Y)Z. So operator [ has been studied by quite a few authors and under
several conditions.

In 2007, Ki, Perez, Santos and Suh ([6]) classified real hypersurfaces in complex
space forms with &-parallel Ricci tensor and structure Jacobi operator. J. T. Cho and
U - H Ki in [3] classified the real hypersurfaces whose structure Jacobi operator is
symmetric along the Reeb flow ¢ and commutes with the shape operator A.

In the present paper we classify real hypersurfaces M satisfying the condition

(1.1) 1A = Al

restricted in the subspace D = ker(n) of T,M for every point p € M, where ker(n)
consists of all vectors fields orthogonal to the Reeb flow £. This class is quite large
and rather difficult to be classified, therefore a second condition had to be imposed:

(1.2) (V)X = w(X)E,

where w(X) is 1-form and X € ker(n) = D. This condition is much weaker than
Vel = 0 that has been used so far ([3], [4], [5], [6]). Therefore a larger class is
produced.

Finally, we mention that hypersurfaces in Ms(c¢) have not been studied as thor-
oughly as the ones in M, (c), n > 3.

The major and most difficult part, is to prove M is a Hopf hypersurface, that is £
is a principal vector field and the classification follows right after that. In particular,
the following theorem is proved:

Theorem 1.1. Let M be a real hypersurface of a complex plane Ms(c), (¢ # 0), sat-
isfying (1.1) and (1.2) for every vector field X € D. Then M is a Hopf hypersurface
and satisfies V¢l = 0. Furthermore, M is pseudo-Einstein, that is, there exist con-
stants p and o such that for any tangent vector X we have QX = pX + og(X,£)¢E,
where @ is the Ricci tensor. Conversely, every pseudo-Finstein hypersurface in Ms(c)
satisfies (1.2) with w = 0.

As shown in [7] the pseudo-Einstein hypersurfaces, are precisely those that are

e For Ms(c) = CP?: open subsets of geodesic spheres (type A;);

e For Ms(c) = CH?: open subsets of
1. horospheres (type Ag);
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2. geodesic spheres (type A1,0);
3. tubes around totally geodesic complex hyperbolic lines CH! (type A; 1);

e Hopf hypersurfaces with n(A¢) = 0.

An almost similar problem for n > 3 has been solved in [15]. In addition, the form
w has no restriction in its values, so it could vanish at some point. Therefore con-
dition (1.2) could be called generalized £—parallel Jacobi structure operator, since it
generalizes the notion of £—parallel Jacobi structure operator (V¢l = 0).

2 Preliminaries

In this section, we explain explicitly the notions that were mentioned in section 0, as
well as the notions that will appear in the paper. We also give a series of equations
that will be our basic tools in our calculations and conclusions.

Let M,, be a Kaehlerian manifold of real dimension 2n, equipped with an almost
complex structure J and a Hermitian metric tensor G. Then for any vector fields X
and Y on M, (c), the following relations hold: J2X = -X, G(JX,JY)=G(X,Y),
VJ = 0, where V denotes the Riemannian connection of G of M,.

Let Mas,—1 be a real (2n — 1)-dimensional hypersurface of M,,(c), and denote by
N a unit normal vector field on a neighborhood of a point in Ma,_; (from now on
we shall write M instead of Ms,_1). For any vector field X tangent to M we have
JX = X +n(X)N, where ¢X is the tangent component of JX, n(X)N is the normal
component, and £ = —JN, n(X)=g9(X,¢), g¢g=0G|u.

By properties of the almost complex structure J and the definitions of n and g,
the following relations hold ([2]):

(2.1) P*=—-I+n®E nop=0, ¢£=0, n¢)=1

(2.2) 9(dX,0Y) = g(X,Y) —n(X)n(Y),  g(X,9Y) = —g(¢X,Y).

The above relations define an almost contact metric structure on M which is denoted
by (¢,€,9,m). When an almost contact metric structure is defined on M, we can
define a local orthonormal basis {e1, ea, ..., 1, Pe1, pea, ...de,_1,£}, called a p—basis.
Furthermore, let A be the shape operator in the direction of N, and denote by V the
Riemannian connection of g on M. Then, A is symmetric and the following equations
are satisfied:

(2.3) Vx§ = 9AX, (Vx@)Y =n(Y)AX — g(AX,Y)E.

Since the ambient space M, (c) is of constant holomorphic sectional curvature c,

the equations of Gauss and Codazzi are respectively given by:
¢
[

(2.4) R(X,Y)Z = 1[g(Y, 2)X — g(X, Z)Y + g(¢Y, 2)9X — g(¢X, Z)¢Y

—29(¢X,Y)¢Z] + g(AY, Z)AX — g(AX, Z)AY,

(25)  (VxA)Y = (VyA)X = [n(X)8Y —n(Y)oX —29(¢X.Y)¢.
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The tangent space T,,M, at every point p € M, is decomposed as following:
T,M =D+ @D,

where D = ker(n) = {X € T,M : n(X) = 0}.

The subspace ker(n) is more usually referred as D and called holomorphic dis-
tribution of M at p. Based on the decomposition of T, M, by virtue of (2.3), we
decompose the vector field A in the following way:

(2.6) A€ = of + AU,

where § = |¢V¢£], o is a smooth function on M and U = —%(ﬁVEf € ker(n), provided
that 8 # 0.

If the vector field A¢ is expressed as A¢ = af, then £ is called principal vector
field.

Finally differentiation of vector field X along a function f will be denoted by
(X f). All manifolds, vector fields, etc, of this paper are assumed to be connected and
of class C*°.

3 Auxiliary relations

We suppose there exists a point p € M such that 8 # 0 in a neighborhood N around p.
We define the open subset A7 of N such that A7 = {¢g € N : a # 0 in a neighborhood
around ¢}.

Lemma 3.1. Let M be a real hypersurface of a complex plane Ms(c) satisfying (1.1)
on D. Then the following relations hold on N.

_ 52 c 0 c
(3.1) AU = (= - SJU+Bs,  ASU= (2 - )eU.
B> e c
(3.2) Vet = 80U, Vue = (= = =)oU, Vout = (= — 1)U,
(3.3) VeU = k19U, VyU = kedU, VyeuU = k3oU + (g — i)g.
c pB?
(3.4) VeolU = =kl — BE, VuoU = —roU + (1= = — )&,
VoudU = —rksU.

where K1, Ko, k3 are smooth functions on N7.

Proof.
In what follows we work on A;. By definition of the vector fields U, ¢U, ¢ and due
o0 (2.1), the set {U, ¢U, £} is an orthonormal basis. From (2.4) we obtain

(3.5) U = ZU L QAU — BAE,  loU = %;SU + aAQU.
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The inner products of (U with U and ¢U respectively yield

€ c B?
) AU.U) = —
(3.6) 9(AU,U) a 4da o

where e = g(IU,U) and 6 = g(IU, ¢U).
So, (3.6) and g(AU,€) = g(A€,U) = B, yield
€ c B2

(3.7) AU:(a—@+;

)
9(AU,4U) = =

)U+ O oU + e,
Q

Since [ is symmetric with respect to metric g, the scalar products of the second of
(3.5) with U and ¢U yield respectively
) c

— — ’y —_

where v = g(lpU, ¢U). So, the above equations and g(A¢U, &) = g(AE, oU) = 0, yield

c )
—)oU + —U.
4a)¢ + «

From (3.5), (3.7) and (3.8) we obtain U = €U + d¢U and lpU = dU + y¢U. We
make use of the last two equations, along with (1.6), (2.7), (2.8) and the symmetry
of I, to analyze g(lAU, ) = g(AlU,€) - which holds due to (1.1) - and obtain € = 0.
Similarly, from the same equations, ¢ = 0 and g({A¢U, &) = g(AloU, &) we take § = 0.
Therefore, from § = ¢ = 0 and (3.7), (3.8) we obtain (3.1). In addition we have shown

(3.8) AU = (% -

(3.9) U =0, loU = ~oU.

From equation (3.1) and relation (2.3) for X = ¢, X = U, X = ¢U, we obtain (3.2).
Next we remind of the rule

(3.10) Xg(Y,2) =g(VxY,Z)+g(Y,VxZ).

By virtue of (3.10) for X =Z =¢, Y =U and for X =¢,Y = Z = U, it is shown
respectively VeU LE and VU LU. So VeU = k19U, where k1 = g(VeU,9U). In a
similar way, (3.10) for X =Y =Z =U and X = Z = U, Y = £ respectively yields
VyULU and VyULE. This means that VyU = kU, where ko = g(VyU, ¢U).
Finally, (3.10) for X = ¢U, Y = Z = U and X = ¢U, Y = U, Z = £ (with
the aid of (3.2)) yields respectively VyyU LU and g(VyguU,§) = L — =, Therefore

VouU = k3oU + (L — 5)€ where k3 = g(VyyU, ¢U) and (3.3) has be4ean proved. In
order to prove (3.4) we use the second of (2.3) with the following combinations: )
X=¢Y=U,u) X=Y =U,iit) X =¢U, Y = U, and make use of (2.6), (3.1),
(3.3). O

By putting X = U, Y = ¢ in (2.5) we obtain Vy A{ — AVyE — VAU + AV U =
—4$¢U, which is expanded by Lemma 3.1, to give

(W)~ €B)e + [(U8) — (e — S)ju+
(O O e s

o 4o’ v 4o o o



186 Th. Theofanidis

Since the vector fields U, ¢U and £ are linearly independent, the above equations gives

(3.11) (Ua) = (£8),
B> e
(3.12) WB) = (& = 32));

(3.13) @ﬁ_(ﬁ_i)(l_i)_’_(’Y 52)

« 4o’ a0 4o « «

In a similar way, from (2.5) we get Vypy A& — AV — Ve ApU + AV oU = (U,
which is expanded by Lemma 3.1, to give

(6U) +38(2 = 1) — s — aflet

4o
2 2
608~ 7+ (2 - D2 - Sy (-2 oy

v c o
(kB — &2 = )loU =0,
which leads to

(3.14) (9Ua) +35(1 = 1=) =k —aff =0,
g e,y ¢ vy B2
(3.15) ¢Uﬂ—7+(g—@)(a—ﬁ)-ﬂﬁ(a—g)—ﬁ—0,
_ey_C
(3.16) Kaf = E(— — ).

Finally, (2.5) yields Vg ApU — AVyoU — V¢UAU + AV¢UU = —% , which is
expanded by Lemma 3.1, to give
2 c c
U8 +y—20 — Sy~ £y 4 B+ Pl

4o’ v 4o

g ¢ vy e By Bg*
B = 1) T28(0 — o) T (- = ) = oU(— — —)U+
2
0~ Sy - D yjev =
The above relation leads to
2

(3.17) sUp -+ - Sy L) - =o,

B2 vy oc g2y, B e
(3.18) 5(;‘@)‘*‘25(&—?)"' 2(;‘&)—¢ (5—5)7
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v_ ¢ v _ B
3.19 UL - £y = gL -2,
(3.19) Q- 5= m(2- 2
We combine (3.15) and (3.17), by removing the term ¢US3 — v — 32, to obtain
W B _ e e
2 A N L TR A
(3.20) N Y

Furthermore, we modify equation (3.18) as following: we expand the term qZ)U(%2 —
i=) and then replace the terms (¢Ua), (¢Up) respectively from (3.14) and (3.15).
The final relation is

2
B21) () Be= - O - Hampl 2Ty £

By virtue of (3.20), the term ks is replaced in (3.21), and after calculations we result
to

(3.22) (L =25 —age - 1L - Sy -5 =o.

Lemma 3.2. Let M be a real hypersurface of a complex plane Ms(c) satisfying (1.1)
and (1.2) on D. Then, equations v = 0, k1 = —4a and ke = —40 — ﬁ(% - =)
hold on N.

Proof.
By making use of (1.2) for X = U and with the aid of Lemma 3.1 and (3.9), we take
(3.23) K1y =0, (&) =0.

Let us assume there exists a point p; € N7 at which v # 0. Then, there exists a
neighborhood Vi of p; such that v # 0 in V3. We are going to work in V; throughout
the proof of this Lemma, in order to show V; = &f . Since v # 0, (3.23) yields

(3.24) k1= (&y)=0.

From (2.4), (3.23) and Lemma 3.1 we obtain R(U, &)U = 0. We also have R(U, &)U =

VuVeU = VeVyU — Viy,gU which is analyzed with the aid of Lemma 3.1 and (3.23)
2 2

giving R(U, &)U = [—(¢r2) — rs(5 — £)10U + [r2B — (5 — 5)(£ — 5)]¢. The two

expressions of R(U, &)U give

2 C 2 C C
(3.25) (6re) = —ra( = S, map= (- — @ 2,

« 4o « 4o’ v 4o

We differentiate the second of (3.25) along & and then replace the term ({x2) from
the first of (3.25), resulting to

(326) ma(ep) = 22— Syep) — (L - (% - S + 285 — Sns

a o 4o o 4o’ a?  4a?

Next we differentiate (3.22) along £, combined with (3.24), in order to obtain

(3.27) afe(ga) + a®e(¢B) +(y — 7)(€B) = 0.
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By making use of (3.25) and (3.27),we replace the terms k2 and (£«) respectively, in
(3.26) and after calculations we obtain
B> e

By Q- - Syepy =285 - Sy

3.28 —
( ) [a a 4o afc a 4o’ o 4da a da

(3.22) is rewritten as - (2 — i)(%z -£)= —g which is used with (3.28) to obtain

« 4o 4o
C

(3.29) (L - Z)(ep) = —2(8> — S)ka

a 4o 4

We notice that v — § # 0, otherwise (3.22) would yield ac = 0 which is a contradic-
tion. Therefore we combine (3.16), (3.24), (3.27) and (3.29), taking

(-’82 — 22%(8% = {) = 2a7(y = (B ~ {)lra.

If we had k3 # 0 in a neighborhood of V; then the above relation and (3.22) would
give 8% = £ = (£8) = 0= 5% = £ (due to (3.29)) which is a contradiction. Therefore
k3 = 0. Since k3 = 0, (3.11), (3.12), (3.27) and (3.29) imply ([U, €]e) = ([U, €]8) = 0.
However, these Lie brackets are also estimated from Lemma 3.1, (3.14), (3.15), (3.24),
which means we have the following:

(3.30) B -HBEL-S)—a) =0,

(52_5)(ﬂ2_£)(1_£)_52_7) =0.

a 4da’a 4o
Due to (3.22) it must be % — £ # 0 of V;. Then from (3.30) we acquire
gl ¢ o 2 € 2

B3) Lo Lo gUa) =0, B2 =3(8+7) & (6UB) =0
From (3.31) we modify (3.20):
_ 1
=33

We make use of the last relation, (3.24), (3.31), k3 = 0 and Lemma 3.1 to show
R(¢U,U)U = ( — K% — (6—2 - =)(d - ﬁ))gbU. The same vector field is calculated

(3.32) Ko (B% - )

a 4o
from (2.4), (3.31), (3.32) and Lemma 3.1 and then we equalize the two expressions of
R(¢U,U)U, resulting to
1
952
In the same way, by calculating R(¢U, £)U with the aid of Lemma 3.1, k1 = k3 =0,
(3.16), (3.31) we obtain ko = 2/, which is combined with (3.32) giving

C C

2_p2_ ¢ 2__ -
68° =0 4<:>ﬂ_ 20"

(B~ S et 282~ )

(3.33) i 3 i

The above result and (3.33) lead to 8* = —£, which is a contradiction in Vi, meaning
Vi = & . The rest of the proof follows from (3.21), (3.22), (3.23). O
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4 The set N; is the empty set.

We start with the following result:

Lemma 4.1. Let M be a real hypersurface of a complex plane Mz (c) satisfying (1.1)
and (1.2) on D. Then k3 =0 holds on N .

Proof.
Lemma 3.2, (3.11), (3.12), (3.16) and (3.19) yield
2 2 2
@) wWo=e)="n, =""Te ws=8"" 11

We use Lemmas 3.1, 3.2 and relations (3.14), (4.1) to calculate

3 3
[6U, Ulo = (VouU — VioU)a = ks (@ 5ap - 12004ﬂ B %).

On the other hand, from Lemmas 3.1, 3.2 and equations (3.14), (4.1), we obtain

3
(60, Ula = 6U(Ua) - U(gUa) = 6U(Ua) + (Baf + 222 - 22,

Equalizing the two expressions of [¢pU, Ula we result to

(42) oU(Ua) = (15 _ 3608 _ ﬁj’ _ 8aB)rs

4o c

By making use of Lemmas 3.1, 3.2 and relation (4.1), it is proved that

3 3
60, €16 = (Vyué ~ Vo) = (o ~ 284 B s

However, the same differentiation is calculated with aid of Lemma 3.2 and equations

(3.15), (3.1):

240,33
Bc+ Zzﬂ

[¢U, €18 = oU(EB) — £(0UB) = U (EP) + [—

]I{g.

Comparing the two expressions of [¢pU, £|8 we are led to

B3 3ﬁc 360,33
4a c

(4.3) oU(Ef) = [

— 4af)ks3
From (3.11), (4.2) and (4.3) we acquire

E)Iﬁlg =0.

(4.4) (20° + % — 5

Let us assume there exists a point po € N7 at which k3 # 0. Then, there exists a
neighborhood Vs of ps such that k3 # 0 in V. Therefore (3.4) yields o + 5% = 55
which is differentiated along ¢, with the aid of (4.1) and k3 # 0, giving 2a? + 3% = 0
which is a contradiction. This means there are no points of N7 where k3 # 0 and so

k3 = 0 holds on N;. O
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Now that k3 = 0, from (4.1) we have [U,&]a = U(a) — {(Ua) = 0. Furthermore,

from Lemmas 3.1, 3.2 and (3.14) we have [U,{|la = (Vyé — VeU)a = B(%2 - =+
4a)(£¢ — 3a). So we conclude

B2 c c
4. 2 tda)(= —a)=0.
(4.5) 382~ = a0)( S —a)=0
Similarly, from (4.1) and Lemma 4.1 we have [U, £]8 = 0, while from Lemmas 3.1, 3.2
and (3.15) we have [U,£]8 = (Vp€ — VeU)B = (£ — £ +4a)[(5) (2 — ) — 357

(e} «
So we have shown

B? c c  B? c 5
4.6 — — — +4a)[(—)(— ——)—=387] =0.
(16) E - Lt -5y -3
Let us assume there exists a point ps € A; at which %2 — 1= t4a # 0. Then,
there exists a neighborhood V3 of p3 such that %2 — 4o t4a # 0 in V3. In this case
(4.5) and (4.6) yield respectively ¢ = a* > 0 and ﬁ(%? — ) —3p? = 0. We combine
the last two relations by removing the term «? and obtain ¢ = —832? < 0 which is a

contradiction to § = a? > 0. So there exists no point of N; where %2 — 1o +4a #0,
2
hence it must be % -5 t4a=0=

(4.7) B2+ da? = g > 0.

Differentiating (4.7) along ¢U we acquire S(¢US) + 4a(¢pUca) = 0 which is ex-
panded by (3.14), (3.15) and Lemma 3.2, giving

C

¢
402

(5> 4) — 362 —1202% + 3¢ =0.

Replacing the term 2 — £ with —4a? - due to (4.7) - we get 3% +4a? = 2 < 0 which
is a contradiction to (4.7). So N1 = & .

5 Proof of Theorem 0.1

Because of Section 4, and by definition of the sets A/, N7 in the beginning of section
3, in the set NV, equation (2.6) takes the form A¢ = BU. This means that the vector
fields AU and A¢U are decomposed with respect to the ¢p—basis {U, U, £} as:

(5.1) AU = iU + poU + B¢, AQU = poU + pisdU,

for some functions p1, po, p3. In addition, from (2.4) and A = BU we obtain (U = $U
and [oU = §¢U. Combining the previous two equations with (5.1) and (1.1), we

analyze [AU = AIU to take 8 = 0 which is a contradiction in A". So A" = & and the
real hypersurface M consists of points where 5 = 0, i.e, M is a Hopf hypersurface.

Since M is Hopf, we have A{ = o€ and « is constant ([11]). The inner product
of (V)X = w(X)E with € (because of (2.3), (3.10) and A& = «f) yields w(X) = 0.
This means that V¢l = 0.
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It is easy to check that (V¢l)§ = 0 for any Hopf hypersurface. Now consider a
vector field X € D. From the Gauss equation we have IX = (aA + §)X, so that

(Vel)X = VelX — IVeX

= Ve(ad+ D)X — (ad + SVeX,
since V¢ X is also in . We can simplify this, using the Codazzi equation, to get

(Vgl)X = Oz(VgA)X
= a((VxA)E + gqu)

— a(a — A)pAX + Zd)X).

In particular, If X is chosen to be a principal vector field, such that AX = A1 X and
ApX = X9 X, then the condition V¢l = 0 implies that

Oé(/\l - )\2) = 0
where we have used the well known relation for Hopf hypersurfaces

Mt o oc

Ay =
1A2 5 1

If o # 0 then \; = ), is locally constant since it satisfies A\¥ = a\; + 7+ Therefore,
M is an open subset of type A hypersurface, based on the theorems of Kimura and
Berndt and the lists of principal curvatures in [13] and [9]. In case a = 0, we have
A1 # Az or \; = Ay with \? = ¢ and the classification follows from [7].

Conversely, let M be of type Ay in CP? or type Ag, A1, A1,1in CH?. Take X € D
a principal vector field with principal curvature A, and « the principal curvature of
£ (2.4) yields [X = (@A + §)X, VX € D. Furthermore, in a real hypersurface of the
previously mentioned types, we have A\ = a\ + 7, thus from the last two equations
we have [X = A2X, which is used to show (V¢l)X = 0. The last equation and
(Vel)§ = Vel€ — IVeE = 0 show that real hypersurfaces of type A satisfy (1.2) with
w=0.

If M is Hopf with o = 0 then (2.4) yields [X = {X for every X € D. Therefore
(Vel) X =0 holds. In addition we have (V)¢ = 0, thus (Vel)X = 0 holds for every

X, which means w = 0. O
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