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Abstract. In this paper, we investigate on polynomial differential systems
of degree 3 in R? (planar systems) and R3. First, we present the normal
forms of polynomial differential systems in R? having an invariant non-
singular irreducible cubic and also a cubic with a circle. It can be a new
classification of polynomial differential systems in R? of degree 3. By
using Darboux theorem specific conditions which become integrable are
obtained. It is shown that their first integrals are invariant under an affine
transformation.

Second, we consider all the cubic polynomial differential systems in R3.
Some conditions in which systems have nonchaotic behavior are provided.
The normal forms of polynomial differential systems in R? that the surface
f(z,y) = z is an invariant, where f(z,y) = 0 is a cubic polynomial curve
are presented. It is proved that these surfaces are Darboux invariant and
their associated systems behave nonchaotically. Also, we present a new
way to build normal forms in R? via a class of planar systems.
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1 Introduction

Let R[z, y] be the ring of polynomials in the variables  and y with the coefficients in
R. In this paper, first we consider the planar polynomial differential systems of the
form

(1'1) "I"‘:P(x?y)’ yzQ(x,y)

where P and @ are relatively prime polynomials in R[z,y]. We find the normal forms
of the systems of the form (1.1) which have an invariant non-singular irreducible cu-
bic.

In [5] Llibre et al., characterized all the planar polynomial differential systems with
a unique invariant algebraic curve given by a real conic and provided their Darboux
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invariants.

Here we present a normal form & = AC — D(jy7 ) = BC + DC,, where A,B,D €
R[z,y], C is an invariant algebraic curve and C, and C, may not be relatively prime.
In Theorem 3.2 it is shown that the condition in which C, and C, are relatively
prime is not necessary. The normal forms of planar systems which have a cubic and
the circle § = (z — a)? 4 (y — 8)* — r? = 0 as invariant algebraic curves are provided.
By Darboux theorem and some conditions on their coefficients these normal forms
are integrable and the resulted integrable planar systems are invariant by an affine
transformation (see Theorem 3.5).

Second, we consider 3D polynomial differential systems. In [8] the authors gave

an algebraic criterion to determine the nonchaotic behavior via Darboux theory for
quadratic 3D polynomial differential systems with symmetric Jacobian matrix. By
using Messias’s algorithm we present some conditions for recognizing the nonchaotic
behavior of cubic 3D polynomial differential systems.
In [7] Llibre et al., found the normal forms for polynomial differential systems in R?
having an invariant quadric and a Darboux invariant. In Theorem 4.2 the normal
forms in R?® which one of their invariant manifolds is the surface f(x,y) = z such
that f(x,y) = 0 is a cubic polynomial curve is obtained and then some conditions
on coefficients of normal forms that the resulted systems have nonchaotic behavior
are provided. In Theorem 4.3 we present a new way to make normal forms for 3-
dimensional systems by using of a class of planar systems such that the deduced
systems have an invariant algebraic cubic surface.

2 Preliminaries

We start with some concepts in Darboux theory of integrability from [1, 3, 5, 6, 7] and
[8]. This theory was named for Jean—Gaston Darboux. In 1878 he provided a method
to make first integrals of polynomial differential systems via a sufficient number of
invariant algebraic curves, surfaces, or hyper surfaces.

The vector field associated to the system (1.1) is:

(2.1) X(e.p) = Pla) 5 + Qo)

The degree of the system (1.1) is defined by m = maxz{deg(P),deg(Q)}. A polynomial
f(z,y) € Cz,y] is called a Darboux polynomial for system (1.1) if

af of .
(2.2) P% + Qa—y = Kf for some polynomial K(z,y) € Clx,y].
K(z,y) is called a cofactor of f . It is simple to prove that the degree of K is less
than or equal to m — 1. If f(x,y) is a Darboux polynomial of the system (1.1), then
the algebraic surface f = 0 in R? is called an invariant algebraic curve. Because if a
solution of (1.1) has a point on the invariant algebraic curve, then the whole solution
is contained in it.
A nonconstant real function H(z,y,t) : R2 x R — R is an invariant of the system
(1.1), if it is constant on all the solution curves (z(t),y(t)) of the system (1.1), i.e.,
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H(x(t),y(t),t) is a constant for all values of t for which the solution (z(t),y(t)) is
defined on R2. It is clear, if H is differentiable on R? x R, then H is an invariant of
the system (1.1) if and only if along every solution of the system (1.1) we have
OH OH OH

P 9 T =0
If the invariant H is independent of the time, then it is called a first integral. Whether
the first integral H is a polynomial then it is called a polynomial first integral. If the
form of invariant H is f(z,y)es! where f is a polynomial in z and y, and s is a nonzero
real constant, then H is called a Darboux invariant.
Let g,h € Clz,y] \ {0} and assume that g and h are relatively prime in the ring
Clx,y] or that h = 1. Then, the function exp(g/h) is called an exponential factor
of system (1.1) if for some polynomial L € C[z,y] of degree at most m — 1, we
have X (exp(g/h)) = L exp(g/h). All above concepts are satisfied for 3D polynomial
differential systems.

3 Results on polynomial differential systems in R?

In [9] Nadjafikah classified cubic polynomials in seven classes up to the affine trans-
formations, and gave a complete set of representations of the these classes.

In this section, we characterize normal forms for planar polynomial differential sys-
tems having an invariant non-singular irreducible cubic where the cubic is chosen from
the seven classes which are mentioned in the next theorem. After that we deduce the
most general normal form of planar polynomial vector fields having two invariant
algebraic curves which are a cubic and a circle.

Theorem 3.1. [9] Any cubic can be transformed by an affine transformation to one
and only one of the following cubic polynomials:
1) Cib s+ 2%y =y? +ar+b, witha,b€R and a > 2;
2) C2 ;2 +a?y =y® +cx — 3y +d, with c € {-2,0} and d € R;
3) C3 a3+ 2%y =y? —x — 3y + e, with e € {1,2,3};
4) Cp 2 +a?y = fo+1, with f € {-1,1};
5)C5 a8 4+ a2y =1;
6) CP : 23 + 2y = hx, with h € {—1,1}; and
7) C7 a3 + 2%y = 0.

A non-singular curve means the curve that

S ={(z,y) eR*| O(z,y) = Culw,y) = Cy(w,y) =0} = 2. (*)

Let’s recall the Hilbert’s Nullstellensatz (see [4]). Let A, B; € Clz,y] for i = 1,..., k,
and for A and all of the B;, Bs, ..., By_1 and By, vanish in the same points of C2.
Then there exist polynomials M; € C[z,y] and a nonnegative integer n such that
A" = Zle M;B;. In particular, if all B; have no any common zero, then there exist
polynomials M; such that Zle M;B; = 1.

Now we state a theorem which is a generalization of a lemma which have been proved

by Christopher et al., in [1]. They assume the grate common divisor of C, and C, is
1 here it is assumed (Cy,Cy) = M.
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Theorem 3.2. Assume that polynomial system (1.1) has an irreducible non-singular
invariant algebraic curve C = 0. If (Cy,Cy) = M and M # C,, Cy, then system
(1.1) has the following normal form:

(3.1) i=AC —-DC, 7y=BC+ DC,
where A, B,D,M € R[z,y], C, = MC, and C,, = MC,

Proof. Because S = @ and according to the Hilbert’s Nullstellensatz there exist poly-
nomials F, F' and G such that EC, + FCy+GC = 1. From (2.2) and former equality
we can find cofactor K = (KE + GP)C, + (KF + GQ)C,.

By substituting K into (2.2), we get

(P — (KE + GP)C)MC, = —(Q — (KF + GQ)C)MC,.

Since (C, Cy) = 1, then there exists a polynomial D such that

P—(KE+GP)C=-DC,, Q- (KF+GQ)C=DC,.
If we replace A with KE + GP and B with KF 4+ GQ, then we have (3.1). O

Now we state the main theorem of this section.

Theorem 3.3. Assume that the polynomial differential system (1.1) of degree m
has a non-singular irreducible cubic. Then system (1.1) with invariant non-singular
irreducible cubic can be written to one of the five following forms:

I) If the system (1.1) has C;)b as an invariant algebraic curve with the conditions
3

2<a#x3+3x3 and b # —2x3 — Zxé where (xo,yo = %) is a singular point of C’;yb,

then the system (1.1) has the following form

i = A(z® + 2%y — y? — ax — b) — D(2? — 2y),
(3.2) ; 34 .2 2 2

y = B(z° +2°y — y* — ax — b) + D(3z* + 22y — a).
II) If the system (1.1) has Cid as an invariant algebraic curve then we can write the
two below modes:

9
i)Ifc=0 andd;«éz then

= Az + 2%y —y? + 3y — d) — D(2% — 2y + 3),

(3.3) § = B(x3 + 2%y — y2 + 3y — d) + D(32% + 2zy).

i) Ifc=—2 and d # i—g then

= A + 2%y —y?> + 20 + 3y — d) — D(z? — 2y + 3),

(3.4) § = B(23 + 2%y — y* + 22 + 3y — d) + D(3z? + 22y + 2).
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II) If the system (1.1) has C2 where e # 2 as an invariant algebraic curve then the
system (1.1) has the following form

(3.5) =A@+ 2%y —y*+x+3y+e)— D(x?—2y+3),
’ =B} +2%y -y’ +2x+3y+e)+ DBx? —2xy+1).

IV) If the system (1.1) has C’? as an invariant algebraic curve then we can write two

below modes

i) If f =1 then

(3.6) &= Az’ + 2%y — 2 — 1) - D(a?),
’ = B3+ 2%y —x—1) — D32 + 2zy — 1).

it) If f = —1 then

(3.7) i = A2 + 2%y + 2 — 1) — D(2?),
' y=DB@*+2%y+2—1)— D(3z% + 2y + 1).

V) If the system (1.1) has C® as an invariant algebraic curve then it has the following

form

i = A(z3 + 2%y — 1) — Du,

(3.8) § = B(23 + 2%y — 1) + D(3x + 2y)

Proof. For the proof, it is enough to find the conditions so that each curve related
to each part be a non-singular curve. By using of non-singularity of the curves and
Theorem 3.2 we have the deduced normal forms which are mentioned in the theorem.

Proof (I).

< |2~

By using of (x) the curve Cy , is a non-singular curve. If (z9,y0) € S then 5y
1

a,b

x2 —2yo = 0 therefore 3 = 2yo. By substituting 2 = 2y in we find 3+ 322 =

3 4
a. If we put a = 234322 in C;b then we obtain b = —ng—%. Thus 2 < a # z3+3z2

3
and b # 213 — zx?j. Hence C , is non-singular.

Proof (II).
. Cg d 2 Cg d 2
Case (7). If ¢ = 0, then 81;7 = 3z° + 2xy and ay’ =z — 2y + 3. We put
0C3 4 —2 9CzZ 4
3 — =0 sowe havex =0 or z = =3V If z = 0, then T = —2y + 3. We take
T Y
oCce , 3 3. 2
5 — = 0 then we have y = 3 Now we put x =0,y = g in the curve Cj ,;, and we
y ;
obtain d = T Since Cg} 4 must be non-singular then Cib is non-singular if we assume
9 _2y 8002 d 2 . .
d # T Ifz= 3 then 5 — dose not have real root. So C§ , is a non-singular
y .

curve.
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, 0 9 oC?, 4 )
. If ¢ = =2, then = 32" 4+ 2zy + 2 and 3 — =x"—2y+3. We
Y

(i)

oC? 243

72"1:362—23/4—3:0780;1/:QIj + !
dy or

7
23 + 322 + 32 +2 = 0. x = —2 is the root of this equation and we have y = 3 By

2
Cf2,d

Case

take we obtain

by substituting it in

7 99 99
putting = —2 and y = 3 in 0327(1 we get d = T Thus the condition d # T
implies that C!, ; is non-singular.
Proof (III).

oc? oC3 o903
We have —= = 32% + 22y + 1 and —= = 2® — 2y + 3. If —= = 2% — 2y + 3, then
ox Ay 3y
2 3
Yy = €L ;3 We substitute y it in aac’e = 0, and we deduce P 4+322 430 +1=0

z
which = —1 is a root of it. It implies y = 2. By substituting x = —1, and y = 2 in
C3 =0 we obtain e = 2. Thus if e # 2, then the curve C? is a non-singular curve.

Proof (IV).
oCy ) aocy - ,
We have o 3z + 2zy — f and oy = z“. By substituting z = 0 in the curve
€z Y
C’;% we find a contradiction. So C’;% is a non-singular curve.
Proof (V).
ac» oCc®
o 322 + 22y and By = z?. By substituting = 0 in the curve we reach to
€T Y
0 = 1 which is a contradiction. So it is non-singular.
The reader must pay attention to this point that in this case we have M = x. O

Remark 3.1. In Theorem 3.3 we don’t consider curve C® and C” because they are
not irreducible.

In [6] Llibre et al., have deduced the most general normal form of planar polyno-
mial vector fields having two invariant algebraic curves f; = 0 and fy = 0 such that the
Jacobian {f1, fo} # 0. They deduced normal form is X = X1 fiH ¢, + X2 foH +f1f2X,
—0fi 0f;

Oy ' Ox
functions, for i = 1,2 and X is an arbitrary polynomial vector field.
By using of this form we calculate the normal forms which have a cubic and the circle

where Hy, denotes the Hamiltonian vector field ( ), A; are arbitrary rational

f=@x—a)i+y—-p)>2-r*=0

as invariant algebraic curves. For the convenience we put X = 0.

I) If system (1.1) has Cib and 0 as invariant algebraic curves with J # 0, then
the system (1.1) has the following form
&= =M (2% + 2%y —y® —ax —b)(2y — 26) — Xao((z — @)* + (y — B)* —r?)(2? — 2y),
¥ =M(23+ 2%y —y? —ax —b)(2x — 2a) + A2 ((z — @)% + (y — B)? — 7?)(32% + 22y — a).

IT) If system (1.1) has CC27 4 and @ as invariant algebraic curves with J # 0, then
the system (1.1) has the following form
&= =M (2 +2%y—y® —cx+3y—d)(2y—26) = Xa((z — )* + (y— B)* — %) (2* — 2y +3)
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=M@ +2%y—y?—cr+3y—d) 2z —2a)+ X2 ((z—)?+(y— )% —7?) (323 + 22y — )

II1) If system (1.1) has C3 and 6 as invariant algebraic curves with J # 0, then
the system (1.1) has the following form
&= —M(2® + 2%y —y? +a+3y+e)(2y —26) = Xo((w—)* + (y— ) —r?)(2® — 2y +3)
v =M +22y—y?+24+3y+e)(2z—2a)+ X ((z—a)? + (y—B)? —r?)(32% + 22y +1)

IV) If system (1.1) has C'} and 6 as invariant algebraic curves with J # 0, then
the system (1.1) has the following form
b= M3+ 2%y — fr— 12y —26) — Xa((z — a)? + (y — B)? — r?)a?
7= M(2®+ 2%y — fr —1)(22 — 2a) + Xa((z — @)? + (y — B)? — r?) (322 + 22y — f)

V) If system (1.1) has C® and @ as invariant algebraic curves with J # 0, then the
system (1.1) has the following form
&= =M (2’ + 2%y - 1)(2y — 28) — Ma((z — a)? + (y — §)* — r?)a?
U= A (2% + 2%y — 1)(22 — 2a) + Xo((z — @)? + (y — B)? — r?)(322 + 2zy)

Now we find the conditions which the former systems to be integrable. For this
purpose we use of the following theorem.

Theorem 3.4. [3] I) If the polynomial differential system (1.1) of degree m admits
p irreducible invariant algebraic curves f; = 0 with cofactors K;, fori=1,...,p, and
q exponential factors F; = exp(g;/h;) with cofactors L;, for j = 1,...,q, then there
exist o, 8 € C not all zero such that

(39) ZlecviKi + ZgzlﬁjL]’ = dZU(X)

where div(X) is the divergence of the vector field X, the real (multivalued) function
V= fM . fy"Fy 1...Fqﬁ“ is an inverse factor of the system (1.1).

II) Suppose that the polynomial differential system (1.1) of degree m admits p irre-
ducible invariant algebraic curves f; = 0 with cofactors K;, for it = 1,....p, and q
exponential factors F; = exp(g;/h;) with cofactors L;, for j =1,...,q.

There exist a;, 85 € C not zero such that ¥j_ o, K; + X5_,8;L; = —s, for some
s € R\ {0}, if and only if the real function V = ffl...fgprl...Ff"eSt is a Darboux
invariant of system (1.1).

The above theorem is also correct for polynomial systems in R3.

Theorem 3.5. I) Let the coefficients A, B, D and M be real numbers. Then the
normal forms I — IV of Theorem 3.3 are integrable. ~

II) Let X = AllefQ + )\Qngfl + flfQX, )\1,)\2 eER and J = {fl,fz} 7_é 0, X =0.
Then the vector field X is integrable on an open set U C R? if fifo # 0 on U.

III) If the system (1.1) varies by an affine transformation then any first integral
associated to the system (1.1) is transformed to a first integral.

Proof. Proof I) The cofactor K for the invariant curve C' equals AC, + BC,;, which is
div(X). So the curves C' = C’;)b, Cid, C3 and C;% are inverse factors for their normal

forms. Therefore the system & = A — (D/C)C_'y,' y = B+ (D/C)C, is a Hamiltonian
system.
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We put = = %—H and §y = faa—H where H is a nonconstant function. Hence H =
g9y z
{9(1}4 —(D/C)Cy)dy = Ay — (D/M) [(C,/C)dy = Ay — (D/M)Ln | C' | +g(x) and
5y = ~(D/M)(Ce/C) + (@) = =(D/C)(Ca/ M) ~
Therefore H = Ay — Bz — (D/M)Ln | C | 4, where « is a constant.
Proof II) Since f; and fy are invariant algebraic curves then
~ 0 7] ~ 0
ki =—-MJ+ fo(P fl +Q fl) and k2 = Ao J + f1(P f2 +Q
of f1 and fo respectlvely
On the other hand div(X) = (Ay — A\)J +3 ( f1foP) + y( f1/2Q). Using (3.9),

(—a1 A +F a2 o)J = (A1 + ) J if g =g = 1. Hence fi f5 is an inverse factor.
-AM0fs X 0fi . MOfy X Ofi

Sot = ———= -2 and § = ———= + == ==, Thus there is a C"' function

fo Oy f1 Oy fao Oz  f 0
A1 0f2

H :U C R? - R such that & = oH andy:fa—H. Therefore H = [(—— == —
oy Ox fo Oy

A2 0f1 OH _ =M0f; X0fi

— —=—)dy = —(ML Ao L H S Sk £ .
18y)y (1n|f2|+2n‘f1‘)+ () enceaz f2 or flax—’_

G'(z). So G(z) is a constant.

Proof IIT) Consider the polynomial system (1.1).

Let X =azx+By+v, Y =dz+Fy++ and D = a8/ — B’ # 0. Then z =

[B'(X =) =B =)/D, y = [a(Y =) — /(X —7)]/D and

(3.10) X =P(X,Y) =ap(z,y) + Bq(z,y),Y = P(X,Y) = &'p(z,y) + B'q(z,y).

2P

) are the cofactors

Let H(X,Y) be a first integral of (3.10) and H(X,Y) = h(x,y). Then h(z,y) is a
first integral of the system (1.1). Thus
PO Q0 1 OB OO OOk
@, = pller+Ba(Fg, —a'g )+ (@p+ Fa)(=F5 +ag )l =ry +

]

6h
Toy =

4 Results on polynomial differential systems in R?

In this section we consider 3D polynomial differential system 4.1.

(4.1) = P(x,y,2), 9=0Q(,y,2), z=R(zvy,2)

where P,Q, R € R[z,y, z]. In [8] Massias et al., proved the next theorem by finding
an algebraic criterion to recognize when a 3D polynomial system with a symmetric
Jacobian matrix has a nonchaotic behavior.

Theorem 4.1. [8] Let X be the vector field associated to the 3-dimensional differential
system (4.1). If X has an invariant algebraic surface f = 0 with a non-zero constant
cofactor k, then the a-limit and w-limit sets of the orbit ¢,(t) = (z(t),y(t), 2(t)) with
$,(0) = p € R3, are both contained in {f = 0} U S?, where S? represent the points at
infinity of R3. In particular X dose not present chaotic behavior.
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They have mentioned their method is expendable for the case of non symmetric
Jacobian matrix. Firstly, we apply their algorithm for non symmetric case to find a
class of nonchaotic systems of degree 3. For a 3-dimensional cubic polynomial system

T=ao+ arr+ a2y + asz + a4x2 + a5y2 + a622 + arxy + agrz + agyz
+a10r® + a11y® + a122® + a132%y + a1az?z + arsy’r + aey?z + arr iz
+a132%y + ar9wyz,

§ = bo + b1z + bay + b3z + bax® 4 bsy® + be2? + by + bsxz + boyz
(4.2) +b102® + b11y® + b122® + bisx?y + brax®z + bisy’x + bisy?z + birzix
+b1s2”y + biozyz,

z=co+cxr+coy+csz+ 04502 + C5y2 =+ 0622 + crxy + cgxz + CcoyYz
+e102® 4+ ci1y® + c122® + ciar?y + crax®z + sy’ + ciey®z + cirz’x
+c182°y + cro7yz.

We take the( f;llowing( cg)nditions on it’s coffecients
bihg k) — Cihg k .

I)a; = ha () for i =4,...,19.

hl(/ﬂ)ag + b3h2(l€)

II)cs=k ha (k)

where hl(k’) = a2b3 — a3b2 + a3k:, hg(k) = a1b3 — aga3 — bgk and hg(k) = albg — a% -

a1k — bok + k2 and k is a nonzero real number with hy(k), hz(k) # 0.

According to the above theorem it has nonchaotic behavior when

ag,a1,a2,a3 € R, bj € Rfor j =0,...,19and ¢; € Rfor [ =0,1,2,4,...,19. In order to

find above conditions by using of theorem 4.1 we put some conditions on coefficients

of the system (4.2) which has a plan I : Az + By+ Cz+ D = 0 where A =1 as a

Darboux invariant with the cofactor k € R\ {0}.

The conditions are obtained by solving the equation

oIl oIl oIl
P— — +R— =kII
Ox +eQ Oy + 0z ’
where P, @ and R are the right hand side of the system (4.2). All polynomial of the
same degree from two sides are equaled. Hence it is obtained

a0+boB+Coc:kD, al—i—blB—f—ch:k

as + bQB + CQC =kB and as + bgB + 03C =kC

and a; + b;B + ¢;C =0 for i = 4,...,19.
—hg(k) B hg(k) B aohl(/ﬂ) + Cohg(/ﬂ) - bohg(k)
70 - aD -
hi(k) ha(k) k
k — as}ll(k}z ‘é’kI;ShQ(k) where hl(k') = CLng — a3b2 + agk, hQ(k) = 0,11)3 — a20a3 — bgk'
3
and hg(k) = a1b2 — (L% - alk - bgk + kz with hl(k), hg(k}) 7£ 0.

So we obtain B = and c3 =

Remark 4.1. The system (4.2) with the conditions (/) and (IT) has the invariant

ha(0) ~ hs3(0)

MO0

a0h1 (O) + Cohg(O)
h2(0)

plan = — z = 0 as a first integral if we consider £k = D = 0 and

by =
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Secondly, the normal forms for 3D polynomial differential system 4.1 such that
the surface f(z,y) = z is an invariant surface, where f(z,y) = 0 is a cubic polynomial
is provided. By substituting the seven forms of cubics in f(x,y) — 2z = 0, the resulted
surfaces is called Si,953,...,5¢ and S; respectively (see Figure 1). These surfaces
are nondegenerate because they are irreducible in C[z,y, z]. We present the normal
form of 3D polynomial differential systems which have S;, i = 1,...,5 an invariant
surface. By using of Darboux theorem 3.4, it is shown surfaces Si, .55, ..., S5 can be
as a Darboux invariant and so by theorem 4.1 they do not present chaotic behavior.
Finally, we prove if the system (1.1) has an invariant curve C' = 0 with the cofactor
K = C; + Cy then we can make a 3D polynomial differential system.

R
\ /1|
/ \

S l

2 4+ay=1 2 rty—1==z2

Figure 1:

In [7] Llibre et al., characterized all 3-dimensional polynomial differential system
having a given invariant quadric algebraic surface. Base on their method we prove
the next theorem. Let f1, fo and f3 be the real functions defined on an open subset
U of R3. The Jocobian matrix of the functions fi, fo and f3 is defined by

flz fly flz
J = f2a: f2y f2z
f3x fSy .f3Z

We denote determinant of J by {fi, f2, fs}, where fiz, fiy and fi., i = 1,2,3 are
partial derivatives.

Suppose f; is a polynomial on R[z,y, 2], then any polynomial differential system in
R? which admits f; = 0 as an invariant algebraic surface has the following form

(4.3) 0= A{v, fo, f3} + Xa{f1, v, f3} + As{f1, fo, v}

where v vary over the variables x,y and z, \; = ¢f1 and ¢, A2, A3 are rational func-
tions, fo and f3 are arbitrary polynomial on R[z,y, z] which must be chosen in such
a way that the Jacobian {fi, f2, fs} #Z 0. According to their proof in [7], fi ia an
invariant algebraic surface of the polynomial vector field defined by the polynomial
system 0 with the cofactor K = @{fi1, f2, f3}. It is enough compute ¢, Ao and As.
Authors showed the vector field X (%) = A {x, fo, f3} + Xo{f1, %, f3} + As{f1, f2, *},
associated to the polynomial differential system (2) is the most general polynomial
vector field which admits f; = 0 as an invariant algebraic surface. They supposed
Y = Mi(z,y, 2), Ya(z,y,2), Y3(x,y, 2)) is a polynomial vector field having f; = 0 as
an invariant algebraic and took

o Y(fy)
(4.4) A= {f1, fa, f3}
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for j =1,2,3, where Y(f;) = Y1 fjz +Yafjy +Y3f;3 and by substituting these in X (x)
they obtained X (F) = Y (F) for each F' € R[z,y, z].

Theorem 4.2. Assume that a nondegenerate surface St, ..., S5 is an invariant alge-
braic surface of polynomial differential system 4.1, then the normal form for it is the
following form, where A, B,C, D, E,F are arbitrary polynomials of R[z,y, z].

1) System 4.1 with S1 as an invariant algebraic surface has the following form.
=814+ (2y—2%)D - E,

=518+ (32%+2zy —a)D + F,

= 81C+ (=322 — 22y + a)E + (2% — 2y)F.

If C = A(32%+2xy—a)+ B(x2 —2y) +« then it has I = 5S¢ ' e* as Darboux invariant
where a is a non zero real number.

2) System 4.1 with So as an invariant algebraic surface has the following form.
i =S8A+(2y—2*>-3)D-E,
= S2B + (322 + 22y — ¢)D + F,
2= 5C+ (=322 — 22y + ¢)E + (22 — 2y + 3)F.
If C = A(322 + 22y — ¢) + B(z2 — 2y + 3) + « then it has I = S5 €' as Darbouz
invariant where o is a non zero real number.

3) System 4.1 with S3 as an invariant algebraic surface has the following form.
i=S3A+2y—2?>-3)D—-E,
Y= S3B+ (322 +2zy + 1)D + F,
i =950 — (322 + 22y + 1)E + (2% — 2y + 3)F.
If C = A(32% + 2xy + 1) + B(2® — 2y + 3) + « then it has I = S§‘_1€t as Darbouz
invariant where « is a non zero real number.

4) System 4.1 with Sq as an invariant algebraic surface has the following form.
i‘ZS4A—J,‘2D—E,
=SB+ (32% + 22y — f)D+ F,
2= 84C + (=322 — 2zy + f)E + 2°F.
If C = A(322 + 2xy — f) + Ba® + « then it has I = Sf_let as Darboux invariant
where a is a non zero real number.

5) System 4.1 with S5 as an invariant algebraic surface has the following form.
& =8;A—2°D - E,
y = S5B + (322 + 2xy)D + F,
2= S5C — (32% + 22y)E + 2°F.
If C = A(322 + 2xy) + Ba? + « then it has [ = Sg‘flet as Darbouz invariant where
« is a non zero real number.

Proof. We prove statement (1). For other cases the the proof is similar. Suppose
the polynomial differential system 4.1 has S; as invariant algebraic surface. Due to
system (4.3) we should compute &, ¢ and Z so we compute

{x’f2vf3} = f2yf3z7f2zf3y = le {yvaa f3} = f3:6f227f2a7f3z = J and {Zan»f3} =
fox fay — f3xfoy = J3.

{S1,2, f3} = —fay + f3.(2y — 2%), {S1,y, f3} = f3.(32° + 22y — @) + fau,

{517 Z, f3} = (_3372 - 21‘y + a’)f3y + (xQ - 2y)f3x-
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{S1, fo,x} = for(2® — 2y) + foy, {51, f2,y} = (=32% — 22y + a) for — fou,
{517 f2, Z} = (31‘2 +2xy — a’)f2y + (2y - xz)f2x~
Then we put the above computed formulas in system (4.3) and it is deduced,
& = pS1J1+ Ao (= fay + f3:(2y — 2%)) + A3 (fo: (2% = 2y) + foy) = S1A+ (2y —2*)D - E
§ = pS1J2 4+ Xa(f3:(322 + 22y — a) + f3z) + A3((—322 — 22y + a) for — fou) = S1B+
(322 + 22y —a)D + F
2= @S1J3+ Ao ((—322 — 2zy + a) fay + (2% — 2y) f35.) + A3((322 + 22y — a) fo, + (2y —
%) foz) = $1C + (=32% — 2zy + a)E + (2* — 2y) F,
where A = (,OJ1, B = (pJQ, C = (pJg, D = )\3f22 — /\2f3z7 FE = )\3f2y — /\2f3y and
F = Xaf3z — A3 for-
By using of (4.4) we have.
A(32% + 22y — a) + B(2? — 2y) — C d
(322 422y —a)Jy + (22 —y)Jo — J3 o
K = A(322 + 22y — a) + B(z? — 2y) — C. By the same calculation we obtain
N (Afio + Bfiy + Cfi2)S1 + E(—fiz + (=32 — 2zy + a)fiz)+
L (B2 4 2zy —a)J1 + (a2 — 2y)Ja — J3
F(fiy + (22 = 29) fi2) + D((2y — %) fia — (32° + 20y — a) i)
(322 + 2zy —a) 1 + (22 —2y)Jo — J3
To prove the second part of theorem we suppose this normal form has a Darboux
invariant and it obtain uniquely with an invariant algebraic surface S;. By Theorem
3.4 there exists non zero pu € C such that pK = —s for some s € R\ {0}. So
plA(322 421y —a)+B(2?—2y)—C] = —s then u[A(322+2ry—a)+B(2*—2y)|+a = C
where @ = s/p is a non zero real number. Therefore I = Sfo‘fleSt is a Darboux
invariant. Since there is no restriction on s then we can take s = 1. O

, for i =2,3.

Remark 4.2. Due to Theorem 4.1 and the conditions on coefficients of normal forms
in Theorem 4.2 when they have Darboux invariant, their behavior is nonchaotic.

Remark 4.3. In Theorem 4.2 we do not consider surfaces Sg and S7 because they
are homeomorphic with surfaces S4 and S5 respectively.

In the next theorem we make a new 3-dimensional system via a planar system.

Theorem 4.3. If system (1.1) has an invariant curve C = 0 with the cofactor
K = C, + Cy, then the 3-dimensional system

P('r’yvz) = P(xvy) - % Q(x,y,z) = Q(xay) — 2 R(x,y,z) = h’(c - Z)

with h € Rz, y, z] has an invariant algebraic surface

C(Z,y,Z) = C(.’t,y) -z
Proof. We have
PGy +QC, + RO, = (P 2)Ca + (Q — 2)Cy — h(C — 2)
= PC, + QC, — 2(C, + C,)) — hC

= KC —zK — hC
= K(C —2)—hC
= (K - h)C.

Thus (K — h) is the cofactor of C. O
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In system (3.1) if A = B = 1 then we can always build a 3-dimensional system
with an invariant algebraic surface C(z,y) = z.

Example 4.4. By applying the former method to the system mentioned in (V) we
deduce the following 3-dimensional system

I?(x,y,z) =234 2%y—Dr—2-1
(4.5) Qz,y,2) = 2+ 2%y +3Dxr+ 2Dy — 2z — 1
R(z,y,2) = h(2® + 2%y — 2 — 1).

22 + 2%y — 2 — 1 = 0 is an invariant surface for it.

5 Conclusions

The results in this paper can be a new classification for both polynomial differential
systems in R? and R? having a cubic invariant algebraic curve and a cubic invariant
algebraic surface respectively.

By using Darboux theorem we find specific conditions for integrability of planar sys-
tems with a cubic invariant algebraic curve. It is proved their first integrals are
invariant under an affine transformation.

Some conditions for cubic polynomial differential systems in R? which have non-
chaotic behavior are provided. We compute Darboux invariant for normal forms of
polynomial differential systems in R? which the surface f(x,y) = z is invariant where,
f(z,y) =0 is a cubic polynomial curve. Finally a new way to build normal forms in
R3 via a class of planar systems is presented.
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