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Abstract. In this paper, we discuss a class of locally dually flat («, 5)-
metrics which are defined as L = ka + €8 (k and € are constants), where
« is Riemannian metric and (3 is 1-form. We classify those with almost
isotropic flag curvature.
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1 Introduction

M. Matsumoto [9] introduced the concept of («, 8)-metric on a differentiable manifold
M", where o = a;;(x)y'y’ is a Riemannian metric and 8 = b;(z)y" is a 1-form. The
Matsumoto metric is an interesting (v, 8)-metric introduced by using gradient of
slope, speed and gravity [8]. This metric formulates the model of a Finsler space.
Many authors [8, 1, 11] studied this metric by different perspectives. The notion of
dually flat metrics was first introduced by S. I. Amari and H. Nagaoka [2]. Later
on, Zhongmin Shen [14] extends the notion of dually flatness to Finsler metrics. In
particular, Zhongmin Shen [15] has classified projectively flat Randers metrics with
constant flag curvature. In 2009, X. Cheng, Z. Shen and Y. Zhou [4] classified the
locally dual flat Randers metrics with almost isotropic flag curvature.

Recently, Q. Xia worked on the dual flatness of Finsler metrics of isotropic flag cur-
vature as well as scalar flag curvature [16]. Further in 2014, S. K. Narasimhamurthy,
A. R. kavyashree and Y. K. Mallikarjun [10] discuss characterization of locally dually
flat first approximate Matsumoto metric. Locally dually flat Finsler metrics come
from information Geometry. Such metrics have very important geometric properties
and can play vital role in Finsler Geometry. In this paper, we discussed a class of
locally dually flat («, 5)-metrics which are defined as L = ka + €8 (k and € are con-
stants), where « is Riemannian metric and S is 1-form. We classify those with almost
isotropic flag curvature.
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2 Preliminaries

For a Finsler Metric F' = F(z,y) on a manifold M, the geodesics ¢ = ¢(t) of F in the
local coordinates () are defined by

RO ) dz
iy, Yo st
7o) +2G <x7 dt) 0,

where (2%(t)) are the coordinates of ¢(t) and G* = G*(x,y) are defined by

. il
G = TPy — [F2),

where g;; = 2[F?],,; and (g%) = (g;;)*. The local functions G' = G(z, y) define a

global vector field G = y' 2; — 2G'(x, y)% on TM. @ is called spray of F and G*

are called the spray coefficients.

Definition 2.1. A Finsler metric F' = F(z,y) on a manifold is locally dually flat if
at every point there is a coordinate system (z°) in which the spray coefficients are in
the following form

i L i
(2.1) G' = — 59 Hy,

where H = H(z,y) is a local scalar function. Such a coordinate system is called an
adapted coordinate system.

It is known that a Riemannian metric F' = /g;;(2)y’y? is locally dually flat if
and only if in an adapted coordinate system, we have

82
() = o (),

where 1 = ¢(z) is a C* function [3, 2].
The First example of non-Riemannian dually flat metric is given in [14] as follows

e \/Iyl2 — (l2lyl? — (z,)°) L (=)

2.2 .
(2.2) ppE pPE

This metric is defined on the unit ball B™ C R".
First, let us introduce our notations. Let F' = a +
manifold M .Define b;; by

,3<

nt1) . .
— be a Finsler metric on a

by;07 = db; — b6,
where 0° = dz* and 9{ = fzkdxk’ denote the Levi-Civita connection forms of a.

Let
1 1

rij = 5 (balg +bjla), si5 = 5(big; = bjp)-
Clearly, 3 is closed if and only if s;; = 0. We denote 799 = rijyiyj and sgo = Skmy™".
The flag curvature in Finsler geometry is the analogue of the sectional curvature
in Riemannian geometry. A Finsler metric F' on a manifold M is said to be of scalar
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flag curvature if the flag curvature K (P,y) = K(x,y) is a scalar function on TM — 0.
It is said to be of almost isotropic flag curvature if K(P,y) = 3c,my™/F + o, where
¢ =c(z) and o = o(x) are scalar functions on M. If ¢ = 0 and ¢ = constant, then F
is said to be of constant flag curvature [5, 6, 12].

For a given constant C # 0, there might be many forms for « satisfying Hamel’s

projective flatness equation with constant sectional curvature k, = —C? and 8 =
2eZY— . Note that if we take C' = +1 with

. \/Iyl2 — (J2ly|? — (z,)°)

1= |z?

and (2.5
€,y
=+
b 1+ |=[?’

in this case, F' is the Funk metric on the unit ball B™ C R"™ given in (2.2).

Definition 2.2. A Finsler Metric on a manifold M is a C* function F': TM —{0} —
[0, 00) satisfying the following conditions

e Regularity: F is C* on TM — {0}.

e Positive homogeneity: F(z,Ay) = AF(z,y), A > 0.

e Strong convexity: the fundamental tensor g¢;;(z,y) is positive definite for all
(z,y) € TM — {0}, where gij(z,y) = 5[F?]yi,: (2,y).

By the homogeneity of F', we have F(x,y) = v/¢:j(z,y)y*y?. An important class
of Finsler metrics is a class of Riemannian metrics, which are in the form of F(z,y) =
v/ i (x)y*y?.  Another important class of Finsler metrics is a class of Minkowski
metrics, which are in the form of F(z,y) = \/gi;(y)y'y?.

Dually flat Finsler metrics on an open subset in R™ can be characterized by a
simple PDE.

Lemma 2.1. [14] A Finsler metric F = F(x,y) on an open subset U C R™ is dually
flat if and only if it satisfies the following equations

(2.3) [F?] ke y® — 2[F?], = 0.
In this case, H = H(x,y) in (2.1) is given by H = %[Fz}mmym.

Definition 2.3. A Finsler metric F' = F(x,y) is locally projectively flat if at every
point there is a coordinate system (z') in which all geodesics are straight line, or
equivalently, the spray coefficients are in the following form

(2.4) G'= Py,

where P = P(x,y) is a local scalar function satisfying P(z,\y) = AP(z,y) for all
A>0.

Projectively flat metrics on an open subset in R™ can be characterized by a simple
PDE.
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Lemma 2.2. [7] A Finsler metric F = F(z,y) on an open subset U C R™ is projec-
tively flat if and only if it satisfies the following equations

(2.5) Foeyy® — Fu = 0.
In this case, local function P = P(x,y) is given by P = Fpmy™/2F.

It is easy to show that any locally projectively flat Finsler metric F' = F(x,y) is
of scalar flag curvature. Moreover, if G* = Py’ in a local coordinate system, then the
flag curvature is given by

P? — Pymy™

(2.6) K=——

Particularly, Beltrami’s theorem says that a Riemannian metric is locally projectively
flat if and only if it is of constant sectional curvature.
We have the following

Theorem 2.3. [15] Let F = o+  be a locally projectively flat Randers metric on a
manifold. If it is of constant flag curvature, then one of the following holds

o F is locally isometric to the Randers metric F = |y| + by' on R™, where 0 <
b <1 is a constant.

o After normalization, F is locally isometric to the following Randers metric on
a unit ball B™ C R"

o VWGP ) | ), )
1— |z|? 1—|z|2 7 14 {(a,)

2.7)

where a € R™ is a constant vector with |a| < 1.

A Finsler metric is said to be dually flat and projectively flat on an open subset
U C R" if the spray coefficients G follow (2.1) and (2.4) in U. There are Finsler
metrics on an open subset in R™ which are dually flat and projectively flat.
Example: Let U C R” be a strongly convex domain and there is a Minkowski norm
¢(y) on R™ such that

U={y € R"¢(y) <1}.
Define F = F(x,y) >0, y # 0 by

x—l—% € U, y € T,U =R".
It is easy to show that F' is a Finsler metric satisfying
(2.8) For = FFyx.

Using (2.8), one can easily verify that F' = F(x,y) satisfies (2.3) and (2.5). Thus it
is dually flat and projectively flat on U. F' is called the Funk metric on U.

In fact, every dually flat and projectively flat metric on an open subset in R must
be either a Minkowski metric or a Funk metric satisfying (8) after normalization.
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3 Locally dually flat («, f)-metrics

Assume that F' = ka + €f is dually flat on an open subset U C R™. Now we prove
the following theorem

Theorem 3.1. If F = ka + € be a (a, B)-metric on a manifold M. F is a locally
dually flat if and only if in an adapted coordinate system, B and « satisfy

1 1 2
(3.1) Too = 5(6 — 4k%)360 — §(262 +3)78° + [K°T + §/€2(627‘b2 — b 0™)]?

Oby, — 36
(3.2) Sko = —%ﬁk,

1 1
(3.3) G = §n2(29 +E76)y™ — glﬁ?z(EQTbm —0™)a?,

where T = 7(z) is a scalar function and 0 = Oyy*is a 1-form on M and 6™ = a'™0);.

Proof. 1t is straight forward to verify the sufficient condition. Thus we shall only
prove necessary condition. Assume that F = ka + € is dually flat on an open subset
U C R”. First we have the following identities

YmOGY m ab — syk
(34) Qe = aayk ’ 51’“ = m|ky +bm 8yk ) Syk = Ta
where s = g and Yy = ajry’.
In view of equation (3.4), we have
oGy

(3.5) [F?],0 = 2(k + s€) [(kym + aeby,) = oy + aeby,y™],

brs

[F2 0yt = 2¢ M[Q(Kym -I-OéEbm)GZL + aergo)

a?

(3.6) +2(k + s€) [2(kamp +Y eb m) G

oGy r
+ ﬂeyk + Oéebk|0}

+ (kym + a€by, >8 3

Using (2.3) and (3.5) in (3.6), we get
e(a®br — Byk) [2(Kym + aebn,)GL + aergo| + (ak + Be)a

oG
(3.7) x [2(kaami + yrebm )GL — (kaym + a’eby,) ayg
+ rooeyr + ae(3sp0 — ?"ko)] =0.
Rewriting (3.7) as a polynomial in «, we have
oG
[ — eb a + ke(3sko — o) ot + [Qe%kb G™ + €2byrog
oGy
2 m aQm — 2 m 2 b 2 3 o 3
(3.8) + 2k%ami m— K%Y - B (3sko rko)]a

3Gm
+ ‘%6(2bkymG7an + 2bmykG;n + rooyr + QﬂamkG 5 Ym )QQ

— 2keByrym Gl = 0.
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From (3.8) we know that the coefficient of « is zero. Hence the coefficients of a® must
be zero. Thus we have

2 m 2 2 m 2 8Gm
2€°bpb G + €“biroo + 267 0m Gy — ™ oy i
(3.9)
— € 2(38k0 - Tk()) = O/
aGZL 4 m m
(_bmﬂ + 3sK0 — Tko)a + (2bkymGa + QbmykGa
(3.10) Y sam
+ TooYk + 2ﬁamkG ﬁym 6 k )Oé - Zﬁykym =0.

The sufficiency is clear because of (3.9) and (3.10). We just prove the necessity
Note that

Gy _ 9ymGy)

(3.11) e

m
- amkGa )

OG™ (b, G™)

(3.12) b gt = G

Contracting (3.9) and (3.10) with b* and using (3.11), (3.12), we get

PO GE) . 2,000mG2)
(3.13) oyk
= (26%6% + 35%),, G™ + 62b2roo + B€*(3s9 — 1)

bk

(3.14) 4780)6 Ck;m) + Ba 278( By f )bk = (350 — o)’

+ (20%ym G+ 5Bbm Gl + Broo)a” — 26%ym Gl
Using (3.13) x a*-(3.14) x 3 yield

8(ymng)

k m| 20,2 2 2 2 ~m 2 m
(3.15) yF b" —3b, Gy | (k7a” = %) = (2bpa” Gy 4 To0a” — 2By Gy)

x (b?e2a? — (?).

Because (b?c2a? — 32) and (k?a? — %) and a? are all irreducible polynomial of (y¢),
and (k202 — %) and o? are relatively prime polynomial of (3*), we know that there
is a function 7 = 7(x) on M such that

(3.16) 20, 2 G + 1o — 2By G = 1o (k2a? — B?),

8(ymG7an)

y* ¥ — 3b,, G = 7(b%e2a? — B?).

(3.17)

Equation (3.16) can be written as

(3.18) 2BYm Gt = (2b,, GLF 4+ roo — 20?4+ 74%)a?
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Since a? does not contain the factor 3, we have

(3.19) YmG™ = a2,
1 T T
(320) meZL = 69 - 57"00 + 5/‘62062 — §ﬂ27

where 6 = 0,y"* is a 1-form on M. then we obtain the following

a(ymGZL)

(3.21) -

= HkO{Q =+ 293%’

(bmGa')

(3.22) o

= B0y + 0b, — 110 + Tl<é2yk — 70bg.
In View of equations (3.19), (3.20), (3.21) and (3.22), equations (3.9) and (3.10)
become

Be (350 + Oby, — BOL) + K2 (Thpe? — 01,) + 3K, G

3.23
52 — K%(20 + 7Be*)yx = 0,

38k + 0by, — BO1) + (Tby, — 0 2
(3.24) (3sk0 k — B0k) + (Tbr — 01) 8|
— (20 + 70) Byx, + 3BamrGy = 0.
Using (3.23) x 3-(3.24) x r?%, we get
(3.25) 3sko + b — 0.6 =0,

Equation (3.25), gives

6b, — 5O
(3.26) oo = — 20k — POk
3
Contracting (3.26) with a'*, we get
(3.27) 3sh + 6" — po' = 0.

Contracting (3.23) with /¥ and using (3.27), we get

1 1
(3.28) G = §ﬁ2(29 + 7B} )y™ — gnz(TEQbm —0™)a?.

«

Using (3.28) in (3.20), we get

(3.29) roo = %(6 — 4K%) 0 — %(262 +3)78% + k[T + ;(76262 —bt™)]a?
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4 Dually flat and projectively flat metrics

In this section, we are going to prove the Lemma for dually flat and projectively flat
metrics

Lemma 4.1. Let F = ka + €8 be a locally dually flat Randers metric on a manifold
M. Suppose that 5 satisfies the following equation:

(4.1) ro0 = c(a® — B%) — 28sy,

where ¢ = ¢(x) is a scalar function on M. Then F' is locally projectively flat in adapted
coordinate systems with G* = (k*e*18 + %)yz

Proof. The formula for the spray coefficient G* of F,

T00 + QﬁSO i
E——

(4.2) T

— soyi + 0436,
where G, denote the spray coefficients of . We shall prove that « is projectively flat

in the adopted coordinate system, i.e., G, = P,y’ and 3 is closed, i.e., s;; = 0. By
(3.29) and (4.1), we have

2
[c —TK% — §I€2(Tb262 - bmem)] o

(4.3)
1 1
= [230 + 5(6 —4x%)0 + (c — 5(262 + 3)7)6} B.
Since o? is irreducible polynomial of y*, we conclude that
2
(4.4) c—TK? — gHQ(TbZGZ —b,n8™) =0,
111, , 1 )

From (3.27), we have
1 2 m
(4.6) So = —g(ﬁb — Bb,,0™).

From (4.5) and (4.6), we get

21 o o], 271

2
+ {752 —c+ §H2(Tb262 - bmHm)} B.

(6 — 4k?) — bZ} TPe?
(4.7)

In view of (4.4) and (4.7), we have

0 = 752,
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By (4.4) we see that ¢ = 7x%. From (3.26) and 6 = 73€%, we get s;; = 0. Thus 8 is
closed. Then
roo = c(a? — ).

Plugging 6 = 73¢2 into (3.28), we get
Gl = K 18y’
Thus « is projectively flat in the adopted coordinate system. By (4.2), we get

ro0 + 2850

(4.8) G' = (K18 + 5 )y’

Therefore F' = ka + €0 is projectively flat in adopted coordinate systems. |

Remark 4.1. The S curvature is an important non-Riemannian quantity in Finsler
geometry ([5, 4, 12]). A Finsler metric is said to be of isotropic S-curvature if S =
(n+ 1)c(z)F. Tt is shown that metric F = ka + €8 is of isotropic S-curvature
S = (n+ 1)c(z)F if and only if it satisfies (4.1).

Lemma 4.2. Let F' = ka+€f be a locally dually flat Rander metric on a manifold M .

If it is of almost isotropic flag curvature, K = %, then it is locally projectively

flat in adopted coordinate system with G* = (k?€*>73 + %)yz, where ¢ = c(x) is
a scalar function such that c(x) — é(x) = constant.

3¢zm (l)ym

F+o(z)

According to Theorem (1.2) in [13], F Must be of isotropic S-curvature, i.e., § satisfies
(4.1) for a scalar function ¢ = c¢(z) such that ¢(x) — é(x) = constant. Further,
because F'is locally dually flat, by Lemma 4.1, F' is locally projectively flat in adopted
coordinate systems with spray coefficients given by (4.8) (]

Proof. Assume that F' = ka+ €3 is of almost isotropic flag curvature K =
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